BO1 History of Mathematics
Lecture X
The 19th-century beginnings of ‘modern algebra’
Part 2: Groups

MT 2020 Week 5



Evariste Galois (1811-1832)




Galois and his groups (1)

Evariste Galois (1811-1832), ‘Mémoire sur les conditions de
résolubilité des équations par radicaux’, manuscript known as the
Premier mémoire



Galois and his groups (1)

Evariste Galois (1811-1832), ‘Mémoire sur les conditions de
résolubilité des équations par radicaux’, manuscript known as the
Premier mémoire

Explored the question of which numerical equations are soluble by
radicals, which not:



Galois and his groups (1)

Evariste Galois (1811-1832), ‘Mémoire sur les conditions de
résolubilité des équations par radicaux’, manuscript known as the
Premier mémoire

Explored the question of which numerical equations are soluble by
radicals, which not:

» submitted his ideas to the Academy in 1829, withdrew his
articles January 1830 on Cauchy's advice



Galois and his groups (1)

Evariste Galois (1811-1832), ‘Mémoire sur les conditions de
résolubilité des équations par radicaux’, manuscript known as the
Premier mémoire

Explored the question of which numerical equations are soluble by
radicals, which not:

» submitted his ideas to the Academy in 1829, withdrew his
articles January 1830 on Cauchy's advice

» resubmitted February 1830; lost after Fourier died in 1830



Galois and his groups (1)

Evariste Galois (1811-1832), ‘Mémoire sur les conditions de
résolubilité des équations par radicaux’, manuscript known as the
Premier mémoire

Explored the question of which numerical equations are soluble by
radicals, which not:

» submitted his ideas to the Academy in 1829, withdrew his
articles January 1830 on Cauchy's advice

» resubmitted February 1830; lost after Fourier died in 1830

P resubmitted January 1831, rejected by Academy on Poisson’s
advice in July 1831



Galois and his groups (1)

Evariste Galois (1811-1832), ‘Mémoire sur les conditions de
résolubilité des équations par radicaux’, manuscript known as the
Premier mémoire

Explored the question of which numerical equations are soluble by
radicals, which not:

» submitted his ideas to the Academy in 1829, withdrew his
articles January 1830 on Cauchy's advice

» resubmitted February 1830; lost after Fourier died in 1830

P resubmitted January 1831, rejected by Academy on Poisson’s
advice in July 1831

» corrected by Galois up to his death by duel in 1832



Galois and his groups (1)

Evariste Galois (1811-1832), ‘Mémoire sur les conditions de
résolubilité des équations par radicaux’, manuscript known as the
Premier mémoire

Explored the question of which numerical equations are soluble by
radicals, which not:

» submitted his ideas to the Academy in 1829, withdrew his
articles January 1830 on Cauchy's advice

» resubmitted February 1830; lost after Fourier died in 1830

P resubmitted January 1831, rejected by Academy on Poisson’s
advice in July 1831

» corrected by Galois up to his death by duel in 1832

» to be read in conjunction with Galois' Testamentary Letter of
29 May 1832 to Auguste Chevalier
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Galois, in his writings 1829/30 (published 1846):

>
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>

invented groups (of permutations) [note: Cauchy invented
groups in 1845, almost certainly independently]

pre-invented fields (in “Théorie des nombres’ [published 1830]
and as his ‘rationally known quantities’)

showed how to associate a group to a polynomial (its Galois
group)

discovered a necessary and sufficient condition for solubility of
an equation by radicals expressed in terms of the structure of
its group

as an application, gave a necessary and sufficient condition for
solubility of an irreducible equation of prime degree by radicals
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Proposition | relates a given
polynomial to a group of
permutations (its Galois group)

Eleventh-hour marginal additions
provide further explanation
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The eleventh-hour marginal addition in translation:

Substitutions are the passage from one permutation to
another.

The permutation from which one starts in order to indicate
substitutions is completely arbitrary, ...

. one must have the same substitutions, whichever per-
mutation it is from which one starts. Therefore, if in such

a group one has substitutions S and T, one is sure to have
the substitution ST.

Evariste Galois, 29th May 1832, published 1846

(See Mathematics emerging, §13.1.2.)
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Galois and his groups: publication
Publication of Galois’ results:
1829-30: 5 articles inc. ‘Sur la théorie des nombres’

1832: Testamentary Letter to Chevalier
1846: letter and all other major papers by Liouville
1897: Liouville's edition re-published by Picard

1906/07/08:  minor manuscripts published by Tannery
1962: complete Bourgne & Azra edition

25 Oct 2011: English/French bilingual edition by Peter Neumann



Galois in English (2011)

e of European Mathematics

Peter M. Neumann

The mathematical
writings of

Evariste Galois
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Cauchy and his ‘groups’ (1)
Meanwhile, in 1845 ...

Joseph Bertrand proved Cauchy's conjecture from 1815 (subject to
a Postulate) ...

and submitted a paper to the Paris Academy in March 1845;
in April 1845, Cauchy was given Bertrand’s paper for review ...

and from September 1845 to January 1846 published a stream of
papers on the same topic (and introducing a version of groups),

giving his report on Bertrand’s paper in November 1845,
which was eventually published in November 1848

(Peter M. Neumann, ‘On the date of Cauchy's contributions to the founding
of the theory of groups’, Bull. Austral. Math. Soc. 40 (1989), 293-302.)
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Cauchy’s definition of a ‘group’ (1845):

Consider substitutions (;‘), (g), (IE), ... and all those derived
from them by multiplying them together one or more times in any
order. These form a systéme de substitutions conjuguées (a system
of conjoined substitutions).

His purpose: for any function f(xi, x2, ..., Xx,) the substitutions
that leave it unchanged (yielding ‘valeurs égales’) form such a
system. The number of values of the function (‘valeurs
différentes’) is the index of this system — that is ”N' where N is
the number of its members.

Hence — a proof of his 1815 conjecture and more.



The Paris Grand Prix of 1860

Académie des Sciences, Paris, Grand Prix de Mathématiques,
1860: subject announced April 1857 (Cauchy on committee, he

died a month later):

What are the possibilities for the number of values of well
defined functions containing a given number of letters, and
how can one form the functions for which there exist a

given number of values?



Grand Prix 1860: responses

Three competitors:
» Emile Mathieu;
» Camille Jordan
(submitted their Paris doctoral dissertations);
» Rev. Thomas Penyngton Kirkman
(submitted his essay ‘The complete theory of groups’).



Grand Prix 1860: responses

Three competitors:
» Emile Mathieu;
» Camille Jordan
(submitted their Paris doctoral dissertations);
» Rev. Thomas Penyngton Kirkman
(submitted his essay ‘The complete theory of groups’).

None successful.



Grand Prix 1860: responses

Three competitors:
» Emile Mathieu;
» Camille Jordan
(submitted their Paris doctoral dissertations);
» Rev. Thomas Penyngton Kirkman
(submitted his essay ‘The complete theory of groups’).

None successful.

All interpreted the problem as ‘find all subgroups of Sym(n)’.



Grand Prix 1860: responses

Three competitors:
» Emile Mathieu;
» Camille Jordan
(submitted their Paris doctoral dissertations);
» Rev. Thomas Penyngton Kirkman
(submitted his essay ‘The complete theory of groups’).

None successful.
All interpreted the problem as ‘find all subgroups of Sym(n)’.

The competition stimulated:
» development of theory of (finite permutation) groups;

» merger of Galois’ and Cauchy’s independent theories.



