BO1 History of Mathematics
Lecture XII|
Complex analysis
Part 1: Complex numbers

MT 2020 Week 7



Summary

Part 1
» Complex numbers: validity and representation

» Substitution of complex values for real

Part 2
» Cauchy's contributions
» Riemann

» What /s an analytic function?



Early ideas about complex numbers

Before 1600, very faint beginnings:



Early ideas about complex numbers

Before 1600, very faint beginnings:

» Cardano (1545) [from quadratics]



Early ideas about complex numbers
Before 1600, very faint beginnings:
» Cardano (1545) [from quadratics]

» Bombelli (1572) [from cubics]



Early ideas about complex numbers
Before 1600, very faint beginnings:
» Cardano (1545) [from quadratics]
» Bombelli (1572) [from cubics]

» Harriot (c.1600) [from quartics]



Early ideas about complex numbers
Before 1600, very faint beginnings:
» Cardano (1545) [from quadratics]
» Bombelli (1572) [from cubics]
» Harriot (c.1600) [from quartics]

But:
For the most part such roots were ignored: negative roots
were described merely as ‘false’, but complex roots as ‘im-
possible’. (Mathematics emerging, p.459.)



Cardano and complex numbers

———— Problem: find two numbers that add
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Problem: find two numbers that add
to 10 and multiply to 40, i.e., solve

an equation of the type ‘square plus
number equals thing’

Cardano noted that 5 + v/—15 and
5 — v/—15 solve the problem,
“dismissis incruciationibus”,
meaning

“putting aside mental tortures”,

or

“the cross-multiples having canceled
out”,
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Cardano and complex numbers
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Problem: find two numbers that add
to 10 and multiply to 40, i.e., solve

an equation of the type ‘square plus
number equals thing’

Cardano noted that 5 + v/—15 and
5 — v/—15 solve the problem,
“dismissis incruciationibus”,
meaning

“putting aside mental tortures”,

or

“the cross-multiples having canceled
out”

or

“the imaginary part being lost”

But regarded such ideas as absurd
and useless



Bombelli and complex numbers

PRIMO. 169
beg | g Itra forte di z.c.] Ito diffe

n
ol
»|

tidallaltre,, laqual nafce dal Capitolo di cube eguale
A tanti,e numero, quandoil cubato del terzo delli tan-
ti € maggiore del quadrato della meta del numero co-
me incflo Capitolo fi dimeftrara, laqual forte di 2. q.
‘hinel fuo Algorifmo diucrfa operatione dallaltre, ¢
diuerfonome’; perche quando il cubato del terzo del
litanti & maggiore del quadraro della meta del nume-
10; loecceflo loro non fi pud chiamare ne pifi,ne me-
no, perd lo chiamaro pitt di meno, quando egli fi doue
raaggiongere, e quando fi douera cauare, lo chiame -
16 men di meno,, ¢ queftaoperatione € neceflarijfima
pitt che Falere 2.c. Liper rifpetto delli Capitoli di po-
‘tenze di potéze, accompagnati ¢5 li cubi,6 tanti, 6 con
tucti duc infieme,, che molco pil fonoli cafi dell'ag-
guagliare doue ne nafce quefta forte di 2.che quel-
lidouc nafce lalera, la quale parera d molti piu tofto
fofitica, che reale,, ¢ tale opinione ho tenuto anchrio,
in’ che hdtrouatola fua dimoitratione in linee (come
i dimoftrara nella dimoftratione del detto Capitolo
in fuperficie piana) e prima trattard del Moltiplicare
ponendo laregola del pit & meno.

Pili uia pits di meno, fa piti di meno.
Meno uia pitt di meno,fa meno dimeno.
Pili uiameno di meno, fa meno dimeno.
Meno uia meno di meno,fa pil1 di meno.
Pittdimeno via pilt di meno,fa meno.
 Pitsdi meno uia men di meno, fa pi.
Meno di meno uia pilt di meno, fa pitt.
Meno di meno uia men di meno fa meno.

R P

“Another sort of cube root much
different from the former ..."
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PRIMO. 163 |

hef | gy altra forte di z.c.leg; lto differen
by | gidalbalere , laqual nafce dal Capitolo di cubo eguale
b | 3 tanti,¢ numero, quando il cubato del rerzo dellitan-
“¢ ] ti¢ maggiore del quadrato della meta del numero co-
lga | me ineflo Capitolo i dimoftrara  laqual forte di 2. q.
3 | hanel fuo Algorifmo diucrfa operatione dall’altre, ¢
wh | dierfonome; perche quando il cubato del terzo del
idit | Jicanti ¢ maggiore del quadraro della metd del nume-
w0k | yo; loecceffo loronon fi pud chiamare ne piti,ne me-
176 | no, perdlo chiamaro piu di meno, quando egli fi doue
6| raaggiongere, ¢ quando fidoucra cauare, lo chiame-
811 1o mendimeno, ¢ queftaoperatione € neceflarijfima
et | pittche Falere R.c. Lperrifpetto delli Capitoli di po-
duo | tenze di potéze, accompagnati ¢5 li cubi,6 tanti, 6 con
i cuctidueinfieme, che molto pib fonolicahi dellag-
ot guagliare doue ne nafce quefta foree di 2.che quel~
. lidouenalcelalera, la quale parerdd molti piu tofto
b fofiltica, che reale,, e tale opinione ho tenutoanch’io,

n. fin’che hdtrouatola fua dimottratione inlinee (come  lid
.1 fi dimoftrard nella dimoftratione deldetto Capitolo i
fi-|  infuperficie piana) e prima trattard del Moltiplicare,,

& ponendo laregola del pit & meno. Y
bae 3

e Pibuiapitdi meno,fa pitidimeno.

13 Meno uia pitt di meno,fa meno di meno.
i3 Pili viameno di meno, fa meno dimeno.
e Meno via meno di meno,fa pit di meno.
f-~  Piudimeno via pittdimeno,fa meno.

e e S

1| Piudimeno uia men i meno,a pit.

w Meno di meno uia pilidi meno,fa piti. ¥
:L°  Mcnodimeno via men di meno fa meno. i
w Si i

“Another sort of cube root much
different from the former ..."

Systematic rules:

pit di meno via pitr di meno, fa
meno (v/—1 x v/—1=-1)
meno di meno via piu di meno, fa

pitt (—v/ T xvI=1)



Bombelli and complex numbers
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PRIMO. 165

Ho trouato un‘altra forte di z.c.legate molto differen
tidallaltre, laqual naflce dal Capitolo di cubo eguale
4 tanti,¢ numero, quando il cubato del trerzo dellitan-
ti ¢ maggiore del quadrato della meta del numero co-
me incflo Capitolo fidimeftrara, laqual forte di 2. q.

‘hinel fuo Algorifmo diucrfa operatione dallaltre, ¢

diuerfo nome; perche quando il cubato del terzo del
litanti & maggiore del quadraro della meta del nume-
105 loccceflo loro non i puo chiamare ne pid,ne me-
1o, perd o chiamaro piit di meno, quando egli fi doue
raaggiongere, ¢ quando fi douera cauare, lo chiame -
16 men di meno,, ¢ queftaoperatione € neceflarijfima
pilt che l'alere .c. Loper rifpetto delli Capitoli di po-
tenze di potéze, accompagnati ¢& li cubi,o tanti, 6 con
tucti due infieme, che molto pil fonolicafi dell'ag-
guagliare doue ne nafce quefta fore di 2. che quel-
I doue nafce l'altra, la quale parerd 3 molti piu tofto
fofiltica, che reale,, e tale opinione ho tenuto anch’io,
fin’ che hd trouatola fua dimoitratione in lince (come
fi dimoftrard nella dimoftratione del detto Capitolo
in fuperficie piana) e prima trattard del Moltiplicare
ponendo laregola del pit & meno.

Piti uia pit di meno,fa piti di meno,
Meno uia pit di meno,fa meno di meno.
Piui viameno di meno, fa meno dimeno.
Meno via meno di meno, fa piti di meno.
Pildi meno via pilt di meno,fa meno.
Pildimeno uia men di meno,fa piti.
Meno di meno uia piti di meno,fa pidt.
Meno di meno uia men di meno fa meno.

“Another sort of cube root much
different from the former ..."

Systematic rules:

pit di meno via pitr di meno, fa
meno (v/—1 x v/—1=-1)
meno di meno via piu di meno, fa

pitt (—v=I x V=1 =1)

But complex numbers were not
admitted as solutions of
equations — they could appear
in calculations, provided they
cancelled out by the end
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“Another sort of cube root much
different from the former ..."

PRIMO. 165

Ho trouato un'altra forte di 2.c.legate molto differen
tidallaltre, laqual naflce dal Capitolo di cubo eguale
4 tanti,¢ numero, quando il cubato del trerzo dellitan-
ti @ maggiore del quadrato della meta del numero co-
me ineflo Capitolo i dimeftrara , laqual fore di 7. q.
hanel fuo Algorifmo diucrfa operatione dall'altre, €
diverfonome ; perche quando il cubato del terzo del
litanti ¢ maggiore del quadrato della metd del nume-
105 loccceflo loro non i puo chiamare ne pid,ne me-
1o, perd o chiamaro piit di meno, quando egli fi doue
raaggiongere, ¢ quando fi douera cauare, lo chiame -
1o men di meno , ¢ quefta operatione ¢ neceflarijfima
pii che Falere 2. Luper rifpetto delli Capitoli di po-
tenze di potéze, accompagnati ¢& li cubi,o tanti, 6 con
i tucidueinfieme,, che molto pit fonoli cafi dellag-

Systematic rules:

pit di meno via pitr di meno, fa
meno (v/—1x /—1=-1)

meno di meno via piu di meno, fa

ot guagliare doue ne nafce quefta foree di 2.che quel~

| lidoue nafcelaltra, la quale parerd d molti it tofto EAY _

b fofiftica, che reale, ¢ tale opinione ho tenuto anchvio, piu (_ vV—=1x+/—-1= 1)
. fin’ che hdtrouatola fua dimoitratione in lince (come

¥ fi dimoftrar nella dimoftratione del detto Capitolo

fi-|  infuperficie piana) e prima trattard del Moltiplicare,,

ponendo laregoladel pilt & meno.

But complex numbers were not
admitted as solutions of
equations — they could appear
in calculations, provided they
cancelled out by the end

Piti uia pit di meno, fa pits di meno.
Meno uia pitt di meno,fa meno di meno.
Piui viameno di meno, fa meno dimeno.
Meno via meno di meno, fa piti di meno.
Piudi meno via pitt di meno,fa meno.

;- Pitdimeno uiamen dimeno,fa pid.

w0 Meno di meno uia pilt di meno, fa pitt.
Meno di meno uia men di meno fa meno.

Complex numbers justified
through practical use?
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Descartes and ‘imaginaries’

La géométrie (1637):

introduced the term
‘imaginaire’ — meant to be
derogatory?

Didn't regard them as
numbers

u}
o)
I
i
it



|deas about complex numbers in the later 17th century

John Wallis, A treatise of algebra

(1685): complex numbers based TRE f{ TISE

on insights derived from ; ALGEBRA

BO0TH

» Euclidean geometry Biftozical =~ Practical.

The Original, Progrefs, and Advancement

thereof, from time to time; and by whit

Steps it hath attained to the Heighth at
1 which now it is.

> trlgonometry With fome Additionsl TREATISES,

1. OF the Como- Cuncus; being a Body reprefenting in parc

2 Conus, i pare a Cunews.
1L, OF ngular Seftions ; and ocher things relating there.

oL TR

unto, and to Trigomometry.
1ti. OF the Angle of Contaft 5 with other things appercain-
ing to the Confbofition of Magnitudes, the Inceptives of Magnitudes,

> p ro p ert | es Of con | CS and che Conpofiin of Motins, wich the Reluls chereol,
1V OF Combinstons, Alernations, and Aliguse Pars.

B JOHN WALLIS, D.D. Profeffor of Geometry in the
niverfiy of Oxford ; and « Memier o the Royal Society, London.

(See: Mathematics emerging, o 5 e pif, B A
in the Univerficy of Ox 20 kb, M. DC. LXXXV.

§15.1.1.)
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> A man starts at A and walks 5 yds to B, then retreats 2 yds
to C: overall, he has covered 3 yds. If he instead retreats 8
yds to D, then we may say that he has covered -3 yds.

» Somewhere on the seashore, we gain 26 units of land from the
sea, but lose 10 units. Thus, we have gained 16 units overall;
if this is a perfect square, then it has side 4 units of length.

» If instead we lose 26 units of land, but gain 10, then we have
lost 16 units overall, or gained -16.



Wallis: justification of imaginary numbers

> A man starts at A and walks 5 yds to B, then retreats 2 yds
to C: overall, he has covered 3 yds. If he instead retreats 8
yds to D, then we may say that he has covered -3 yds.

» Somewhere on the seashore, we gain 26 units of land from the
sea, but lose 10 units. Thus, we have gained 16 units overall;
if this is a perfect square, then it has side 4 units of length.

» If instead we lose 26 units of land, but gain 10, then we have
lost 16 units overall, or gained -16. The area in question
(assumed to be a square) might therefore be viewed as having
side v/—16.

(see: Leo Corry, A brief history of numbers, OUP, 2015,
pp. 184-185)



Wallis: imaginary numbers as geometric means




Wallis: imaginary numbers as geometric means

(see: Leo Corry, A brief history of numbers, OUP, 2015,
pp. 185-186)



“A new Impossibility in Algebra”

John Wallis, A treatise of algebra, p.267 ‘Of negative squares’:
. requires a new Impossibility in Algebra

Cuar.LXVIL  Of Negative Squares. 267

. Suppofe again, AP = 15, PC= 12, (and therefore P
AC=4:225—144: =4/ 81=9,) PB=120 (and e

therefore B C = 4/:400— 144 = 4/ 256 == ~}- 16, or Bﬁx

—16:) ThenisAB=y9-|-16 =25, orAB=9—16 c—~B

== — 7. The one Affirmative, the other Negative. (The M’

fame values would be, but with contrary Sigas, if we .
take AC = 4/813=—9: Thatis, AB=—g4<16 =-} 1, AB=—9—16

=—25)

.1 oives indeed (asbefore) adouble value of AB, y 173, -~ v/ — 81,
anx/h:gl;,gzei/*8| :(But fuch as requites a new Impoflibility in Algcbra,
(which in Lateral Equations doth not happen;) not that of a Negative Root,
or a Quantity lefs than nothing 5 (as before,) but the Root of a Negative
Square. Which in ftrictnefs of fpeech, cannot be: fince that no Real Root
(Affirmative or Negative,) being Multiplied into itfelf, will make a Negative

Square.



Complex numbers in the 18th century (1)

Nature remained
unclear:

“that amphibian
between being and
not-being, which we
call the imaginary root
of negative unity”
(Leibniz, 1702)

But complex numbers
were increasingly being
used ...




Complex numbers in the 18th century (2)

298 MEMOIRES DE PACADEMIE RoYaLE Johann Bernoulli, ‘Solution d'un
boles , dépend en partie de la quadrature du cercle, & en !

partie de la quadrare de Ihyperbole ou de la defeription pro b I ‘e me concernant | e ca IC u |

de la Logarithmique.
Maniéves abrégées de transformer les dj f&mtielles intégra |e, e ,, MémOI res de
compofes eir f imples , & réciproquement ; Et méme , . .
_ I"’Académie royale des sciences,

les fimples imaginaires en véellss compofZes.

Propr. I Transformer la dnffcremlelle“ - en 1702
une différentielle Logarithmiq 24: & réciprog

Faites z:’rz—: xb, & yous aurez b:i:‘— :is: . Réci-
proquement prencz #= = ,, & vous aurez + =

adz
T =rry
Corol. On transformera de méme la différentielle - l>+ —

:“'/d' différentielle de Logarithme imaginaire ; &
3br

réciproquement.

Prosr. IL Transformer la différentielle

en

bb+
dr

différenticlle de fefteur ou darc circulaire =

réciproquement.
: TRy ad
Faitesz==#"2— 44, & vous aurez ;-
Réc: %
iprog; prencz t=———7 , & vous aurez
—ad: adz
withn | BbHER’
Prost. ITL Transformer la d:fférennel]e 5 ,7 S en
ifférentielle de lecteur erboli \Ie 5 réci-
diffé ile de fefeur hyperboliq =3 & é
i
proquement.

Faites z == #"T =415, & enflite 7 =1
aurez ce quon demande.

5 & vous
—

ProBL:.




Complex numbers in the 18th century (2)

296 MEMOIRES DE ACADEMIE RovaLE
boles , dépend en partie de la quadrature du cercle, & eni
partie de la quadrature de hyperbole ou de la defcription
de la Logarithmique.

Maniéves abrégées de transformer les dj flrmm}lﬂ
compofes eir fimples , & résiproguement ; Et méme
les fimples imaginaires en véellss compofZes.

Progr. I Transformer la dnffcremlelle“ — en
i AR Zns
une différentielle L g que 25 , & réciprog
. 1—1x adz __ ads :
=""2xb ! Z {8 £
Faitesz =7 xb, & vous aurez 22— 227 ,,Réc‘
+z
proquement prencz z= H & vous aurez =
adz
=z

Corol. On transformera de méme la différentielle - l>+ —
—24t giff¢rentielle de Logarithme imaginaire ; &

xbl\/
reclproquemem

Prosr. IL Transformer la différentielle

en

bb+
dr

différenticlle de fefteur ou darc circulaire =

réciproquement.
_ = @l
Faitesz==#"2— 44, & vous aurez ;-

& vous aurez

Réci kg

; q ; prencz t=——7 ,
—ade adz

withn | BbHER’

Prost. ITL Transformer la d:fférennel]e 5 ,7 S en
différentielle de fe@eur hyyerbohque 3 & récx—

+u;
proquement.

Faites z == #"T =415, & enflite 7 =1
aurez ce quon demande.

5 & vous
—

ProBL:.

Johann Bernoulli, ‘Solution d'un
probléme concernant le calcul
intégrale, Mémoires de
I’Académie royale des sciences,
1702:

by making the substitution

z = \/% — bb, transform the

. . adz —adt
differential bbisz INtO bt/ T
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boles , dépend en partie de la quadrature du cercle, & en
partie de la quadrature de lhyperbole ou de la defcnpnon
de la Logarithmique.

Maniéves abrégées de transformer les dj ﬁ’rmm}lﬂ
compofes eir fimples , & résiproguement ; Et méme
les fimples imaginaires en réellss rampoﬁe.r

ProsL. I Transformer la différentielle -

bb zz o0
i .
une différentielle L g que 25 , & réciprog
F— ads __ads s
Faitesz= = xb, & vous aurez =1 Reéci
+x ads
proquement prencz t== b, & vous aurez =
adz
T =rry
Corol. On transformera de méme la différentielle - “_ —
en =242 différentielle de Logarithme imaginaire ; &
v
reclproquemem
Prosr. IL Transformer la dnﬁcrennelleu+ en
différentielle de fecteur ou d'arc circulaire V'“‘ :; ;
—Tbis

réciproquement.
= —adt

i R dz
— T S aUreZ o =
Faites z; 3—b6,&vou v awemd

Réciprog prenez t = & vous aurez

kg
v i ?

—ad: adz
withn | BbHER’
Prost. ITL Transformer la d:fférennel]e ” = en

différentielle de fe@eur hyyerbohque *” 5 & réci-
proquement.
Falzesz:l/-+bb & enfuite 7 = - ; & vous

aurez ce quon demande.
ProBL:.

Complex numbers in the 18th century (2)

Johann Bernoulli, ‘Solution d'un
probléme concernant le calcul
intégrale, ...", Mémoires de
I’Académie royale des sciences,
1702:

by making the substitution

z = \/% — bb, transform the

. . adz —adt
differential bbisz INtO bt/ T

No worries about the validity of
switching between real and complex
integrals

(See Mathematics emerging,
§15.2.1)



Complex numbers in the 18th century (3)

L1921
How EQUATIONS are to be folv'd.

FTER therefore in the Solution of a Queftion you are

come to an Aquation, and that Equation is duly re-

luc'd and order'd; when,the Quantitics which are fuppos’d

B s St vom. ek Eponend yours

n_their room in ¢l uation, ,and you’| o . .

Bave a Numersl Exuation, whote Root bemg exenaqwill | 1S@2C Newton, Universal Arithmetick,
fatiofy the Queflion. - As if in the Divifion of an A

into five equal Parts, by putting 7 for the Radius of the 1728:

Cixcl, g for the Chorl of the Complement of the propos’d .

Angle to two right ones, and x for the Chord of the Com-

plement of the fifih Part of that Angle, I had come to this

e ol v R » v given i N and

. a r ) e e e

the Line ¢ fubtending the Complement of the giten Angles p.195: “it is just that the Roots of

. ;:nblehdiu vm‘eilo; md;lzCl:dxd 3; dll‘}:mm thofe -

18 in the Equation for r and g, and there comes out H H H

the Numeral quation =°— 001+ + socor—3000 | EqUations should be often impossible,

=0, whereof the Root being excra@ed will be x, or the

Line fubtending the Complement of the fifth Part of thae hi
given Angle, ® 0 lest they should exhibit the cases of
But the Root is 2 Number which being fubflituted in the
quation for the Letyer or Species fignifyiny H H H
o o e BB il e o e | Problems that are impossible as if they
of the Roots of Thus Uity is the Root of the Equation x* . "
an Equation, — &'~ 19xx + 49X —30 =0, becanfe
being writ for xit produces 1 — 1—19 + are possI ble
30, thatis, nothing. And thus, if for x you write :ﬁ
Number 3, or the Negative Number «s5, and in both
Cafcs there will be produc’d nothing, the Affirmative and
Negative Terms in thefe four Cafes deftroying one anpthes ;
then fince any of the Numbers written in  the Zqpation
fulfily che Condition of x, by making all the Terms of the
Equation together equal to nothing, any of them will be
the Root of the /Bquation.

And that you may not wonder that the fame Aquation
may have feveral Roots, you muft know that there may be
more Solutions [than cne] of the fame Problem. As if
there was fought the Interfection of two_given Circles ;
there are two Interfections, and confequently the Queftion
admits two Aufwers ; and then the £quation de(elmini:‘h\g




Complex numbers in the 18th century (3)

L1923
How EQUATIONS are to be folv'd.

FTER therefore in the Solution of a Queftion you are

come to an Aquation, and that Equation is duly re-

luc'd and order'd; when,the Quantitics which are fuppos’d

B i e ot Mo ot

n_their room in ¢l uation, ,and you’| o . .

bave a Numeral Equation, whoe Rooe mexcnaed watl | 1IS@2C Newton, Universal Arithmetick,

fatiefy the Queflion. - As if in the Divifion of an Angle

into five equal Parts, by putting  for the Radius of the 1728:

Circke, q for the Chorl of the Complement of the propos’d .

Angle to two right ones, and x for the Chord of the Com-

plement of the fifih Part of that Angle, I had come to this

e ol v R » v given i N and

] a v umbers, e e -

e Line g fobrending the Complement of the giten Angle p.195: “it is just that the Roots of

. ;:nblehdi‘- vm‘eilo; md;lzCl:dxd 3; dll‘}:mm thofe -

18 in the Equation for r and g, and there comes out H H H

the Numeral quation =°— 001+ + socor—3000 | EqUations should be often impossible,

=0, whereof the Root being extra@ied will be x, or the

Line fubtending the Complement of the fifth Part of thae Thi
e Angle, T lest they should exhibit the cases of
8 8!
But the Rm:f is I.N!lﬂ:btt ‘:h{c;btingsfuhl\_hma“i&;‘w . . .
uation for t! ler or 1es 0
o e e o it e e | Problems that are impossible as if they
of the Rons of Thus Unity is the Root of the Equation x* . "
an Equation, — K- (9XX + 49X —30 =0, —
WA ol ‘“‘9M+.?: are possible complex numbers as an
-ﬁ—;o, that is, no](;]g.i"[\i. Andr;?::‘lxn,‘)eif for x y::d‘nitbg(h . d . f I Id | b | . f
lumber 3, or gative T s, in -
Cafcs there will be produc’d nothing, th:iﬂﬁmarive and In |Cator OT real-wor solvabi Ity o
Negative Terms in thefe four Cafes deftroying one anpther ;
then fince any of the Numbers written in  the Zqpation problems
fulfily che Condition of x, by making all the Terms of the
Equation together equal to nothing, any of them will be
the Root of the Bquation.

And that you may not wonder that the fame Aquation
may have feveral Roots, you muft know that there may be
more Solutions [than cne] of the fame Problem. As if
there was fought the Interfection of two_given Circles ;
there are two Interfections, and confequently the Queftion
admits two Aufivers ; and then the £quation de(exm'mi:‘E




Complex numbers in the 18th century (4)

Leonhard Euler also used them freely:
e.g., in Introductio in analysin
infinitorum, 1748, §138:

e™V1 — os.v + v/—1.sin.v

e "WVl —cos.v —v/—1.sin.v

(See Mathematics emerging, §9.2.3)

Lis L

104 DE QUANTATIBUS TRANSCENDENT

oy —1y ¥ 10y
(=) +(s 7 );uqueﬁum

7
(ARt — (i —
=1 a
precedeate vidimus off (5 + ) =", denorane cbafin
Logarichmorum hyperbolicorum : fcripto ergo pro & partim
Foy — 1 pamim — v ¥ — 1 crit cf v o=
‘o —1 , —w—1 Foy—1__ i
. + . ]
0

+ In Capite atem

&finw— —
Ex quibus incelligicur quomodo quantitites exponentiales ima-
gm:jw ad Sinus & Cofinus Arcuum realium reducantur. it
vero e ¥V gy Y — vl Y !
of v —y— 1. fin . L

139. Sit jam in iifdem formulis §.130. » numerus infinite
parvs, few m= - , exiftente i numero infinke wagno, erie

: _ &

afne==cof. L=m1 & finne=jin. J =G i Arcus

cnim evanelengjs - Sinus eft il aqualis, Cofinus vero
= 1. His poffis habebicur
:

:
(e s) | - (afaemy —tfma)
b 2

3 (oo — )T sy — 1 0 g
B a2y —1
mendis autem Logarithmis hyperbolicis fupra (135 ) oftendi«
s effe £(r 4% )==if 1 420) T — 4, feny T =14y,
pofito
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The Fundamental Theorem of Algebra

Every polynomial equation of degree n has exactly n roots.
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Early 17th century: known that an equation of degree n may
have n roots

During 17th century: complex numbers gradually admitted as
roots

15 Sept 1759: Euler asserted theorem in a letter to Nicholas
Bernoulli, but didn't prove it

Mid/late 18th century: attempted proofs by Euler,
d’'Alembert, Lagrange, and others

1799: proof by Gauss in his doctoral dissertation, followed by
several others

1806: new proof by Argand
1821: Argand’s proof appears in Cauchy's Cours d’analyse
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469
. Om
Ditectionend analptiffe Betegning,
et Sorfeg,

anvendbet fornemmelig
il

plane o9 fpbkriff: Polpgonerd Opledning, -
. uf
€afpar Weffel, Eandmanlen

mwamh Forfeq angaaer bet Spergsmaal, vordan Direcricnsn analye
¥ Ber Betegues, cler hwordan rewe Binice burbe ubdirgffes, naar of een cnejle
Ligning mellem een ubetiomdr og anbdre givne Sinier Fulde funne findes ot Ubs
ttnf, Der foreftillebe basde den ubefienbdees Bxngde og vens Dicecrion,

Boe nogenicdes at funne befvare dette Sporgomasl, leager jeg il Srunde
peld 1o Satninger, det foues mig unegtelige,  Den forite er: or den Divees
tionens Wovandring, ber ved claebraiife Operationer Pam fremEringes, oafoa
ber b teres Tean ot foreflies.  Den anden: ar Direcrion ec ingen Biens
fland’ for Aigebea, uden for foavide ben ved algebeaiffe Opexationce fan for:
| audres,  Tien Ba den wed Biffe ei Pan foraudess (i Dot mindfe «ftee den fad
wanlige Fortlaring), uben 0L Tew modfante, elier fra pofitio til privativ, o
omiwendt: fan fFulbe tiffe to Dicectioner alene funne beregued paa den bificudre
Waade, of i Heofige til 1e eevige Problemet vave oplefeligr.  Detre s vel

g Reo s ogfan

Caspar Wessel, ‘Om
Directionens analytiske
Betegning ..." ['On the
analytic representation of
direction ..."], Nye
Samling af det Kongelige
Danske Videnskabers
Selskabs Skrifter, 1799
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Betegning ..." ['On the
analytic representation of
direction ..."], Nye
Samling af det Kongelige
Danske Videnskabers
Selskabs Skrifter, 1799

Published in Danish
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Waade, of i Heofigt il e eveige Problemet oieve uoplefeligr.  Detee ox vel
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analytic representation of
direction ..."], Nye
Samling af det Kongelige
Danske Videnskabers
Selskabs Skrifter, 1799

Published in Danish —
not well known



New ways of viewing complex numbers

Ay Caspar Wessel, ‘Om
Directionens analytiske
. a0 Betegr.nng [On.the
Ditectionensd analptiffe Betegning, analytic representation of
et Sorfeg . . ]
anpenbdbe fotnemn:rltg dlreCtlon M ]' Nye
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Transactions of the Royal Irish
Academy, 1837

Theory of Conjugate Functions, or Algebraic Couples ; with a Preliminary and
Elementary Essay on Algebra as the Science of Pure Time.

, Complex numbers as ordered
By WILLIAM ROWAN HAMILTON, .
AL LS 500, P e i iy pairs subject to specified rules:

ociety ot Copenhagen, Andreios
Astronomy in tie Uniccrsity of Dublin, and Royal Astronomer of Treland.

Read November 4th, 1833, and June Ist, 1835.

General Introductory Remarks.

Tk Study of Algebra may be pursued in three very different schools, the Practical, the Philological, or
the Theoretical, according as Algebra itslf is accounted an Instrument, or a Language, or a Contempla-
tion ; according as ease of operation, or symmetry of expression, or clearncss of thought, (the agers,the
fari, o the sapere, ) is eminently prized and sought for. The Practical person secks a Rule which he
‘may apply, the l"hllnhg\cll ‘person secks a Formula which he may write, the Theoretical person secks a
Theorem on which he may meditate. The felt imperfections of Algebra are of three answering kinds.
‘The Practical Algebra Lunmp\lml of imperfection when he finds his Instrament limited in power; when
a rule, which he could happily apply to many cases, can be hardly or not at all applied by him to some

, to which Algebra with him was but subordinate, and for the sake of which and not for its
nmum, he studied Algobra. The Philological Algebraist complains of imperfetion, when bis Langusge
prescnts him with an Anomaly ; when he finds an Exception distarb the simplicity of hs Notation, or the
symmetrical structure of s Syntae; when a Formula must be writen with precaation, and a Symbelise

The Theoretical Algebraist complains of imperfection, when the clearness of his Con-

mplation is obscured; when the Reasonings of his Science seem anywhere to oppose each other, or
become in any part too complex or too little valid for his belief to rest firmly upon them ; or when,
though trial may have taught him that a rule is useful, or that a formula gives true results, he cannot
prove that rule, nor understand that formula : when he cannot rise to intuition from induction, or cannot
Took beyond the sigos to the things signified.
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Sciences, and of the Royal Northern Antiquarian Society ot Copentagen, Andrews’ Professor of
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tion; according as ease of operation, or symmetry of expr

Jfari, o the sapere,) is eminently prized and sought for.
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