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Determinants

Colin Maclaurin, A treatise of algebra, 1748, Ch. XIl, pp. 81-85



Determinants

Leibniz, unpublished works, 1680s/1690s.

Colin Maclaurin, A treatise of algebra, 1748, Ch. XIl, pp. 81-85



Leibniz and determinants

At least as early as June 1678, Leibniz devised a new notation for
coefficients, writing

10 + 11x + 12y =0,
20 + 21x + 22y =0

for what we would write as

a0 + anx + appy =0,

ax + az1x + axpy = 0.
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Leibniz used this notation to formulate general results on the
solvability of systems of equations in terms of a determinant-like
quantity (a sum of signed products of coefficients)



Leibniz and determinants

At least as early as June 1678, Leibniz devised a new notation for
coefficients, writing

10 + 11x + 12y =0,
204 21x 422y =0

for what we would write as

a0 + anx + appy =0,

ax + az1x + axpy = 0.

Leibniz used this notation to formulate general results on the
solvability of systems of equations in terms of a determinant-like
quantity (a sum of signed products of coefficients) — but these
were not published during his lifetime
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Leibniz, unpublished works, 1680s/1690s.

Colin Maclaurin, A treatise of algebra, 1748, Ch. XIl, pp. 81-85



Determinants

Leibniz, unpublished works, 1680s/1690s.
Seki Takakazu, Kai-fukudai-no-ho fRIRREZi%, 1683

Colin Maclaurin, A treatise of algebra, 1748, Ch. XIl, pp. 81-85



Seki and determinants

Seki Takakazu, Kai-fukudai-no-ho R 2% (Method for Solving
Concealed Problems), 1683

Arranged coefficients of systems of equations in a grid, and gave
schematics for construction of determinants (dotted lines indicate
positive products, and solid lines negative)
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Determinants

Leibniz, unpublished works, 1680s/1690s.
Seki Takakazu, Kai-fukudai-no-ho fRIRREZi%, 1683
Colin Maclaurin, A treatise of algebra, 1748, Ch. XIl, pp. 81-85

Vandermonde, ‘Mémoire sur I'élimination’, Mémoires de
I"’Académie des sciences, 1772: a recursive description of
determinants of any size (but without a name and in an
uncongenial notation — see Mathematics emerging, §17.1.3)



Vandermonde on elimination

e : .
denotes a single quantity, e.g.,

a coefficient in a linear equation
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Vandermonde on elimination

e : .
; denotes a single quantity, e.g.,

a coefficient in a linear equation

. oa|lf o B a B
Defme.T’T—a b b a

Anachronistically, this is the
determinant of the matrix:
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Vandermonde on elimination

e : .
denotes a single quantity, e.g.,

a coefficient in a linear equation
. oalf _a B o p
Define: T’T_a b b a

Anachronistically, this is the
determinant of the matrix:

(67

o
a b

BB
a b

m]

Then continue recursively ...
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Vandermonde, ‘Mémoire sur I'élimination’, Mémoires de
I"’Académie des sciences, 1772: a recursive description of
determinants of any size (but without a name and in an
uncongenial notation — see Mathematics emerging, §17.1.3)



Determinants

Leibniz, unpublished works, 1680s/1690s.
Seki Takakazu, Kai-fukudai-no-ho fRIRREZi%, 1683
Colin Maclaurin, A treatise of algebra, 1748, Ch. XIl, pp. 81-85

Vandermonde, ‘Mémoire sur I'élimination’, Mémoires de
I"’Académie des sciences, 1772: a recursive description of
determinants of any size (but without a name and in an
uncongenial notation — see Mathematics emerging, §17.1.3)

Gauss in Disquisitiones arithmeticae (1801) gave the name
‘determinant’ to what is now called the ‘discriminant’ B? — AC of
the binary quadratic form Ax? 4+ 2Bxy + Cy?.



Cauchy on determinants

. QUI NE PEUVENT OBTENIR QUE DEUX VALEURS, EVC. 113

s propriétés générales des formes du second deggré, c'est-indire des
nomes du second degré i deux o i plusicurs variabl
ces mémes fanctions saus le nom de determinants.
cette dénomination qui fournit un moy i
vésultats; Jobserverai seulement qu'on danne a

fonctions dont il s'agit le nom de résultantes i deux on
Tettres. Ainsi les deux expressions sivantes, detersminant ot résultante.
deyront étre regardées comme synonymes.

DEUNIEME PARTIE.
DES FONCTIONS SYNETMIQUES ALTERNEES DESWNHES S0CS L6 Sox
08 DETERNINANTS.
PREMIERE SECTION.
Des déterminants en généval et des systémes symétriques.

§ I, Soient a,. @, ....a, plusicurs quantités différentes en nombre
égal i . On a fait voir ci-dessus que, en multipliant e produit de ces
quantités ou .

aay. . an
par le produit de leurs différences respectives, ou par
(g ) (@ ).l 1) (6 iy b )

on obtenait pour résultat la fonction symétrique all

S(=aaial...al)
qui, par conséquent, se trouve (oujours égale au produit
U1yt (03— @) (= @) (@ 1) (03— @y (@ — A1y — 20y

Supposons maintenant que Fon développe e domier produit et que,
dans chaque terme du développement. on remplace Fexposant e
Ofumres de €.~ 3101 3

Cauchy, ‘Mémoire sur les fonctions
qui ne peuvent obtenir que deux
valeurs égales et de signes contraires
par suite des transpositions opérées
entre les variables qu'elles
renferment’, Journal de I’Ecole
polytechnique, 1815

Referred to Laplace, Vandermonde,
Gauss, and others

Introduced the term determinant for
the function of n? quantities (a sum
of n! signed products) that we now

know by that name.

(See Mathematics emerging,
§17.1.4.)



History of the theory of determinants

THEORY OF DETERMINANTS
HISTORICAL ORDER OF ITS DEVELOPMENT
FART L

DETERMINANTS IN GENERAL
LEIRNITZ (1608} TO CAYLEY (1841)

THOMAS MUIR, M A, LLD, FRSE

e s ot voss

Cgrnren
MACMILLAN AND CO

(I —

Determinants were studied
extensively in the 19th century.

Sir Thomas Muir, The theory of
determinants in the historical order
of development (1890-1906)

» Part |: Determinants in general:
Leibnitz (1693) to Cayley
(1841);

» Part II: Special determinants up
to 1841

Second edition in 4 volumes,
1906-1923; supplement, 1930.


https://archive.org/details/theoryofdetermin01muiruoft
https://archive.org/details/theoryofdetermin01muiruoft
https://archive.org/details/theoryofdetermin01muiruoft

‘Eigenvalue’ problems

Euler (1748): change of coordinates to reduce equation
of a quadric surface az? + Byz + yxz + §y?
texy 4+ (x? +nz+ 0y +1x+x =0 to its
simplest form Ap? + Bq?> + Cr> + K =0
(see: Mathematics emerging, §17.2.1.)



‘Eigenvalue’ problems

Euler (1748):

Laplace (1787):

change of coordinates to reduce equation

of a quadric surface az? + Byz + yxz + §y?
texy 4+ (x? +nz+ 0y +1x+x =0 to its
simplest form Ap? + Bq?> + Cr> + K =0
(see: Mathematics emerging, §17.2.1.)

symmetry of coefficients in a set of linear
differential equations leads to real ‘eigenvalues’
(see: Mathematics emerging, §17.2.2.)



‘Eigenvalue’ problems

Euler (1748):

Laplace (1787):

Cauchy (1829):

change of coordinates to reduce equation

of a quadric surface az? + Byz + yxz + §y?
texy 4+ (x? +nz+ 0y +1x+x =0 to its
simplest form Ap? + Bq?> + Cr> + K =0
(see: Mathematics emerging, §17.2.1.)

symmetry of coefficients in a set of linear
differential equations leads to real ‘eigenvalues’
(see: Mathematics emerging, §17.2.2.)

a symmetric matrix is diagonalisable by a real
orthogonal change of variables
(see: Mathematics emerging, §17.2.3.)



Matrices and their determinants

Gauss, Disquisitiones arithmeticae (1801): transformation of
quadratic forms ax? + 2bxy + cy? by change of variables

x=ax'+ 8y, y=x"+0y



Matrices and their determinants

Gauss, Disquisitiones arithmeticae (1801): transformation of
quadratic forms ax? + 2bxy + cy? by change of variables

x=ax'+ 8y, y=x"+0y
followed by

/s

Xl — O/X” +5/y//, y/ — ’}/X +6/y//



Matrices and their determinants

Gauss, Disquisitiones arithmeticae (1801): transformation of
quadratic forms ax? + 2bxy + cy? by change of variables

x=ax'+ 8y, y=x"+0y
followed by
X —O/X”—i-ﬂ/ // y —'y'x”—i—é’y”

comes to the same as

x = (@ +6Y)X"+(aB'+88")y", vy = (va'+57)x"+(vB8'+68")y"



Matrices and their determinants

Gauss, Disquisitiones arithmeticae (1801): transformation of
quadratic forms ax? + 2bxy + cy? by change of variables

x=ax'+ 8y, y=x"+0y
followed by
X =dX"+ 8y, vy =+X"+8y
comes to the same as
x = (ad/ +8Y )X +H(af +8)y", v = (ya!+87)x"+(v8'+68")y"
Moreover, the ‘determinants’ (our sense) multiply.
NB. All Gauss' coefficients were integers

(See Mathematics emerging, §17.3.1.)



Early origins of matrices

The OED (3rd ed., March 2001) lists sense 2a of ‘matrix’ as
A place or medium in which something is originated, pro-
duced, or developed ...



Early origins of matrices

The OED (3rd ed., March 2001) lists sense 2a of ‘matrix’ as
A place or medium in which something is originated, pro-
duced, or developed ...

Thus, in 1850, J. J. Sylvester applied the word to the ‘thing’ from
which determinants originate:
For this purpose we must commence, not with a square,
but with an oblong arrangement of terms consisting, sup-
pose, of m lines and n columns. This will not in itself
represent a determinant, but is, as it were, a Matrix out
of which we may form various systems of determinants by
fixing upon a number p, and selecting at will p lines and
p columns, the squares corresponding of pth order.



Early origins of matrices

The OED (3rd ed., March 2001) lists sense 2a of ‘matrix’ as
A place or medium in which something is originated, pro-
duced, or developed ...

Thus, in 1850, J. J. Sylvester applied the word to the ‘thing’ from
which determinants originate:
For this purpose we must commence, not with a square,
but with an oblong arrangement of terms consisting, sup-
pose, of m lines and n columns. This will not in itself
represent a determinant, but is, as it were, a Matrix out
of which we may form various systems of determinants by
fixing upon a number p, and selecting at will p lines and
p columns, the squares corresponding of pth order.

But he did not operate with matrices



The definition of matrices

Arthur Cayley, ‘A memoir on the

theory of matrices’, Phil. Trans. Roy.
Soc., 1858:
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Theorem
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The definition of matrices

Arthur Cayley, ‘A memoir on the

theory of matrices’, Phil. Trans. Roy.
Soc., 1858:

» defined matrices and their
properties

» recognised connection to linear
equations

> stated the Cayley—Hamilton
Theorem

» investigated the matrices that
commute with a given one

u}
o)
1
n
it

DA



The definition of matrices
Arthur Cayley, ‘A memoir on the

theory of matrices’, Phil. Trans. Roy.
Soc., 1858:

» defined matrices and their
properties

» recognised connection to linear
equations

> stated the Cayley—Hamilton
Theorem

» investigated the matrices that
commute with a given one

“It will be seen that matrices
(attending only to those of the same
order) comport themselves as single
quantities...”

(See Mathematics emerging,
§17.3.2)

DA



Determinants persist
"l am aware that the word ‘Matrix’ is

already in use to express the very
meaning for which | use the word

Tresentil & th forndiils lbnry,

epod, &, die Sulior, [Uey 15055, ‘Block’; but surely the former word
means rather the mould, or form, into
ELEMENTARY TREATISE . . ..
which algebraical quantities may be

ox

DETERMINANTS

introduced, than an actual assemblage
of such quantities ..."

WITH THEIR APPLICATION TO

SIMULTANEOUS LINEAR EQUATIONS
AND ALGEBRAICAL GEOMETRY.

sr

CHARLES L. DODGSON, M.A.

STUDENY AND NATERMATIOLL LECTUNER O CHNIST GHUMCH, OEFORD.

Xondon:
MACMILLAN AND CO.
1867.




Determinants persist

Tresentisl 4 € Fadidiile ~E s,
Unfod, 5, G 3l ”32/; /a//'%i’.

AN

ELEMENTARY TREATISE

ox

DETERMINANTS

WITH THEIR APPLICATION TO

SIMULTANEOUS LINEAR EQUATIONS
AND ALGEBRAICAL GEOMETRY.

sr
CHARLES L. DODGSON, M. A.

STUDENY AND NATERMATIOLL LECTUNER O CHNIST GHUMCH, OEFORD.

Xondon:
MACMILLAN AND CO.
1867.

“I am aware that the word ‘Matrix’ is
already in use to express the very
meaning for which | use the word
‘Block’; but surely the former word
means rather the mould, or form, into
which algebraical quantities may be
introduced, than an actual assemblage
of such quantities ..."

Criticised notation ‘aj;":

“it seems a fatal objection to this
system that most of the space is
occupied by a number of a's, which are
wholly superfluous, while the only
important part of the notation is
reduced to minute subscripts, alike
difficult to the writer and the reader.”



Determinants persist

Tresentisl 4 € Fadidiile ~E s,
Unfod, 5, G 3l ”32/; /a//'%i’.

AN

ELEMENTARY TREATISE

ox

DETERMINANTS

WITH THEIR APPLICATION TO

SIMULTANEOUS LINEAR EQUATIONS
AND ALGEBRAICAL GEOMETRY.

sr
CHARLES L. DODGSON, M. A.

STUDENY AND NATERMATIOLL LECTUNER O CHNIST GHUMCH, OEFORD.

Xondon:
MACMILLAN AND CO.
1867.

“I am aware that the word ‘Matrix’ is
already in use to express the very
meaning for which | use the word
‘Block’; but surely the former word
means rather the mould, or form, into
which algebraical quantities may be
introduced, than an actual assemblage
of such quantities ..."

Criticised notation ‘aj;":

“it seems a fatal objection to this
system that most of the space is
occupied by a number of a's, which are
wholly superfluous, while the only
important part of the notation is
reduced to minute subscripts, alike
difficult to the writer and the reader.”

Proposed /| j instead



Matrices elsewhere

Matrix algebra appears in
Hamilton’s Lectures on
Quaternions (1853) as ‘linear and
vector functions’ (including his
version of the Cayley—Hamilton
Theorem, stated and proved in
terms of quaternions)



Matrices elsewhere

Matrix algebra appears
Hamilton's Lectures on

Quaternions (1853) as ‘linear and

vector functions’ (including his
version of the Cayley—Hamilton
Theorem, stated and proved in
terms of quaternions)

Matrices were also devised by
Laguerre in his paper ‘Sur le
calcul des systémes linéaires’
(J. Ecole polytechnique, 1867)

SUR

LE CALCUL DES SYSTEMES LINEAIRES,

EXTRAIT D'UNE LETTRE ADRESSEE A M. HERMITE.

Extrait du Journal de Ucole Polytechnigue. LXII* Cahier.

Yappelle, suivant l'usage habitucl, systme lindaire le tableau
des coefficients d’un systéme de # équations linéaires & a incon-
nues. Un tel systéme sera dit systéme lindaire d'ordre n et,
sauf unc exception dont je patlerai plus loin, je lo représenterai
OOUJQII\‘S par unc seule lettre mﬂjﬂ!culc, réservant les lettres

les pour désigner spécial les éléments du systéme
linéaire.
Ainsi, par exemple, le systéme linéaire
=B
18

sera rbprésenté par| la seule lettre ma]uscule A. Dans tout ce qui
suit, je consid ces lettres maj les sys-
témes linéaires comme de véritables quantités, soumises a toutes
les opérations algébriques. Le sens des diverses opérations sera
fixé ainsi qu'il suit.

Addition et soustraction. — Soient deux systémes de méme
ordre A et B; concevons que l'on forme un troisiéme systéme en
faisan la somane algébrique des éléments correspondants dans
chacun des deux premiers sysumes Le systéme résultant sera dit
fa somme des systémes A et B, et si on I désigne par C, on expri-
merale mode de relation qui le rattache aux systémes A ct B par
Péquation C=A + B. Si, parexemple, on a
ab « B

A=l gy By




Jordan and linear substitutions

Camille Jordan, Traité des
substitutions, 1870:

«O> «Fr «=»

«E)»

DA



Jordan and linear substitutions

3 . .
TRAITE Camille Jordan, Traité des

DES SUBSTITUTIONS substitutions, 1870:

» studied matrices over integers
modulo n as part of an
extensive study of linear
substitutions (in connection
with Galois theory); developed
‘canonical forms' to study
conjugacy classes in these
groups

DES EQUATIONS ALGEBRIQUES.

Par M. Cawiie JORDAN,

PARIS,

GAUTHIER-VILLARS, IMPRIMEUR-LIBRAIRE
DU BUREAU DES LONGITUDES, DE L'ECOLE IMPERIALE POLYTECHNIQUE,
SOCCESSEUR DE MALLET-BACHELIER,




Jordan and linear substitutions

w

TRAITE Camille Jordan, Traité des

DES SUBSTITUTIONS

DES EQUATIONS ALGEBRIQUES.

Par M. Cawiie JORDAN,

PARIS,

GAUTHIER-VILLARS, IMPRIMEUR-LIBRAIRE
DU BUREAU DES LONGITUDES, DE L'ECOLE IMPERIALE POLYTECHNIQUE,

substitutions, 1870:

studied matrices over integers
modulo n as part of an
extensive study of linear
substitutions (in connection
with Galois theory); developed
‘canonical forms’ to study
conjugacy classes in these
groups

developed his ideas to ‘Jordan
canonical form’ for complex
matrices in his studies 1872-4
of linear differential equations



German contributions

2 Frobenius, iiber lineare Substitutionen und bilineare Formen.

fibrt. Diese Erwiigungen leiteten mich darauf, statt der Transformation
der bilinearen Formen die Zusammensetzung der linearen Substitutionen
zu behandeln. N
1. Multiplication.
1. Sind 4 und B zwei bilineare Formen der Variabeln @, ... 2,;
Uiy v+ Yuy 80 st auch

cine bilieare Form dersclben Vaviabeln. _Dieselbe nemne ich aus don
Formen A4 und B (in dieser Reihenfolge) susammengeselst®). s werden
im Folgenden nur solche Operationen mit bilinearen Formen vorgenommen,
bei welchen sie bilineare Formen bleiben*®). Ich werde z B. eine Form
mit einer Constanten (von @, yy; ... ., y, unabhingigen Grosse) multipli-
ciren, zwei Formen addiren, eine Form, deren Coefficienten von einem
Parameter- abhtingen, nach demselben differentiiren. Ich werde aber nicht
awei Formen mit einander multipliciren, Aus diesem Grunde kaun kein
Missverstinduiss entstehen, wenn ich die aus A und B zusammengesetzte
Form P mit

i
bezeichne, und sie das_Product der Formen A und B, diese die Factoren
von P nenne. Fir diese Bildung gilt
@) das distributive Gesetz:
A(B+0)=AB+AC, (A+B)C=AC+BC,
(4+B)(C+D) = AC+BC+AD+BD.

) Borshardy Neve Bigooshaft dor Olfhuog, witdero Hlte man o ssemliron
Storungen der Planeten bestimmt. Dieses Journal Bd.
ey Revaeguos o Anfe Ao et i i Divuen Joureal
Bd. 50, S, 982,

Hesse, Neuo Eigenschaften der linearen Substitutionen, welche gegebene ho-
mogene Functionen des zweiten Grades in andero transformires, dio nur die Quadrate
der Variabeln enthalten. Dieses Journal Bd. 517, S. 175.

Christoffe, Theorio der bilincarcn Formen. Dieses Journal Bd. 68, S.255.

Rosanes, Ueber die Transformation ciner quadratischen Form in sich scibst.
Dieses Journal Bd. 50, §

#%) Unter dom Bilde ciner bilincaron Form fasse ich ein System von n* Grissen
susammen, die nach n Zeilen und n Colonnen geordnot sind. Eine Gleichung awischen
awei bilinearen Formen  reprisentirt daher cinen Complex von ’ Gloichungen. Ich
yerde biswoien von dom Bilds dor Yorm absshen und wior dem Zeichen 4 das
System der n* Grisen a,p, unter der Gleichung 4 — B das System der n* Gleichungen

bup versiohoo.

Georg Frobenius, in 1878, working
with bilinear forms, produced more
canonical forms, and gave a
satisfactory proof of the
Cayley—Hamilton Theorem

(See Mathematics emerging,
§17.3.3.)



German contributions

2 Frobenius, iiber lineare Substitutionen und bilineare Formen.

fibrt. Diese Erwiigungen leiteten mich darauf, statt der Transformation
der bilinearen Formen die Zusammensetzung der linearen Substitutionen
zu behandeln. N
1. Multiplication.
1. Sind 4 und B zwei bilineare Formen der Variabeln @, ... 2,;
Uiy v+ Yuy 80 st auch

eine bilineare Form derselben Vm-iaheln. Dieselbe nenne ich aus den
Formen A und B (in dieser Reihenfolge) susammengesetst®). Es werden
im Folgenden nur solche Operationen mit bilinearen Formen vorgenommen,
bei welchen sie bilineare Formen bleiben**). Ich werde z B. eine Form
mit ciner Constanten (von @, g ... ,, g, unabhingigen Grésse) multipli-
ciren, zwei Formen addiren, eine Form, deren Coefficienten von einem
Parameter- abhéingen, nach demselben differentiiren. Ich werde aber nicht
zwei Formen mit einander multipliciren, Aus diesem Grunde kann kein
Missverstiindniss entstehen, wenn ich die aus A und B zusammengesetzte
Form P mit

i
bezeichne, und sie das_Product der Formen A und B, diese die Factoren
von P nenne. Fir diese Bildung gilt
@) das distributive Gesetz:
A(B+0)=AB+AC, (A+B)C=AC+BC,
(A+B)(C+D) = AC+BC+AD+BD.

%) Borchards, Neve Eigenschaft der Gleichung; mit doren Hlfe man di sacouliren
Storungen der Planeten bestimmt. Dieses Journal Bd. 30, S.38.
ey Revaeguos o Anfe Ao et i i Divuen Joureal
Bd. 60, . 382,

Hesse, Neue Eigenschafien der linearen Substitutionen, welche gegebene ho-
mogeno Functionen des aweiten Grades in andore trapeforires, die nur die Quadrate
der Variabeln enthalten. Dieses Journal Bd. 57,

Christoffel, Theorio der bilincaren Formen. Dieses Journal Bd. 68, S.253.

Rosanes, Ueber dio Transformation ciner quadratischen Form in sich solbst.
Dieses Journal Bd. 80,

#) Unter dom Bilde einer bilinearon Form fasse ich cin System von n* Grissen
susaminen, die nach n Zeilen und n Colonnen goorduot sind. Eine Gloichung awisohen
awei bilinearen Formen représentirt daher cinen Complex von n’ Gleichungen. Ich
yerde biewilen von dom Bido dor Forw abschen und uster dem Zeichen 4 das
System der »* Griissen a,g, unter der Gleichung 4 = B das System der n* Gleichungen
o = bop versichen.

Georg Frobenius, in 1878, working
with bilinear forms, produced more
canonical forms, and gave a
satisfactory proof of the
Cayley—Hamilton Theorem

(See Mathematics emerging,
§17.3.3.)

Other mathematicians in Germany
(e.g., Kronecker, Hurwitz)
contributed similarly



German contributions

2 Frobenius, iiber lineare Substitutionen und bilineare Formen.

fibrt. Diese Erwiigungen leiteten mich darauf, statt der Transformation
der bilinearen Formen die Zusammensetzung der linearen Substitutionen
zu behandeln. N
1. Multiplication.
1. Sind 4 und B zwei bilineare Formen der Variabeln @, ... 2,;
Uiy v+ Yuy 80 st auch

eine bilineare Form derselben Variabeln. Dieselbe nenne ich aus den
Formen A und B (in dieser Reihenfolge) susammengesetst®). Es werden
im Folgenden nur solche Operationen mit bilinearen Formen vorgenommen,
bei welchen sie bilineare Formen bleiben**). Ich werde z B. eine Form
mit ciner Constanten (von @, g ... ,, g, unabhingigen Grésse) multipli-
ciren, zwei Formen addiren, eine Form, deren Coefficienten von einem
Paramietre= abhiingen, nach demselben differentiiren. Ich werde aber nicht
zwei Formen mit einander multipliciren, Aus diesem Grunde kann kein
Missverstiindniss entstehen, wenn ich die aus A und B zusammengesetzte
Form P mit

i
bezeichne, und sie das_Product der Formen A und B, diese die Factoren
von P nenne. Fir diese Bildung gilt
@) das distributive Gesetz:
A(B+0)=AB+AC, (A+B)C=AC+BC,
(A+B)(C+D) = AC+BC+AD+BD.

%) Borchards, Neve Eigenschaft der Gleichung; mit doren Hlfe man di sacouliren
Storungen der Planeten bestimmt. Dieses Journal Bd. 30, S.38.
ey Revaeguos o Anfe Ao et i i Divuen Joureal
Bd. 60, . 382,

Hesse, Neue Eigenschafien der linearen Substitutionen, welche gegebene ho-
mogeno Functionen des aweiten Grades in andore trapeforires, die nur die Quadrate
der Variabeln enthalten. Dieses Journal Bd. 57,

Christoffel, Theorio der bilincaren Formen. Dieses Journal Bd. 68, S.253.

Rosanes, Ueber dio Transformation ciner quadratischen Form in sich solbst.
Dieses Journal Bd. 80,

#) Unter dom Bilde einer bilinearon Form fasse ich cin System von n* Grissen
susaminen, die nach n Zeilen und n Colonnen goorduot sind. Eine Gloichung awisohen
awei bilinearen Formen représentirt daher cinen Complex von n’ Gleichungen. Ich
yerde biewilen von dom Bido dor Forw abschen und uster dem Zeichen 4 das
System der »* Griissen a,g, unter der Gleichung 4 = B das System der n* Gleichungen
o = bop versichen.

Georg Frobenius, in 1878, working
with bilinear forms, produced more
canonical forms, and gave a
satisfactory proof of the
Cayley—Hamilton Theorem

(See Mathematics emerging,
§17.3.3.)

Other mathematicians in Germany
(e.g., Kronecker, Hurwitz)
contributed similarly

A recommended secondary source:
Thomas Hawkins, ‘Another look at
Cayley and the theory of matrices’,
Archives internationales d’histoire

des sciences 26 (1977), 82-112



