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BO1 History of Mathematics
Lecture VIII

Establishing rigorous thinking in analysis
Part 1: Early rigour

MT 2020 Week 4
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Summary

Part 1

I French institutions

I Fourier series

I Early-19th-century rigour

Part 2

I Limits, continuity, differentiability

I Mathematics of small quantities

I The baton passes from France to Germany
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France at the turn of the 19th century

French revolution (1789) led to

I the establishment and prestige of the Grandes écoles

I a new concentration of mathematical talent in Paris:
Lagrange, Laplace, Ampère, Fourier, Legendre, Poisson,
Cauchy, ...

I a wealth of personal interactions

I a major new journal: Journal de l’École polytechnique

I and a new focus on rigour
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I a new concentration of mathematical talent in Paris:
Lagrange, Laplace, Ampère, Fourier, Legendre, Poisson,
Cauchy, ...

I a wealth of personal interactions

I a major new journal: Journal de l’École polytechnique
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Fourier series

Joseph Fourier, Analytic
theory of heat, 1822

See: Bernard Maurey, ‘Fourier, one man, several lives’, European
Mathematical Society Newsletter, no. 113 (Sept 2019), 8–20

https://www.ems-ph.org/journals/newsletter/pdf/2019-09-113.pdf
https://www.ems-ph.org/journals/newsletter/pdf/2019-09-113.pdf
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Fourier series

Suppose that φ(x) = a sin x + b sin 2x + c sin 3x + · · ·

and also that φ(x) = xφ′(0) + 1
2x

2φ′′(0) + 1
6x

3φ′′′(0) + · · ·

After many pages of calculations, multiplying and comparing power
series, Fourier found that the coefficient of sin nx must be

2

π

∫ π

0
φ(x) sin nx dx

Fourier’s derivation was based on ‘naive’ manipulations of infinite
series. It was ingenious but non-rigorous and shaky (see:
Mathematics emerging, §8.4.1).

BUT it led to profound results
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Establishing rigour

The development of ‘rigour’:

I Cauchy sequences

I continuity

I limits

I differentiability

I ε, δ notation
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Cauchy sequences: Bolzano (1817)

Bernard Bolzano, Purely analytic
proof of the theorem that
between any two values which
give opposite values lies at least
one real root of the equation,
1817
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Cauchy sequences: Bolzano (1817)

Began with a discussion of previous proofs of the Intermediate
Value Theorem (by “mathematicians of great repute”)

The most common kind of proof depends on a truth bor-
rowed from geometry, namely, that every continuous line
of simple curvature of which the ordinates are first positive
and then negative (or conversely) must necessarily inter-
sect the x-axis somewhere at a point that lies in between
those ordinates. There is certainly no question concerning
the correctness, nor indeed the obviousness, of this geo-
metrical propositon. But it is clear that it is an intolerable
offense against correct method to derive truths of pure (or
general) mathematics (i.e., arithmetic, algebra, analysis)
from considerations which belong to a merely applied (or
special) part, namely, geometry.
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Cauchy sequences: Bolzano (1817)

If a series of quantities has the property that the differ-
ence between its n-th term and every later one remains
smaller than any given quantity . . . then there is always a
certain constant quantity . . . which the terms of this series
approach.

Proof: The hypothesis that there exists a quantity X which the
terms of this series approach . . . contains nothing impossible . . .

(See: Mathematics emerging, §16.1.1; for a full translation, see:
S. B. Russ, A translation of Bolzano’s paper on the intermediate
value theorem, Historia Mathematica 7(2) (1980), 156–185)

https://doi.org/10.1016/0315-0860(80)90036-1
https://doi.org/10.1016/0315-0860(80)90036-1
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Cauchy’s Cours d’analyse
Augustin-Louis Cauchy, Cours d’analyse de l’École royale
polytechnique (1821)

(Annotated translation by Robert E. Bradley and C. Edward
Sandifer, Springer, 2009)



D
r.

C
hr

is
to

ph
er

H
ol

lin
gs

,
M

at
he

m
at

ic
al

In
st

it
ut

e,
O

xf
or

d

D
r.

C
hr

is
to

ph
er

H
ol

lin
gs

,
M

at
he

m
at

ic
al

In
st

it
ut

e,
O

xf
or

d

Cauchy sequences: Cauchy (1821)

Augustin-Louis Cauchy, Cours d’analyse (1821), Ch. VI, pp. 124,
125:

In order for the series u0, u1, u2, . . . [that is,
∑

ui ] to be
convergent ... it is necessary and sufficient that the partial
sums

sn = u0 + u1 + u2 + &c . . . .+ un−1

converge to a fixed limit s: in other words, it is necessary
and sufficient that for infinitely large values of the number
n, the sums

sn, sn+1, sn+2, &c . . . .

differ from the limit s, and consequently from each other,
by infinitely small quantities.

(See: Mathematics emerging, §16.1.2.)
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More from Cauchy (1821)

Further results from Cauchy’s Cours d’analyse:

I ratio test;

I root test;

I alternating series test (proof uses Cauchy sequences);

I and many more.

(See Mathematics emerging, §16.1.2)
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I and many more.

(See Mathematics emerging, §16.1.2)
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Cauchy sequences concluded

Early uses of Cauchy sequences:

I in da Cunha’s Principios mathematicos (1782)

I in Bolzano’s proof of the existence of a least upper bound
(1817)

I in Cauchy’s further results on sequences and series (1821)

I in Abel’s proof of the general binomial theorem (1826)

BUT the convergence of Cauchy sequences themselves remained
unproved
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