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BO1 History of Mathematics
Lecture XII

19th-century rigour in real analysis, continued
Part 2: Real numbers

MT 2020 Week 6
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Richard Dedekind (1831–1916)
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Dedekind and the foundations of analysis

Teaching calculus in the Zürich Polytechnic (1858), later (from
1862) teaching Fourier series in the Braunschweig Polytechnic,
found himself dissatisfied with:

I geometry as a foundation for analysis;

I tacit assumptions about convergence (for monotonic bounded
sequences, for example).

Response eventually published in Stetigkeit und irrationale Zahlen
(1872) [translated as Continuity and irrational numbers by
Wooster Woodruff Beman, 1901]
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Dedekind and continuity (1)

Intuition suggests that numbers (an arithmetical concept) should
have the same completeness and continuity properties as a line (a
geometrical concept).

But we must define these concepts for
numbers without appeal to geometrical intuition.

Geometrically, every point separates a line into two parts.

I find the essence of continuity in the converse, i.e., in
the following principle:

“If all points of the straight line fall into two classes
such that every point of the first class lies to the left of
every point of the second class, then there exists one and
only one point which produces this division of all points
into two classes, this severing of the straight line into two
portions.”
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Dedekind and continuity (2)

But Dedekind couldn’t prove this property, so he had to take it as
an axiom:

The assumption of this property for the line is nothing but
an Axiom, through which alone we attribute continuity to
the line, through which we understand continuity in the
line.

(See Mathematics emerging, §16.3.2.)
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Dedekind and continuity (3)

Next adapt this idea to the arithmetical context:

I every number x separates all other numbers into two classes
— those greater than x , and those less than x ;

I conversely, every such separation of numbers defines a
number.

Hence Dedekind cuts (or sections, from the original German
Schnitt).
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Dedekind cuts (1)

I Start from the system of rational numbers R (assumed known)

I Separate R into two classes A1 and A2 such that
I for any a1 in A1, a1 < a2 for every a2 in A2

I for any a2 in A2, a2 > a1 for every a1 in A1

I The cut denoted by (A1,A2) defines a number

I Important observation: (A1,A2) need not be rational

Whenever, then, we have to do with a cut produced by no
rational number, we create a new irrational number, which
we regard as completely defined by this cut . . .
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Dedekind cuts (2)

Dedekind showed how to add two
cuts, and how to use them in
limiting arguments — but did
little else with them.

Significance: a major step
towards

I understanding completeness,
and

I giving a rigorous definition
of an irrational number,
hence

I setting the foundations of
analysis onto a sound logical
basis.
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Dissemination of Dedekind’s ideas

Stetigkeit und irrationale Zahlen reprinted many times, often in
conjunction with the later essay Was sind und was sollen die
Zahlen? (1888) [see below].

Translated into English as Essays on the theory of numbers by
Wooster Woodruff Beman (1901).

Popularised and organised for teaching, starting from Peano
axioms for natural numbers, by Edmund Landau in Grundlagen der
Analysis [Foundations of analysis] (1930), a book that contains
very few words.

A good modern (historically sensitive) account can be found in:
Leo Corry, A brief history of numbers, OUP, 2015, §10.6.
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Other approaches

Georg Cantor (1872) and Eduard Heine (1872) created real
numbers as equivalence classes of Cauchy sequences of rational
numbers. (Also: Charles Méray in 1869.)

(On Cantor’s approach, see Mathematics emerging, §16.3.3.)

Heine acknowledged a debt to Cantor and a debt to the lectures of
Weierstrass.

Later constructions by many mathematicians and philosophers —
such as

I Carl Johannes Thomae, 1880, 1890;

I Giuseppe Peano, 1889, 1891;

I Gottlob Frege, 1884, 1893, 1903;

I Otto Hölder, 1901;

I ...



D
r.

C
hr

is
to

ph
er

H
ol

lin
gs

,
M

at
he

m
at

ic
al

In
st

it
ut

e,
O

xf
or

d

D
r.

C
hr

is
to

ph
er

H
ol

lin
gs

,
M

at
he

m
at

ic
al

In
st

it
ut

e,
O

xf
or

d

Other approaches

Georg Cantor (1872) and Eduard Heine (1872) created real
numbers as equivalence classes of Cauchy sequences of rational
numbers. (Also: Charles Méray in 1869.)
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Extreme formalism

Alfred North Whitehead and
Bertrand Russell, Principia
mathematica, 3 vols., Cambridge
University Press, 1910, 1912, 1913

Vol. II, p. 86: 1 + 1 = 2

“The above proposition is
occasionally useful.”

NB. This is not the source of our
axioms for the reals.
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