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BO1 History of Mathematics
Lecture IV

The beginnings of calculus, continued
Part 3: Newton and Leibniz

MT 2020 Week 2
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Simple ‘integrals’

Using the summation rule we can ‘integrate’

x2, x3, ..., x1/3, ..., x−4, ...

and
(1+ x)3 or (1+ x2)5 or ...

but what about
(1− x2)1/2 [for a circle]

or
(1+ x)−1 [for a hyperbola] ?
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Enter Newton...

In his own words:

In the winter between the years 1664 and 1665 upon read-
ing Dr Wallis’s Arithmetica infinitorum and trying to inter-
pole his progressions for squaring the circle, I found out first
an infinite series for squaring the circle and then another
infinite series for squaring the Hyperbola ...

Newton extended Wallis’ method of interpolation...
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Newton’s integration of (1+ x)−1

(1 + x)−1 (1 + x)0 (1 + x)1 (1 + x)2 (1 + x)3 (1 + x)4 · · ·

x ? 1 1 1 1 1 · · ·

x2

2
? 0 1 2 3 4 · · ·

x3

3
? 0 0 1 3 6 · · ·

x4

4
? 0 0 0 1 4 · · ·

x5

5
? 0 0 0 0 1 · · ·

.

.

.
.
.
.

.

.

.
.
.
.

.

.

.
.
.
.

.

.

.
. . .

The entry in the row labelled xm

m
and the column labelled (1 + x)n is the coefficient of xm

m
in∫

(1 + x)ndx. (NB. Newton did not use the notation
∫
(1 + x)ndx.)
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Newton’s integration of (1+ x)−1

(1 + x)−1 (1 + x)0 (1 + x)1 (1 + x)2 (1 + x)3 (1 + x)4 · · ·

x 1 1 1 1 1 1 · · ·

x2

2
-1 0 1 2 3 4 · · ·

x3

3
1 0 0 1 3 6 · · ·

x4

4
-1 0 0 0 1 4 · · ·

x5

5
1 0 0 0 0 1 · · ·

.

.

.
.
.
.

.

.

.
.
.
.

.

.

.
.
.
.

.

.

.
. . .

The entry in the row labelled xm

m
and the column labelled (1 + x)n is the coefficient of xm

m
in∫

(1 + x)ndx. (NB. Newton did not use the notation
∫
(1 + x)ndx.)
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The general binomial theorem

CUL Add. MS 3958.3, f. 72

See Mathematics emerging,
§8.1.1
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Newton’s calculus: 1664–5

I rules for quadrature (influenced by Wallis’s ideas of
interpolation)

I rules for tangents (influenced by Descartes’ double root
method)

I recognition that these are inverse processes
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Newton’s vocabulary and notation

Newton’s calculus 1664–5:

I fluents x , y , ... (quantities that vary with time t)

I fluxions ẋ , ẏ , ... (rate of change of those quantities)

I moments o (infinitesimal time in which x increases by ẋo)
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Newton’s calculus in action (The method of fluxions, 1736)
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Newton’s calculus in action (The method of fluxions, 1736)
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Leibniz’s calculus

Independently, ten years later than Newton...

Leibniz’s calculus, 1673–76:

I rules for quadrature — especially the transformation theorem
(a.k.a. the transmutation theorem)

I rules for tangents — by characteristic (or differential) triangles

I recognition that these are inverse processes

Differentials: du, dv;

integrals: omn. l, later between S l and
∫

l
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Supplementum Geometriae Dimensoriae . . . (1693)

A Supplement to the Geometry of Measurements, or the Most General of all Quadratures to be Effected

by a Motion: and likewise the various constructions of a curve from a given condition of the tangent

(Acta eruditorum, 1693)
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Supplementum Geometriae Dimensoriae . . . (1693)

“I shall now show the general
problem of quadratures to be
reduced to the invention of a line
having a given law of declivity
. . .”

i.e., integration is reduced to the
finding of a curve with a
particular tangent — in modern
terms, the antiderivative

For Latin-readers: full paper
available online

https://www.maa.org/press/periodicals/convergence/mathematical-treasure-leibnizs-papers-on-calculus-fundamental-theorem
https://www.maa.org/press/periodicals/convergence/mathematical-treasure-leibnizs-papers-on-calculus-fundamental-theorem
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Newton’s calculus and Leibniz’s calculus compared

Newton (1664–65): Leibniz (1673–76):

rules for quadrature rules for quadrature
rules for tangents rules for tangents
‘fundamental theorem’ ‘fundamental theorem’

dot notation ‘modern’ notation

physical intuition: algebraic intuition
rates of change rules and procedures

PROBLEM: PROBLEM:
vanishing quantities o vanishing quantities du, dv, ...
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An elementary introduction to the development of calculus


