BO1 History of Mathematics
Lecture IV
The beginnings of calculus, continued
Part 3: Newton and Leibniz

MT 2020 Week 2



Simple ‘integrals’

Using the summation rule we can ‘integrate’
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Simple ‘integrals’

Using the summation rule we can ‘integrate’

and
(1+x)* or (1+x%° or

but what about
(1 —x?)Y/2 [for a circle]

or
(1+x)"1 [for a hyperbola] ?



Enter Newton...

In his own words:

In the winter between the years 1664 and 1665 upon read-
ing Dr Wallis's Arithmetica infinitorum and trying to inter-
pole his progressions for squaring the circle, | found out first
an infinite series for squaring the circle and then another
infinite series for squaring the Hyperbola ...

Newton extended Wallis' method of interpolation...



Newton's integration of (1 + x)~!

@B+ | @+x)° | @+ | @+x2 | @+x)3 | @+x*
X ? 1 1 1 1 1
2
— ? 0] 1 2 3 4
2
>(3
— ? o] 0 1 3 6
3
XA
— ? 0 0 0 1 4
4
XS
— ? 0] 0 0 0 1
5

The entry in the row labelled % and the column labelled (1 + x)" is the coefficient of % in

J(1 + x)"dx. (NB. Newton did not use the notation [(1 + x)"dx.)



Newton's integration of (1 + x)~!
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The entry in the row labelled % and the column labelled (1 + x)" is the coefficient of % in

J(1 + x)"dx. (NB. Newton did not use the notation [(1 + x)"dx.)



The general binomial theorem

o 6
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Newton's calculus: 1664-5

» rules for quadrature (influenced by Wallis's ideas of
interpolation)
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Newton's calculus: 1664-5

» rules for quadrature (influenced by Wallis's ideas of
interpolation)

» rules for tangents (influenced by Descartes’ double root
method)

> recognition that these are inverse processes



Newton's vocabulary and notation

Newton's calculus 1664-5:

» fluents x, y, ... (quantities that vary with time t)
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Newton's vocabulary and notation

Newton's calculus 1664-5:

» fluents x, y, ... (quantities that vary with time t)
» fluxions x, y, ... (rate of change of those quantities)

» moments o (infinitesimal time in which x increases by xo)



Newton's calculus in action ( The method of fluxions, 1736)
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2 The Metbod of Fruxioxs,

12. Ex. 5. As if the Equation 22+ axz —y¢ == 0 were pro-
pord o exprfs the Relaion between v and 3, s alfo o/ ax—xx
—BD, for determining a Carve, which theréfore will be a Circle.
Thc Bqu:uon 254 vz —
azx 4 axz — w

=o, a5 before, will give 2z
o, for the Rc!:uon & d.e Cdamex 53,

and erefore fince it is 7 = x (— XX,
Aubﬂmne thls Vxlue inftead of it, and lhgrz vnll anf: d\ﬂ Eq\ulmn
2+ axx v/ @ —x% + a¥s — 43" = 0, which determincs the
Relation of the Celerities & and 3.

DEMoNSTRATION of the Subm'm

i3 The Moments of flowing Quaniiie, (0
il fmll Parts, which, in .mkﬁmmly 1
‘portions = mnlllmal'y increafed,) are as the Ve~
Fosten of heir F Flowing or Increafing.

T4, Wherefore if the Moment of any on, as %, e repreeited
by the Produ® of its Celerity % into an indefinitcly fimall Quantity
o (that is, by 2 the Moments of the others <, 7, 2, will be
seprefented by ©, yo, 505 becaule v, s, o, and Zs, are to cach
A S DS

5. Now fince the Moments, 15 % and jo, arc the indefinitel

o S ﬂowmg Guaniics x nd , by wich tho
Quantities are increaed c foveral indefinitely little § i
tervals of Time; it ranqw. o Quantities x and , a
a2y md:ﬁmrdy finall interval of Time, become x + o and y

‘And thercfore the Equation, which at all times indifferently gxpu&;
o Rt ot o wing Quantities, will as well exprels the
Relation buween x40 and y 4o, as between x and y: So
hat xoh-30 and. o may be fobfimied in the fane Euion
for thofe Quantities, inftead

16. Thercfore let any Fq\ulmn x-—nx‘+n)r,v——y'—o be
given, and fubftitute x40 for X, and y -+ yo for y, and there
will arife

X o 3x0x* o 3800 - A8
— axt — 2av0r—axteo
Faxgbary apx dage(
G T VT m AL ee

and Invinire Senres. 25

17. Now by Suppofition x3— ax*—+ axy— y'=0, which therc-
fore being expunged, and the remaining Ternis oy divkiediby s
there will e 355 g - s —2:ux-—-ax'n+ﬂxy+
ay 4 axjo— 2 —o. Butwhereass is fuppofed
138 Infaiely lle, thee X may reprefent the Moments of Quan-
sities  the Terms that are multiply'd by it will be nothing in refpedt
of the reft. Therefore T reject them, and there remains 3¥xs —
2ebet P o, as above in Examy
el sty SLAEIRIA Ve Terod fhattrs o b il

My lways vAAL, 2o a8 tRbIE Finn thas e ey S B
of more than one Dimenfion. And that the rft of the Terms
being divided by o, willalways acquic the form, that they oughe
to have by the foregoing Ri ich was the_thing to be pi

19. And this being now fhewn, the other things sa iR
Rl wil cafily follow. As that in the propos'd Equation feveral
g Chountin vy (2 Tavdved 4ok ek thi . covon,
multi fyd not only by the Number of the Dimentions of the flow~
ing Quantitics, but alfo by any other Arithmetial Progrflons;
that in the Operation there may be the fim < of the T
biinr oy of i omiod QUGN 45 T n reffion be
Bt it (/0 b G F 16 Dt hae oF Ben ok
them.  And thefe things being allow'd, what is taught befides in
Examp. 3, 4, and 5, will be phin cnough of itlf,

PR OB IL

An Equation being propyfed, including she Fluxions of
Ruantities, to find the Relations of thofe Quantities 1o
one anather.

A PARTICULAR SOLUTION.

1. As this Problom is the Converfe of the foregoing, it muft be
folved by proceeding in a contrary manner. That is, the Terms
multiplyd by & being difpofed according to the Dimenfions of x ;
they muft be divided by ¥, and then by the number of their Di-
menfions, or perhaps by fome other Arithmetical Progreflion. Then
the fume work muft be repeted with the Terms maliplyd by, 7,

or



12. Ex. 5. As if the Equation 2z axz— yt==0 were pro-
pos'd to exprefs the Relation between x and y, as alfo «/ax—sex
==BD, for determining a Curve, which therefore will be a Circle,
The Equation sz axs—yt==o0, as before, will give 222z
azx 4 axz — 47y ==o, for the Relation of the Celerities , y,
and . And therefore fince it is z ==x x BD or =—x +/ax— xx,
fubftitute this Value inftead of it, and there will arif¢ the Equation
2x% + axx v/ a%— X% 4 axz — 43y == 0, which determines the
Relation of the Celerities & and y.

DrmoNsTRATION of the Solution,

13. The Moments of flowing Quantitics, (that is, their indefi-
nitely fmall Parts, by the acceffion of which, in indefinitely finall
portions of Time, they are continually increafed,) are as the Ve
locities of their Flowing or Increafing,

14. Wherefore if the Moment of any one, as x, be reprefented
by the Produ of its Celerity % into an indefinitely finall Quantity
o (that is, by a9, the Moments of the others =, y, =, will be
reprefented by vs, o, 205 becaufe vo, v, yo, and zo, are to each
other as v, x, y, and =.

15. Now fince the Moments, as % and jo, are the indefinitel
tittle acceffions of the flowing Quantitics x and y, by which tho
‘Quantities are increafed through the feveral indefinitely little in-
tervals of Time; it follows, that thofe Quantities x and ¥, after
any indefinitely fnall interval of Time, become x ¥ and y o,
And thercfore the Equation, which at all times indifferently expreffes
the Relation of the flowing Quantitics, will as well exprefs the
Relation between x <+ a0 and y -4 yo, as between x and y: S0
that x4 x0 and y— yo may be fubflituted in the fame Equation
for thofe ()&;m'ltics, inftead of x and y.

16. Therefore let any Equation x*Z_ exs 4 axy— y== 0 be
given, and fubftitute x40 for x, and y + yo for 5, and there
will arife

2 - JxOX® - 3ER00N - N
— ax— 2axox — 200
~+ axy 4 axey - ajox 4 axyod
R R o

=0,

Newton's calculus in action ( The method of fluxions, 1736)

17. Now by Suppofition x3— ax*~ axy — yi==0, which there-
fore being expunged, and the remaining Terms being divided by o,
there will remain 3xx* 4~ JX20x ~f X309 = 2035 == AX*0 + aXY
ayx - akjo— 3yt — 35%0y —yior==0. But whereas o is fuppofed
to be infinitely little, that it may reprefent the Moments of Quan-
tities ; the Terms that are multiply'd by it will be nothing in refped
of the reft. Therefore I rcjeét them, and there remains 3xx® —
2a%% - axy - ajx — 3yy*==0, as above in Fxamp. 1.

18. Here we may abferve, that the Terms that are not multiply’d
by o will always vanifh, as alfo thofe Terms that are multiply'd by o
of more than one Dimenfion. And that the reft of the Terms
being divided by o, will always acquire the form that they ought
to have by the foregoing Rule : Which was the thing to be proved.

19. And this being now fhewn, the other things included in the
Rule will cafily follow. As that in the propos'd Equation feveral
flowing Quantities may be involved ; and that the Terms may be
multiply'd, not only by the Number of the Dimenfions of the flow-
ing Quantitics, but alfo by any other Arithmetical Progreffions; fo
that in the Operation there may be the fame difference of the Terms
according to any of the flowing Quantities, and the Progrefiion be
difpos'd according to the fame order of the Dimenfions of each of
them. 'And thefe things being allow'd, what is taught befides in
Examp. 3, 4, and 5, will be plain cnough of itflf.

PR OB IL
An Equation being propofed, including the Fluxions of
ities, to find the Relations of thofe Quantities to

ane another.

A PArRTICULAR SOLUTION.

1. As this Problem is the Converfe of the foregoing, it muft be
folved by proceeding in a contrary manner. That is, the Terms
multiply’d by & being difpofed according to the Dimenfions of x 5
they muft be divided by %, and then by the number of their Di-
menfions, or perhaps by fome other Arithmetical Progreffion. Then
the fame work muft be repeated -Eirh the Terms multiply'd by , 5,

or
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Leibniz's calculus
Independently, ten years later than Newton...
Leibniz's calculus, 1673-76:

> rules for quadrature — especially the transformation theorem
(a.k.a. the transmutation theorem)

» rules for tangents — by characteristic (or differential) triangles

> recognition that these are inverse processes

Differentials: du, dv;
integrals: omn. |, later between S| and /I



Supplementum Geometriae Dimensoriae ... (1693)

No. IX. 385

AR ERIEEAS
ERUDITORUM

publicata Lipfie,
Calendis Septesmbrés, Auno M DC XCIIL

G G L. SUPPLEMENTUM GEOME-
trie Dimenforia, feu generalisfima ovninm Tetra
gomiffnsrun offeClio per wootims : Siwilitergne wmliplex
confErnctia lince ex data tangentin con-

ditione.
Tmenfiones linearum, fuperficierom & folidorum plerorum-
que, ue & inventi gravitatis, red ad
receagonifinos figuearum planarom; & hine nafeitur Geomre-
- tria Dimenforia ,toto ut fic dicam genere diver(a a Derermi-
marrige, quam re@arum tantom magnitedines ingrediuntur, atques
hinc quafitapunda ex pundtisdati i Et Geometria qui-
dem detceminatrix reduci potelt regulariter ad zquationes Algebrai-
cas, inquibus feilices incognitaad certum afluegit gradum,  Sed dic
menforia fua natura ab Algebra, non pendet; etfi aliquando eveniat
(in<af filicet quadraturarum ordinatiarom) uead Algebraicas quan-
Titates revocerurj uti Geometsia determinatrix ab Arithmetica non
pendetictfi aliquando eveniat (in eafi feilicet commenfurabilitaris) ut
ad numeros feu rationales quantisates revocatur.  Unde sriplices
habemus gacentivates : ravionales , Algebraicar, & s Eft
autem fous drvarionaliom Algebrai s ambigmitas p
feu meultiplicirar ; neque enim poffibile foret, plurcs valores eidems
problemati fatisfacientes eodem caleulo exprimere, nift per quantis
tates radicales; e vero non nifl in cafibus (pecialibus ad rationalita-
163 sevoeari pollant.  Sed four rranffendention quantitatum eft ine
fritads, Vea vt Geomerrie tranfeendentivo o5 pars dimenforia
«ft) relpondens Anayfis, fic iphillima fiienris infiniti.  Porro quem-
admodum ad das quantitates Algeb: iadhib

. 387. M. J;,;E

. TARY 2 A6z

72)

Cec mots,

A Supplement to the Geometry of Measurements, or the Most General of all Quadratures to be Effected
by a Motion: and likewise the various constructions of a curve from a given condition of the tangent

(Acta eruditorum, 1693)



Supplementum Geometriae Dimensoriae ... (1693)
occalione defungi tandem prafler, neintercidant, & fatis diuifta, ulera,
Horatiani limitis duplum prefla, Lucinam expedtarunt,
inventionen lines dasam babentis legem declivicarun , five in qua lage- "
ra Trianguli charadteriflici allignabilis datam inter fe habeant relagi. | sh a Il now ShOW the genera/
defcribi poffe.  Nimirum in omni cueva € (C)( figwr. 2) incelligo
sriangiluns charafferiffionn duplex: afignabile TBC, & ina;Esnsa- prOblem Of quadra tures to be
e ipfs L. LC. o 5, CF , cant reduced to the invention of a line
sibus, & GC, el arcus , tang bafi feu hyp 2. Sed
tem ) exprimicque adeo angulum, quem dicseio curvie {feu ¢jus tane
gens) ad axem vel bafin facit, hoc eft curve declivim:cminpro?nﬁ:o
H (H), duasrectas parallelas FH & (F)(H) &axemF (F)in hoc Axe
fumto pundle fixo A, per A ducatur ad AF normalis AB anquam
ftum C: feu fiat linea nova C(C) cujus hae fit natura, v expundto
€ ducta ad axem conjugatum AB(fi opus productum) tam ordinata
intercascomprehenfa TB,ad BC, ut HF ad conflantem 4, feuainBT
Zquetur selangulo AFH (circumferipto circa trilineum AFHA ).
(E)(C) ordinatas curvae )zquari zonz F (H}; adeoque fi linea H(H)
produtaincidat in A, wrilineum AFHA fgurie quadrandze , xquari
Rem nofter calcalus flatim oftendit, fic enim AF p; & FH, z; &
BT, 4 & EC, x; erit tZ=zyra, ex hypotheli: rodfus ¢ = ydx:
adeoque 44 = fzdy = AFHA, Linca igitur € (C) cf guadratrix
relpeétulinex H(H), cum iplius C(C) ordinata FC, dufta in « con-
ipfius H(H) ad abfciilas debitas AF applicatarum, Hine cum BT,
fc ad AFut FH ada( ex hypotheli) deturque relatio ipfius FH ad

390 ACTAERUDITORUM.

Oftendam autem problema gencrale Quadr o reduii ad
onem, deinde oltendam hanc lincam per motwm anobis excogitatum
bile GLC, fimilia intec 12-,_ Elq‘l:idtﬂl im{gm&ik comprehendi-
Affignabite TBC comprehenditur inter azem, ordi 5 & tangen- haVing a given laW Of deC/lV/ty
punto C. Sitjam zona quadranda F(H) comprehenla intercurvam
#xis conjugatus,, & in quavis HF (producta prout opus) f pun.
conjugata CB, (=quali AF)quam tangente CT, it poctio hujus axis
His pofitis ajo rectangulum fub « & fub E (€) (difeciming inter FC &
redtangulo [ub & conflante , & FC ordinata figure quadratricis.
£y ¢x natura tangentium nofteo caleulo exprela, Ergo sdx=zd ,
ftantem, Faciat redtangulum aquale arex feu fumme ordinataram
AF (0awnam ¢xhibens figure quadrandse) dabitee ergo&uhr-inlil‘;


https://www.maa.org/press/periodicals/convergence/mathematical-treasure-leibnizs-papers-on-calculus-fundamental-theorem
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390 ACTAERUDITORUM.

occalione defungi tandem pralber, neintercidant, & fatis diuifta, ulera,
Horatiani limitis duplum prefla, Lucinam expe@arunt,

Oftendam sutem problema generale H sediui ad.
inventionem linee dacam babentis legons decliviearum , Gve in qua late-
1a Trianguli charaleriftici allignabilis datam inter fe habeant relati.
onem, deinde oltendam hanc lincam per motwm anobis excogitatum
defcribi poffe.  Nimiram in amni curva € (C)( figur. 2) intelligo
sriangiluns charafferiffionn duplex: afignabile TBC, & inasfigna-
bile GLC, fimilia intec fe.  Et quidem smaffignabile comprehendi-
we iplis GL LC, <l i dinat CB, CF, tang
gibus, & GC, el arciis, tanquam bafi ftu hyp 2. Sed
Affignabite TBC comprehenditur inter azem, ordi 4 & tangens
tem ) exprimicque adeo angulum, quem dicseio curvie {feu ¢jus tane
gens) ad axem vel bafin fact, hoc eft curve declivitatem inpropolito
punto C. Sitjam zona quadranda F(H) comprehenla intercurvam
H (H), duasrectas parallelas FH & (F)(H)&axemF (F)in hocAxe
fumto pundlo fixo A, per A ducatur ad AF normalis AB anquam
axis conjugarus, & in quavis HF (producta prowt opus) fumatur pun.
ftum C: feu fiat linea nova C(C) cujus hae fit natura, v expundto
C dudta ad axem conjugatum AB (i opus produtum) tam ordinata
conjugata CB, (zquali AF)quam tangente CT, fit portio hujus axis
intercascomprehenfa TB,ad BC, ut HF ad conflantem 4, feuainBT
Zquetur selangulo AFH (circumferipto circa trilineum AFHA ).
His pofitis ajo rectangulum fub « & fub E (€) (difeciming inter FC &
(E)(C) ordinatas curvie )aquari zonz F (H); adeoque fi linea H(H)
produtaincidat in A, wrilineum AFHA fgurie quadrandze , xquari
retangulo (b 4 conflante , & FC ordinata figure quadraticis.
Rem nofter calcalus flatim oftendit, fic enim AF p; & FH, z; &
BT, 4 & EC, x; erit t=zyra, cx hypotheli: rorfuss = ydx:
£y ¢x natura tangentium nofteo caleulo exprela, Ergo sdx=zd ,
adeoque #x = fzdy = AFHA. Linca igiwr € (C) elt guadratrix
relpeétulinex H(H), cum iplius C(C) ordinata FC, dufta in « con-
ftantem, Faciat reflangulum zquale aree feu fumma ordinatarum
ipfius H(H) ad abftiffas debitas AF applicararum, Hinc cum BT
fc ad AFut FH ada( ex hypotheli) deturque relatio ipfius FH ad
AF (aawmam cxhibens figure quadranda) dabitur ergo & tdﬂinBl;

a

Supplementum Geometriae Dimensoriae ... (1693)

“l shall now show the general
problem of quadratures to be
reduced to the invention of a line
having a given law of declivity

i.e., integration is reduced to the
finding of a curve with a
particular tangent — in modern
terms, the antiderivative

For Latin-readers: full paper
available online
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Newton (1664—65):

rules for quadrature
rules for tangents
‘fundamental theorem’

dot notation

physical intuition:
rates of change

PROBLEM:
vanishing quantities o

Newton's calculus and Leibniz's calculus compared

Leibniz (1673-76):
rules for quadrature
rules for tangents
‘fundamental theorem’

‘modern’ notation

algebraic intuition
rules and procedures

PROBLEM:

vanishing quantities du, dv, ...



An elementary introduction to the development of calculus
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