BO1 History of Mathematics
Lecture IX

Classical algebra: equation solving
1800BC-AD1800
Part 1: Quadratics, cubics, and quartics

MT 2020 Week 5



Summary

Part 1
» Early quadratic equations
» Cubic and quartic equations

» Further 16th-century developments

Part 2
P> 17th century ideas
> 18th century ideas
» Looking back
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square-side of 72%? 8%. Put down
81 and 81 and subtract 3 from
one of them;
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A Babylonian scribe, clay tablet BM
13901, c. 1800 BC:

A reciprocal exceeds its reciprocal by
7. What are the reciprocal and its
reciprocal? Break in half the 7 by
which the reciprocal exceeds its
reciprocal, and 3% will come up.
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Completing the square, c. 1800 BC

A Babylonian scribe, clay tablet BM
13901, c. 1800 BC:

A reciprocal exceeds its reciprocal by
7. What are the reciprocal and its
reciprocal? Break in half the 7 by
which the reciprocal exceeds its
reciprocal, and 3% will come up.
Multiply 33 by 3% and 12} will
come up. Append 60, the area, to
the 127 which came up for you and
727 will come up. What is the
square-side of 72%? 8%. Put down
8% and 83 and subtract 31 from
one of them; append 3% to one of
them. One is 12, the other is 5. The
reciprocal is 12, its reciprocal 5.




Completing the square, c. 1800 BC
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A Babylonian scribe, clay tablet BM
13901, c. 1800 BC:

A reciprocal exceeds its reciprocal by
7. What are the reciprocal and its
reciprocal? Break in half the 7 by
which the reciprocal exceeds its
reciprocal, and 3% will come up.
Multiply 3% by 3% and 12% will
come up. Append 60, the area, to
the 121 which came up for you and
721 will come up. What is the
square-side of 7217 8. Put down
8% and 8% and subtract 3% from
one of them; append 3% to one of
them. One is 12, the other is 5. The
reciprocal is 12, its reciprocal 5.
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Points to note

> We have used the word ‘equation’ without writing down
anything in symbols

> Solution recipe derived from geometrical insight

» Not (explicitly) a general solution — but reader ought to be
able to adapt the method

> |s this algebra? Geometrical algebra?



Diophantus of Alexandria (3rd century AD)
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Muhammad ibn Musa al-Khwarizmt (c. 780—c. 850)

Noted six cases of equations:

1. Squares are equal to roots

(ax? = bx)

2. Squares are equal to numbers
(ax? = ¢)

3. Roots are equal to numbers
(bx =¢)

4. Squares and roots are equal to
numbers (ax? + bx = ¢)

5. Squares and numbers are equal to
roots (ax? + ¢ = bx)

6. Roots and numbers are equal to
squares (bx + ¢ = ax?)



Muhammad ibn Musa al-Khwarizmt (c. 780—c. 850)
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Leonardo of Pisa (Fibonacci) (c. 1175—c. 1240/50)

Liber abaci (or Liber abbaci),
Pisa, 1202:

» included al-Khwarizmi's
recipes

» geometrical demonstrations
and lots of examples

» didn't go very far beyond
predecessors, but began
transmission of Islamic idea
to Europe
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Cubic equations (1)

Italy, early 16th century:

solutions to cubics of the form x3 + px = q
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Cubic equations (1)

Italy, early 16th century:

solutions to cubics of the form x3 + px = ¢
» found by Scipione del Ferreo (or Ferro) (c.1520)
» taught to Antonio Maria Fiore (pupil)
» and Annibale della Nave (son-in-law)

» rediscovered by Niccold Tartaglia (1535)



Cubic equations (1)

Italy, early 16th century:

solutions to cubics of the form x3 + px = ¢
» found by Scipione del Ferreo (or Ferro) (c.1520)
» taught to Antonio Maria Fiore (pupil)
» and Annibale della Nave (son-in-law)
» rediscovered by Niccolo Tartaglia (1535)

» passed in rhyme to Girolamo Cardano (1539)



Cubic equations (2)

X3+ px=q

When the cube with the things next after
Together equal some number apart
Find two others that by this differ

And this you will keep as a rule
That their product will always be equal
To a third cubed of the number of things
The difference then in general between
The sides of the cubes subtracted well
Will be your principal thing.

(Tartaglia, 1546; see: Mathematics emerging, §12.1.1)



Cubic equations (3)

X3+ px=q

When the cube with the things next after
Together equal some number apart

Find two others that by this differ

And this you will keep as a rule

That their product will always be equal
To a third cubed of the number of things
The difference then in general between
The sides of the cubes subtracted well
Will be your principal thing.



Cubic equations (3)

Interpretation of Tartaglia's rhyme:
Find u, v such that

X3+ px=q

u—v=4gq,

When the cube with the things next after
Together equal some number apart

Find two others that by this differ

And this you will keep as a rule

That their product will always be equal
To a third cubed of the number of things
The difference then in general between
The sides of the cubes subtracted well
Will be your principal thing.



Cubic equations (3)

Interpretation of Tartaglia's rhyme:

Find u, v such that

3 _ p\3
X7+ px q u—v=aq, uv:(—>.
When the cube with the things next after

Together equal some number apart

Find two others that by this differ

And this you will keep as a rule

That their product will always be equal

To a third cubed of the number of things

The difference then in general between

The sides of the cubes subtracted well

Will be your principal thing.



Cubic equations (3)

Interpretation of Tartaglia's rhyme:
Find u, v such that

X3‘|—PXZq u—v=aq, uv:(§>3.

When the cube with the things next after

Together equal some number apart

Find two others that by this differ Then

And this you will keep as a rule 3 _ 3
That their product will always be equal X = f \/;

To a third cubed of the number of things
The difference then in general between
The sides of the cubes subtracted well
Will be your principal thing.



Cubic equations (3)

X3+ px=q

When the cube with the things next after
Together equal some number apart

Find two others that by this differ

And this you will keep as a rule

That their product will always be equal
To a third cubed of the number of things
The difference then in general between
The sides of the cubes subtracted well
Will be your principal thing.

Interpretation of Tartaglia's rhyme:

Find u, v such that

u—v=gq, uv= (§)3

Then
x=¥u- v

NB: In an equation

y3 + ay? + by 4+ ¢ = 0 we can put
y = x — £ to remove the square
term, so this solution is general.



Cubic equations (4)

In modern terms, one of the solutions of the equation
ax3 + bx? + cx + d = 0 has the form

3 b3 . be d . b3 . be d 2+ c p2 \3
x = _ - _ _ = —_ -
27a3 632 2a 27a3 632 2a 32 9a2
3 B be d B be  d)? c B\ b
tl-——=+=-=|-il-—=+=-=] +[=-=] -=
27a3 6a2 2a 27a3 6a2 2a 3a 9a2 3a

with similar expressions (in radicals) for the remaining two roots




Cardano’s Ars magna, sive de regulis algebraicis (1545)
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Cardano on the cubic

7
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Cardano on the cubic
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Cardano on the cubic

Hieronymt CaRDANE

e o et » Geometrical justification
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Cardano on the cubic

Hieronymt CaRDANE
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» Geometrical justification
remains

» General solution (to
particular case), rather than
example to be followed

a

> Make substitution x =y — 3
iny3+ax?>+ bx+c=dto
suppress square term and
obtain equation of the form
x3 4 px = g — manipulation
of equations prior to solution



Quartic equations (1)

General solution discovered
(again on a case-by-case
basis) by Lodovico Ferrari
(c. 1540) and published by
Cardano, in the form of
worked examples, alongside
solution of cubic
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Quartic equations (2)
In modern terms, suppose that

x4:px2+qx+r.



Quartic equations (2)
In modern terms, suppose that
x4:px2+qx+r.
Add 2yx? + y? to each side to give

(*+y)=(p+2)x° + ax + (r + ).



Quartic equations (2)
In modern terms, suppose that
x4:px2+qx+r.
Add 2yx? + y? to each side to give
(2 +y)? = (p+2y)x* + gx + (r + y?).
Now we seek y such that the right hand side is a perfect square:

8y® +4py? +8ry + (4pr — ¢°) = 0.



Quartic equations (2)
In modern terms, suppose that
x4:px2+qx+r.
Add 2yx? + y? to each side to give
(P +y)?=(p+2y)* + ax + (r +y).
Now we seek y such that the right hand side is a perfect square:
3 2 2y _
8y” + 4py” +8ry + (4pr —q°) = 0.

So the problem is reduced to solving a cubic equation and then a
quadratic.



Quartic equations (2)
In modern terms, suppose that
x4:px2+qx+r.
Add 2yx? + y? to each side to give
(2 +y)? = (p+2y)x* + gx + (r + y?).
Now we seek y such that the right hand side is a perfect square:
8y> + 4py? + 8ry + (4pr — ¢°) = 0.

So the problem is reduced to solving a cubic equation and then a
quadratic.

NB: In an equation y* + ay3 + by? + cy +d = 0 we can put
y = x — 7 to remove the cube term, so this solution is general.



Quartic equations (3)

Formulae for the solutions of the general quartic equation, in all
their unedifying glory, may be found at:

http://planetmath.org/QuarticFormula

Cardano’s Ars Magna may also be found online here


http://planetmath.org/QuarticFormula
http://lhldigital.lindahall.org/cdm/compoundobject/collection/math/id/8265/rec/16

Further 16th-century developments

Rafael Bombelli, L’algebra (1572):
» heavily influenced by Cardano
» equation solving, new notation
» exploration of complex numbers

[to be dealt with in a later lecture]

DA



Further 16th-century developments

LARITHMETIQVE
DE SIMON STEVIN
DE BRVGES:
Contenant lescomputations des nombres

Arithmetiques ou vulgaires :
Aufsi I Algebre, auec les equations de cinc quantitez.

. . , . . .
Simon Stevin, L'arithmetique ... aussi
Enfembleles quatre premiers liures & Algebre Rk
de Diophanted’Alexandrie,maintenant pre- ['al g ebre ( 1585 ) .
mierement tradui&s en Frangois.
Encore vn liure particlier de La Pratique & Arithmetique, » heavil y In fluenced by Cardano
contenant entre autres, Les Tables d Intere§t, La Diftne; .
Et v trailké des Incommenfurables grandeurs : t h roug h BO m bel | |
Auec I Explication du Dixiefme Liure d’ Euclide.

» appended his treatise on decimal
notation

De I'Tmprimerie de Chriftophle Plantin.
clo. Io, LxxxvV.




Further 16th-century developments

Frangois Viete (1590s):
» links between algebra and
geometry
> (algebra as ‘analysis’ or
‘analytic art’)
» notation [recall Lecture Il1]

» numerical methods for solving
equations




Thomas Harriot (c. 1600)
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Add MS 6783 f. 176

Note:

» notation [see lecture Il];

» appearance of
polynomials as products
of linear factors.


http://echo.mpiwg-berlin.mpg.de/ECHOdocuView?url=/mpiwg/online/permanent/library/VWXURW4V&start=351&viewMode=image&pn=351

Thomas Harriot (1631)

Some of Harriot's ideas found
their way into his Artis
analyticae praxis ( The
practice of the analytic art),

published posthumously in
1631
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Thomas Harriot (1631)

Some of Harriot’s ideas found
their way into his Artis
analyticae praxis ( The
practice of the analytic art),
published posthumously in
1631

But editors did not permit
negative or imaginary roots
[to be discussed further in a
later lecture]

See Mathematics emerging,
§12.2.1.

u}
o)
1
n
it

DA



Commentary on Harriot

4

PHILOSOPHICAL AND MATHEMATICAL
DICTIONARY:

AN EXPLANATION OF THE TERMS, AND AN ACCOUNT OF THE SEVERAT, SUBJECTS,
MATHEMATICS, ASTRONOMY, AND PHILOSOPHY
BOTH NATURAL AND EXPERIMENTAL;

TIISTORICAL ACCOUNT OF THE RISE, PROGRESS, AND PRESENT STATE
0

IN TWO VOLUMES:
we oyt

1810,

Charles Hutton, A mathematical and
philosophical dictionary, London,
1795, vol. 1, p. 91 (p. 96 of revised
edition, 1815):

He shewed the universal generation
of all the compound or affected
equations, by the continual
multiplication of so many simple
ones; thereby plainly exhibiting to
the eye the whole circumstances of
the nature, mystery and number of
the roots of equations; with the
composition and relations of the
coefficients of the terms; ...



