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Summary

Part 1
> New difficulties emerge

» Continuity and convergence

Part 2
» Integration
» The Fundamental Theorem of Calculus

> New ideas about integration



Recall from lecture VIII: Fourier series, 1822

Joseph Fourier, Théorie analytique de la chaleur [Analytic theory
of heat] (1822):

Suppose that ¢(x) = asinx + bsin2x + csin3x + - - -
and also that ¢(x) = x¢/(0) + tx3¢"(0) + - - -

After many pages of calculations, multiplying and comparing power
series, Fourier found that the coefficient of sin nx must be

% /07r ¢(x) sin nx dx

Fourier's derivation was based on ‘naive’ manipulations of infinite
series. It was ingenious but non-rigorous, shaky.

BUT it led to profound results
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New doubts in the early 19th century

Fourier's work converged with more philosophical investigation to
stimulate questions concerning:

>

>

functions — what exactly should they be?

convergence — what exactly should it be?

convergence of functions — what properties are preserved?
integration — what exactly should it be?

existence of limits — what are the essential properties of
real numbers? [Lecture XII]



Recall from Lecture VIII: Cauchy sequences, 1821

Augustin-Louis Cauchy, Cours d’analyse (1821), Ch. VI, pp. 124,

125:

In order for the series ug, uy, uo,... [thatis, > uj] to be
convergent ... it is necessary and sufficient that the partial
sums

Sh=ug+ui+u+&c....+u,1

converge to a fixed limit s: in other words, it is necessary
and sufficient that for infinitely large values of the number
n, the sums

Sn, Sp+1, Snt2, &cC. ...

differ from the limit s, and consequently from each other,
by infinitely small quantities.



Cauchy and continuity revisited

In Cours d’analyse, p. 34, Cauchy defined a function f to be
continuous between certain limits if, for each x between those
limits, the value of f(x) is unique and finite, and |f(x + a) — f(a)],
where « is indefinitely small, decreases indefinitely with a.
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Cauchy and continuity revisited

In Cours d’analyse, p. 34, Cauchy defined a function f to be
continuous between certain limits if, for each x between those
limits, the value of f(x) is unique and finite, and |f(x + a) — f(a)],
where « is indefinitely small, decreases indefinitely with a.

In other words (p.35): for x between the given limits, an infinitely
small increase in x produces and infinitely small increase in f(x).

So Cauchy defined continuity on an interval, rather than at a
point.

He went on to derive basic results concerning continuous functions:
that the composition of two continuous functions is continuous,
the Intermediate Value Theorem, etc.



A theorem of Cauchy (1821)

Cauchy, Cours d’analyse, pp. 131-132:
When the various terms of a series are functions of a vari-
able x, continuous with respect to this variable in the
neighbourhood of a particular value for which the series
is convergent, the sum s of the series is also, in the neigh-
bourhood of this value, a continuous function of x.
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A theorem of Cauchy (1821)

Cauchy, Cours d’analyse, pp. 131-132:
When the various terms of a series are functions of a vari-
able x, continuous with respect to this variable in the
neighbourhood of a particular value for which the series
is convergent, the sum s of the series is also, in the neigh-
bourhood of this value, a continuous function of x.

In other words: a convergent series of continuous functions
converges to a continuous function.

Not true!
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Cauchy's argument

Cauchy considered a sequence of continuous functions

up(x), ur(x), u2(x), ... on a given interval. He supposed that the
corresponding series converges to a function s(x). Partial sums are
n—1

denoted by s,(x) = > "¢ un(x). The nth remainder term ry(x) is
defined by s(x) = sp(x) + rn(x).

Cauchy noted that each s, is evidently continuous for values of x
in the given interval. Suppose that we increase x by an infinitely
small quantity «. For all values of n, the corresponding increase in
sn(x) will also be infinitely small. For n very large
(‘tres-considérable’), the increase in r,(x) becomes ‘insensible’.
Therefore, the increase in s(x) can only be an infinitely small
quantity.

NB. All notation except ‘> " is Cauchy'’s.



Cauchy's argument
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est convergente, la somme de cette séric est ropré-
senioe par

[T T T +n‘+&c..“.
En veriu de cette eonvention, l v?leua‘du nombre ¢
se trouvera déterminée par [équation
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De cette derniére équation il résulte que flqmﬂ-
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formeront une nouvelle série convergente dont la
somme sera équivalente o s —s,. §i fon représente
cetic méme somme par r,, on aura

} s=4, +r,;
et 7, sera ce quon appelle le reste de la série (1)
i partir du 2™ terme.

Lorsque, les termes de la série (1) renfermant une
méme variable , cette série est convergente , e ses
diflérens termes fonctions continues de , dans e
voisinage d'une valeur particuliere attribuée i cete
variable ;

&y T, o s

sont encore trois fonctions de fa variable ¢, dont la
premiére est évidemment continue par rapport i
dans le voisinage de ln valeur particuliere dont il
sagit. Cela posé, considérons les aceroissemens que
recoivent ces trois fonctions, lorsqu'on it eroitre
& dune quantité infiniment petite «. Liaccroisse-
ment de s, sera, pour toutes les valeurs possibles
ﬁl,,ll! Quantité infiniment petite; ot celui de r,
deviendra insensible en méme temps que r,, si Fon
attvibue & n une valeur trés-considérable, Par suite,
Taceroissement de la fonetion # ne pourra éire qu'une
quantité infiniment petite. De cetie remargque on
déduit immédiastement la proposition suivante.

L THEOREME. Lorsque les diffirens tevmes de la
adrie (1) sont des fonetions & une méme variable £,
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A modern counterexample
For each n € N, define continuous functions f, by

-1 ifng%;
fa(x) = ¢ nx if —1<x<i;
+1 ifxz%.

Now set uy(x) = fi(x), and define new functions u,, recursively by

un(x) = fo(x) = fo_1(x).

Notice then that

n

sn(x) = Z uj(x) = fo(x).

j=1

But we see that s, — s as n — 0o, where

-1 ifx<0;
s(x)=40 ifx=0;
+1 if x>0,

which is discontinuous at x = 0.
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A modern counterexample

What happens to the remainders r,(x) = s(x) — sp(x)?

Outside the range —% <x< % ra(x) = 0, but inside:

—1— nx if—%§X<0;
r(x) =140 if x=0;
1— nx if0<x§%.

For each x, rp(x) — 0 as n — oo, but this does not happen
simultaneously for all values of x.
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Cauchy’s remainders

Cauchy: For n very large, the increase in r,(x) becomes
‘insensible’. But what does this mean?

One of the following modern statements? (Denoting Cauchy's
interval by /.)

Ve>0:3N:Vxel:n>N=|m(x)| <e
Ve>0:Vxel:dN:n>N=|m(x)| <e

The second is true for our modern counterexample, but the first is
not — so there really is a distinction between the two.

Cauchy clearly didn’t make this distinction — but should this really
be regarded as a ‘mistake’?
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Reactions to Cauchy’s ‘mistake’

Abel (Crelle’s Journal, 1826) on the Cours d’analyse:
the excellent work of M. Cauchy . .. which must be read by
every analyst who aims at rigour in mathematical research

Four pages later, on Cauchy's ‘theorem’ on sums of continuous
functions:
it seems to me that the theorem admits exceptions. For
example, the series

1 1
sinx—gsin2x—|—§sin3x—-~-

is discontinuous for every value (2m + 1)w of x, m being

a whole number. There are, as one knows, many series of
this kind.



Abel's counterexample

1 1
sinx—Esin2x+§sin3x—---




Abel's counterexample elsewhere

Abel to Holmboe, January 1826:
One applies all operations to infinite series as if they were
finite, but is this permissible? | think not. — Where is
it proved that one gets the differential of an infinite series
by differentiating each term? It is easy to give an example
for which this is not true, e.g.
1

1
EX:sinx—Esin2x+§sin3x—-~-.

Differentiation gives

1
5 = COSX — COoS2x + cos3x — - - - etc.

a result which is quite false because this series is divergent.
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Can theorems have exceptions?
Abel was not the first to study this example:
» Euler had discussed it in 1783;
» Lacroix had included it in his Traité du Calcul Différentiel et
du Calcul Intégral of 1810;

» it had appeared in Fourier's work — which is probably where
Abel found it.

Had Cauchy seen it?

Abel: Cauchy’s argument is essentially correct, only failing in
certain anomalous situations.

Cauchy: no (immediate) reaction — so deemed the example
irrelevant?

(See: Henrik Kragh Sgrensen, Exceptions and counterexamples:
Understanding Abel's comment on Cauchy’s Theorem, Historia
Mathematica 32 (2005) 453-480)
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Abel’s interpretation

Abel read Cauchy as: if the series is convergent at a point xg and
the individual terms of the series are continuous on a
neighbourhood of xg, then the series is also continuous on that
neighbourhood.

But what did Cauchy mean by ‘continuity’” and ‘convergence’?

Note that he only ever defined continuity on an interval — so was
it in fact uniform continuity? If, in addition, we regard his notion
of convergence on an interval as being uniform convergence, then
the theorem holds in all cases.

Similarly, what did Abel mean by ‘continuity’ and ‘convergence’?
The same as Cauchy? Or did he use a similar form of words but
with a different meaning?
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Conditions for Cauchy's theorem to work

Dirichlet (1829): Fourier series can represent discontinuous
functions.

But the reason why Cauchy's theorem fails (if indeed it does)
remained unclear.

The need for uniform convergence was gradually recognised:
» Karl Weierstrass (lectures in Berlin), 1841;
» Emmanuel Bjorling (Uppsala), 1846 (or not?);
» Gabriel Stokes (Cambridge), 1847;
» Phillip Seidel (Berlin), 1848.

See: G. H. Hardy, ‘Sir George Stokes and the concept of uniform
convergence', Proc. Camb. Phil. Soc. 19 (1918) 148-156 (also:
Collected Papers of G. H. Hardy, vol. VI, 505-513)



Cauchy revisits his theorem (1853)

it is easy to see how one can modify the statement of the the-
orem so that it will no longer have any exception. This is what
I am going to explain in a few words.
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Theorem. If the different terms of the series

Uo, U1, U2, ..., Un, Upy1,- -

are functions of a real variable x, continuous with respect to this variable
within the given limits; and if, in addition, the sum

un+un+1+"'+un/

always becomes infinitely small for infinitely large values of the whole
numbers n and n’ > n, then the series will be convergent and the sum of
the series will be, within the given limits, a continuous function of the
variable x.
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orem so that it will no longer have any exception. This is what
I am going to explain in a few words.

Theorem. If the different terms of the series

Uo, U1, U2, ..., Un, Upy1,- -

are functions of a real variable x, continuous with respect to this variable
within the given limits; and if, in addition, the sum

un+un+1+"'+un/

always becomes infinitely small for infinitely large values of the whole
numbers n and n’ > n, then the series will be convergent and the sum of
the series will be, within the given limits, a continuous function of the
variable x.

But it was becoming clear that the language of infinities and
infinitesimals was inadequate for expressing the problems at hand.



