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BO1 History of Mathematics
Lecture V

Newton’s Principia
Part 3: The Principia

MT 2020 Week 3
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Isaac Newton: The mathematical principles of natural
philosophy (London, 1687)
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Contents of the Principia

I Eight definitions — of matter, motion, innate force, impressed
force, acceleration, ...

I Three axioms or Laws of Motion (as taught in school),
together with six corollaries

I Book I: The motion of bodies

I Book II: The motion of bodies in resisting media

I Book III: The system of the world
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The laws of motion
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Book I: Motion of bodies

Book I, Section I: On the method of first and last ratios

Lemma I: Quantities, and ratios of quantities, which [...] approach
nearer to each other than by any given difference, become
ultimately equal.

For suppose they are ultimately unequal, and their ultimate
difference is D. Then they cannot approach nearer to equality than
by that difference.
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Book I: Motion of bodies

Book I, Section I: On the method of first and last ratios

Lemma I: Quantities, and ratios of quantities, which [...] approach
nearer to each other than by any given difference, become
ultimately equal.

For suppose they are ultimately unequal, and their ultimate
difference is D. Then they cannot approach nearer to equality than
by that difference.
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Book I, Lemma II

Lemma II: Ultimate equality of
inscribed figure, circumscribed
figure, and curved area
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Motion under centripetal forces

Book I, Section II: Motion under
centripetal forces.

Proposition I: Bodies
constrained by a central force to
orbit a fixed point move in a
plane and sweep out equal areas
in equal times.

(Kepler’s second law)

NB. independent of the ‘law of
force’ involved.
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Book I, Section II: Motion under
centripetal forces.

Proposition I: Bodies
constrained by a central force to
orbit a fixed point move in a
plane and sweep out equal areas
in equal times.

(Kepler’s second law)

NB. independent of the ‘law of
force’ involved.
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(Kepler’s second law)

NB. independent of the ‘law of
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Motion under centripetal forces

Book I, Section II: Motion under
centripetal forces.

Proposition I: Bodies
constrained by a central force to
orbit a fixed point move in a
plane and sweep out equal areas
in equal times.

(Kepler’s second law)

NB. independent of the ‘law of
force’ involved.
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Book I, Section II: Circular motion

Book I, Sect. II, Prop. IV: Motion
under centripetal forces: motion
in a circle.

Corollary 1: For motion in a
circle centripetal force is

proportional to
v2

r
.

Corollary 6: For motion in a
circle Kepler’s third law implies
an inverse square law of force.
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circle centripetal force is
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.

Corollary 6: For motion in a
circle Kepler’s third law implies
an inverse square law of force.
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Book I, Section II: Circular motion

Book I, Sect. II, Prop. IV: Motion
under centripetal forces: motion
in a circle.

Corollary 1: For motion in a
circle centripetal force is

proportional to
v2

r
.

Corollary 6: For motion in a
circle Kepler’s third law implies
an inverse square law of force.
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Book I, Section III: orbits that are conic sections

Proposition XI: Motion under
centripetal forces: Kepler’s First
Law (orbit is an ellipse with sun
at focus) implies an inverse
square law of force.

Proposition XII: Motion under
centripetal forces: hyperbolic
orbit implies an inverse square
law of force.

Proposition XIII: Motion under
centripetal forces: parabolic orbit
implies an inverse square law of
force.
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Book I, Section III: orbits that are conic sections

Proposition XI: Motion under
centripetal forces: Kepler’s First
Law (orbit is an ellipse with sun
at focus) implies an inverse
square law of force.

Proposition XII: Motion under
centripetal forces: hyperbolic
orbit implies an inverse square
law of force.

Proposition XIII: Motion under
centripetal forces: parabolic orbit
implies an inverse square law of
force.
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Book I, Section III: orbits that are conic sections

Proposition XI: Motion under
centripetal forces: Kepler’s First
Law (orbit is an ellipse with sun
at focus) implies an inverse
square law of force.

Proposition XII: Motion under
centripetal forces: hyperbolic
orbit implies an inverse square
law of force.

Proposition XIII: Motion under
centripetal forces: parabolic orbit
implies an inverse square law of
force.



D
r.

C
hr

is
to

ph
er

H
ol

lin
gs

,
M

at
he

m
at

ic
al

In
st

it
ut

e,
O

xf
or

d

D
r.

C
hr

is
to

ph
er

H
ol

lin
gs

,
M

at
he

m
at

ic
al

In
st

it
ut

e,
O

xf
or

d

Book I, Sections II and III summarised

Laws of Motion

Assume one body acted upon
by a centripetal force

Equal areas swept out
in equal times

Orbits and forces

Given the force,

what is the orbit?

Given the orbit,

what is the force?

There is a general
formula for the force

Assume conic section orbits
with focus at the centre of force

Force follows an
inverse-square law

Assume inverse-square

law of force

Orbits are conic sections
with focus at the centre of force

(Adapted from Colin Pask, Magnificent Principia, Prometheus Books, 2013, p. 218)
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Book I, later sections

More mechanics of motion:

I converses: an inverse square law of force implies that orbits
are conic sections;

I trajectories;

I much more besides.

All treated geometrically
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More mechanics of motion:
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are conic sections;

I trajectories;

I much more besides.
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Book I, later sections

More mechanics of motion:

I converses: an inverse square law of force implies that orbits
are conic sections;

I trajectories;

I much more besides.

All treated geometrically
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Books II and III

Book II: Motion of bodies in resisting media:

Conclusion: “. . . it is manifest that the planets are not carried
round in corporeal vortices . . .” (Scholium to Proposition LIII)

Book III: The system of the world:

I Reconciliation of observation and theory

I Shape of the earth (correct?)

I Motion of the moon (wrong)

I Prediction of tides

I Comets
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Conclusion: “. . . it is manifest that the planets are not carried
round in corporeal vortices . . .” (Scholium to Proposition LIII)
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Influence of the Principia

Principia showed how mathematical methods could be used to
study physical, especially but not exclusively, cosmological
phenomena.

New ways of thinking: for example the method of ultimate ratios,
though expressed geometrically, came close to a modern concept of
limits.

Predictions could be verified by observation and experiment —
verified (after some controversy) in the case of the shape of the
earth, contradicted in the case of the motion of the moon.
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New ways of thinking: for example the method of ultimate ratios,
though expressed geometrically, came close to a modern concept of
limits.

Predictions could be verified by observation and experiment —
verified (after some controversy) in the case of the shape of the
earth, contradicted in the case of the motion of the moon.
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For more on the Principia...

(Colin Pask, Magnificent Principia, Prometheus Books, 2013)
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Three (very different) books among many...

And a lecture given at Gresham College:
https://www.gresham.ac.uk/lectures-and-events/isaac-newtons-
world

https://www.gresham.ac.uk/lectures-and-events/isaac-newtons-world
https://www.gresham.ac.uk/lectures-and-events/isaac-newtons-world
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