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BO1 History of Mathematics
Lecture XIV

Linear algebra
Part 1: Linear equations

MT 2020 Week 7
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Summary

Part 1

I Linear equations

Part 2

I Determinants

I Eigenvalues

I Matrices

Part 3

I Vector spaces



D
r.

C
hr

is
to

ph
er

H
ol

lin
gs

,
M

at
he

m
at

ic
al

In
st

it
ut

e,
O

xf
or

d

D
r.

C
hr

is
to

ph
er

H
ol

lin
gs

,
M

at
he

m
at

ic
al

In
st

it
ut

e,
O

xf
or

d

Difficulties in the historical study of linear algebra

Linear algebra may be mathematically simple but its his-
tory is more complicated than any other topic in this book.
. . . [Its development is] a very tangled tale.

(Mathematics Emerging, p. 548.)

I linear algebra is elementary but its manifestations are many
and sophisticated

I there are hardly any obvious starting points

I theory often lagged behind practice

I practice sometimes lagged behind theory

I 19th-century reliance on theory of quadratic and bilinear
forms (e.g., ax2 + 2bxy + cy2) — unfamiliar to students now

Warning: matrices (etc.) are primary in modern teaching,
determinants secondary. For about 200 years until 1940 (or
thereabouts) the reverse was the case: determinants came first.
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On the history of linear algebra

(Princeton University Press, 2014)
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Jiǔzhāng Suànshù (China, c. 150 BC)

Nine chapters of the mathematical
art (from a 16th-century
edition, derived from a 3rd-century
commentary by Liu Hui )

Content: calculation of areas
(π ≈ 3.14159), rates of exchange,
computation with fractions,
proportion, extraction of square
and cube roots, calculation of
volumes, systems of linear
equations, Pythagoras’ Theorem,
. . .
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Chinese calculation

Base 10 system of rods on counting board: red for positive, black
for negative
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Early linear equations in China

Chapter 7: solution of pairs of equations in two unknowns by the method
of false position

Chapter 8: solution of systems of n equations in n unknowns for n ≤ 5

There are three types of grain

3 bundles of the first, 2 of the second, and 1 of the third
contain 39 measures

2 of the first, 3 of the second, and 1 of the third contain 34
1 of the first, 2 of the second, and 3 of the third contain 26

How many measures in a bundle of each type?

Solved on a counting board by Gaussian elimination, known here as

‘fāngchéng’
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Early linear equations in China

There are five families which share a well. 2 of A’s ropes
are short of the well’s depth by 1 of B’s ropes. 3 of B’s
ropes are short of the depth by 1 of C’s ropes. 4 of C’s
ropes are short by 1 of D’s ropes. 5 of D’s ropes are short
by 1 of E’s ropes. 6 of E’s ropes are short by 1 of A’s
ropes. Find the depth of the well and the length of each
rope.

Five equations in six unknowns, so indeterminate

Liu Hui: we can only give a solution in terms of proportions of the
lengths
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Early linear equations in Europe

Jean Borrel [Ioannes Buteus]
Logistica, quæ et Arithmetica
vulgo dicitur in libros quinque
digesta (Logistic, also known as
Arithmetic, digested in five
books), 1559
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Linear equations in Borrel’s Logistica

To find three numbers, of which the
first with a third of the rest makes
14. The second with a quarter of the
rest makes 8. Likewise the third with
a fifth part of the rest makes 8.

Put the first to be 1A, the second
1B, the third 1C. . . .

[Derives a system of equations with
‘.’ for addition and ‘[’ for equality.]

Multiply by 3, by 4 and by 5
respectively, etc.

(See Mathematics emerging,
§17.1.1.)



D
r.

C
hr

is
to

ph
er

H
ol

lin
gs

,
M

at
he

m
at

ic
al

In
st

it
ut

e,
O

xf
or

d

D
r.

C
hr

is
to

ph
er

H
ol

lin
gs

,
M

at
he

m
at

ic
al

In
st

it
ut

e,
O

xf
or

d

Linear equations in Borrel’s Logistica

To find three numbers, of which the
first with a third of the rest makes
14. The second with a quarter of the
rest makes 8. Likewise the third with
a fifth part of the rest makes 8.

Put the first to be 1A, the second
1B, the third 1C. . . .

[Derives a system of equations with
‘.’ for addition and ‘[’ for equality.]

Multiply by 3, by 4 and by 5
respectively, etc.

(See Mathematics emerging,
§17.1.1.)



D
r.

C
hr

is
to

ph
er

H
ol

lin
gs

,
M

at
he

m
at

ic
al

In
st

it
ut

e,
O

xf
or

d

D
r.

C
hr

is
to

ph
er

H
ol

lin
gs

,
M

at
he

m
at

ic
al

In
st

it
ut

e,
O

xf
or

d

Linear equations in Borrel’s Logistica

To find three numbers, of which the
first with a third of the rest makes
14. The second with a quarter of the
rest makes 8. Likewise the third with
a fifth part of the rest makes 8.

Put the first to be 1A, the second
1B, the third 1C. . . .

[Derives a system of equations with
‘.’ for addition and ‘[’ for equality.]

Multiply by 3, by 4 and by 5
respectively, etc.

(See Mathematics emerging,
§17.1.1.)



D
r.

C
hr

is
to

ph
er

H
ol

lin
gs

,
M

at
he

m
at

ic
al

In
st

it
ut

e,
O

xf
or

d

D
r.

C
hr

is
to

ph
er

H
ol

lin
gs

,
M

at
he

m
at

ic
al

In
st

it
ut

e,
O

xf
or

d

More unknowns

Guillaume Gosselin, De arte magna
seu de occulta parte numerorum
quae et Algebra et Almucabala vulgo
dicitur (On the great art or the
hidden part of numbers commonly
called Algebra and Almucabala),
1577

1A +
1

2
B +

1

2
C +

1

2
D = 17

1B +
1

3
A +

1

3
C +

1

3
D = 12

1C +
1

4
A +

1

4
B +

1

4
D = 13

1D +
1

6
A +

1

6
B +

1

6
C = 13
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A 17th-century example

After reading Gosselin . . .
John Pell to Sir Charles Cavendish (1646):

Exemplum . . . satis determinatis

3a− 4b + 5c = 2

5a + 3b − 2c = 58

7a− 5b + 4c = 14

(Solved via Pell’s ‘three-column method’)

Exemplum . . . non satis determinatis

5a + 3b − 2c = 24

−2a + 4b + 3c = 5

(a, b, c > 0; found bounds for the possible values: e.g., a < 15 9
11)
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(Solved via Pell’s ‘three-column method’)

Exemplum . . . non satis determinatis

5a + 3b − 2c = 24

−2a + 4b + 3c = 5

(a, b, c > 0; found bounds for the possible values: e.g., a < 15 9
11)
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Linear equations — systematic practical methods

Gaussian elimination:

I The nine chapters of the mathematical art, China (c. 150 BC)

I Colin Maclaurin, A treatise of algebra (1748), §§82–85

C. F. Gauss: calculation of asteroid orbits (1810)

from surveying, e.g., Wilhelm Jordan, Handbuch der
Vermessungskunde, 3rd edition (1888)



D
r.

C
hr

is
to

ph
er

H
ol

lin
gs

,
M

at
he

m
at

ic
al

In
st

it
ut

e,
O

xf
or

d

D
r.

C
hr

is
to

ph
er

H
ol

lin
gs

,
M

at
he

m
at

ic
al

In
st

it
ut

e,
O

xf
or

d

Linear equations — systematic practical methods

Gaussian elimination:

I The nine chapters of the mathematical art, China (c. 150 BC)

I Colin Maclaurin, A treatise of algebra (1748), §§82–85

C. F. Gauss: calculation of asteroid orbits (1810)

from surveying, e.g., Wilhelm Jordan, Handbuch der
Vermessungskunde, 3rd edition (1888)



D
r.

C
hr

is
to

ph
er

H
ol

lin
gs

,
M

at
he

m
at

ic
al

In
st

it
ut

e,
O

xf
or

d

D
r.

C
hr

is
to

ph
er

H
ol

lin
gs

,
M

at
he

m
at

ic
al

In
st

it
ut

e,
O

xf
or

d

Linear equations — systematic practical methods

Gaussian elimination:

I The nine chapters of the mathematical art, China (c. 150 BC)

I Colin Maclaurin, A treatise of algebra (1748), §§82–85

C. F. Gauss: calculation of asteroid orbits (1810)

from surveying, e.g., Wilhelm Jordan, Handbuch der
Vermessungskunde, 3rd edition (1888)



D
r.

C
hr

is
to

ph
er

H
ol

lin
gs

,
M

at
he

m
at

ic
al

In
st

it
ut

e,
O

xf
or

d

D
r.

C
hr

is
to

ph
er

H
ol

lin
gs

,
M

at
he

m
at

ic
al

In
st

it
ut

e,
O

xf
or

d

Maclaurin on Gaussian elimination
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Maclaurin and linear equations

Colin Maclaurin, A treatise of
algebra, 1748, p. 83

Three equations in three
unknowns solved using a
‘determinant-like’ quantity

Notational difficulties — we run
out of letters!
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