BO1 History of Mathematics
Lecture IV
The beginnings of calculus, continued
Part 2: Indivisibles and infinitesimals

MT 2020 Week 2
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Indivisibles:  geometric objects making up a higher-dimensional
object (e.g., points — line, lines — plane)

Infinitesimal:  arbitrarily small but nonzero quantity

But distinction often blurred

During the 17th century, both concepts saw much use — despite
the fact that they appeared to contradict Euclidean principles
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Indivisibles

Early treatments by de Saint Vincent in c. 1623 (but not published
until 1647) and Roberval in c. 1628-34 (but not published until
1693).

First published treatment by Bonaventura Cavalieri (1598-1647) in
Geometria indivisibilibus continuorum nova quadam ratione
promota [Geometry advanced in a new way by the indivisibles of
the continua) (1635).

Used by Evangelista Torricelli (1608-1647) in 1644 to calculate the
volume of an infinite hyperboloid of revolution.

Developed by John Wallis (1616-1703) and others.



Cavalieri's Geometria
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Torricelli's hyperbolic solid (Opera geometrica, 1644)
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Torricelli's hyperbolic solid (Opera geometrica, 1644)
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(See Mathematics emerging, §3.3.1.)



John Wallis (1616-1703)

Studied at Emmanuel College,
Cambridge (BA 1637, MA 1640)

1643-1649: scribe for Westminster
Assembly

1644-1645: Fellow of Queens’
College, Cambridge

1643-1689: cryptographer to
Parliament, then to the Crown

1649-1703: Savilian Professor of
Geometry in Oxford




Arithmetica infinitorum

Fobannis Wallifii, ss.Th. D,
GEOMETRIA PROFESSORIS
SAVILIeA NI in Celeberrimi

Academia OXO NIENSI,

ARITHMETICA
INFINITORVM.

SIVE

Nova Methodus Inquirendi in Curvili-
ncorum Quadraturam, aliaq; difficiliora
Mathefeos Problemata.

0OXONITI,
Typist LEON: LICHFIELD Acedemiz Typographi,
Iqpenfis THO. ROBINSON. Ame 1656.

John Wallis,

Arithmetica infinitorum

(The arithmetic of infinitesimals)
Oxford, 1656

Translation by
Jacqueline A. Stedall
Springer, 2004
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Arithmetica infinitorum

» Arithmetical methods rather than geometrical, but repeatedly
appealed to geometry for justification

» Investigation of sums of sequences of powers (or ratios of
these to a known fixed quantity) — usually decreasing

» Fixed an endpoint, dividing interval into infinite number of
arbitrarily small subintervals — these are the ‘infinitesimals’ of
Wallis' title



Wallis and indivisibles

P Arithmetica Infinitorunt, Prop. 2,3.
PROP. 1L Theorema,

I famatur {erfes quantitatum Arithmetic® pro-
Snortiomlium ( five juxta naturalem numero-

rum confecutionem ) continug crefcentium , a
puncto vel o, inchoatarum, & numero quidem #el fi-
pitarum velsinfinitarum (nulla enim difcriminis caufa
erit,) erit illaad feriem totidem maximz zqualium,
ut 1 ad 2.

Nempe, fi primus terminus fic o, fecundus 1, ('nam fi fecus, .
moderatio adhibenda erit,) & ultimus ! erit fummnHT’ b

(erit enim, eo cafu, numerus terminorum [+ 1, ) vel, ( pofito
namero terminorum 4, quantufcung; fit terminas fecundus ) :
sal.

" PROP. I1L.  Corollarism:

'Ekgo, Triangulum ad Parallelogrammum ( fuper €=
quali bafe, equt altum,) eftnt x ad 2.

";Q} ' :f'; . Triangulum:

For the triangle ... consists of an
infinite number of parallel lines in
arithmetic proportion . ..

(See Mathematics emerging,
§2.4.2))



Wallis and indivisibles?

Prop.14,  Arithmetica Infinitorum. 11
salisinitium. Quamvis enim Se&orum illorum numero infini-
torum |ggre§::um, ipfi figurz lincis re®a & Spirali terminatz,
(juxta methodum Indivifibilium) #quale ponatur; non
tamen illud de omniom Arcubus cum ipfa Spirali ( proprit di-
&a ) comparatis obtinebit. Tantundem enim cflet, acli quis,
dum infinita numero parallelogramma triangulo inferipta (aus
etiam circumfcripta)toti triangulo VBS zqualiavidea, inde

For it amounts to the same thing
as if, when an infinite number of
parallelograms are inscribed in (or
circumscribed about) a triangle,
L s it seems that they equal to

concluderet eorum omniam laterare&z V'S adjacentia ( re- Comp/ete tr[a ng/e e
&z VB -parallela) ipfi VS fimul zqualia effe, vel qua relte

VB adjacent ( ipfi VS parallela) zqualia fimul effe cori VB.
C ?uod fiquando verum effe comtingat, putain triangulo

ifofceli, non tamenid univerfaliter concludendum erit.) Atg; . .

quidem <o potius admonendam dui , quod vidric ciam (See Mathematics emerging
viros do&tos nonnunquam fpeciofa ejulmodi verifimilitudine in !
Iapfum proclives effe. Cur autem omiffa Spiraligenuina, fpu- 2 4 2
riam hanc peripheriz comparaverim; caufa cft , quod huic pof~ B 5}

fim, non autem illi, zqualem peripheriam afignare.

PROP. XIV. Corolariam.
etiam fe  [piralis, a principic
fpi;tli; exorfa, [ unt ad red as’ conterminas o fieut
Pavabole Diemetri intercepte , ad ordinatin-ap-
plicatgs.
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Sums of powers

Wallis'" method depended upon the summation rule
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This was known to Fermat, Roberval, and Cavalieri in the 1630s for
positive integers n



Sums of powers

Wallis'" method depended upon the summation rule

S arat

a=0

An+1

This was known to Fermat, Roberval, and Cavalieri in the 1630s for
positive integers n, but in the 1650s Wallis extended it to negative
and fractional n.
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Simple ‘integrals’

Using the summation rule we can ‘integrate’

and
(1+x)* or (1+x%° or

but what about
(1 —x?)Y/2 [for a circle]

or
(1+x)"1 [for a hyperbola] ?



Wallis and the quadrature of a parabola
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Wallis and the quadrature of a parabola

Xo

Wallis sought the area under the
parabola y = x? between x = 0
and x = xg

He used the language of ratio,
hence sought to calculate the
ratio of the area A under the
curve to that of the corresponding
rectangle (xpy0), which we may

think of as the fraction Xi
0Yo
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the sum of the lengths of the
lines contained within it (makes
sense?)



Wallis and the quadrature of a parabola

Wallis considered an area to be
the sum of the lengths of the
lines contained within it (makes
sense?), so

» A is the sum of the values of

x2 as x ranges from 0 to xp

> xgyo is the sum of as many
copies of xZ (?)

Xo



Wallis and the quadrature of a parabola

Break (0, xp) into n subintervals,
suppose that x only takes the
values at the endpoints of these,
and consider the ratio

I e R
44?4+ n?

Xo



Wallis and the quadrature of a parabola

Break (0, xp) into n subintervals,
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values at the endpoints of these,
and consider the ratio

p_ L4224 40
44?4+ n?

As we make n larger, this ratio

will become a closer

approximation to -2
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Wallis and the quadrature of a parabola

Xo

Break (0, xp) into n subintervals,
suppose that x only takes the
values at the endpoints of these,
and consider the ratio

p_ L4224 40
44?4+ n?

As we make n larger, this ratio
will become a closer
A

approximation to —=—
XoYo

[Note that we are deliberately
avoiding the terminology of
limits, and that some x3s have
been cancelled, thanks to the use
of ratios|



Wallis and the quadrature of a parabola

Wallis investigated the cases of
small n
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small n
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Wallis and the quadrature of a parabola

Wallis investigated the cases of
small n

For n =1 (one red line),

02+12 1 1 1
12412 23

Xo



Wallis and the quadrature of a parabola

For n =2 (two red lines),

- 02_|_12+22
§ 22422492




Wallis and the quadrature of a parabola

For n =2 (two red lines),

0412422 5

22402402 12




Wallis and the quadrature of a parabola

For n =2 (two red lines),

0412422 5

1 1
_22+22+22_ﬁ_§+ﬁ




Wallis and the quadrature of a parabola

For n = 3 (three red lines),

0241242243
32432432432
1411
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Wallis and the quadrature of a parabola

- A
/ So as n increases oy approaches

/ 3, hence A = 1x3, as we'd expect




Wallis and the quadrature of a parabola

i A
/ ?o as n |ncreasles3xoyo approaches
/ 3. hence A = 3x3, as we'd expect

Wallis called this method of

spotting and extending a pattern
‘induction” — it was criticised at
the time (for example, by Pascal)




