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Lecture XIV

Linear algebra
Part 2: Determinants and matrices

MT 2020 Week 7



D
r.

C
hr

is
to

ph
er

H
ol

lin
gs

,
M

at
he

m
at

ic
al

In
st

it
ut

e,
O

xf
or

d

D
r.

C
hr

is
to

ph
er

H
ol

lin
gs

,
M

at
he

m
at

ic
al

In
st

it
ut

e,
O

xf
or

d

Determinants

Leibniz, unpublished works, 1680s/1690s.

Seki Takakazu, Kai-fukudai-no-hō, 1683

Colin Maclaurin, A treatise of algebra, 1748, Ch. XII, pp. 81–85

Vandermonde, ‘Mémoire sur l’élimination’, Mémoires de
l’Académie des sciences, 1772: a recursive description of
determinants of any size (but without a name and in an
uncongenial notation — see Mathematics emerging, §17.1.3)

Gauss in Disquisitiones arithmeticae (1801) gave the name
‘determinant’ to what is now called the ‘discriminant’ B2 − AC of
the binary quadratic form Ax2 + 2Bxy + Cy2.
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Leibniz and determinants

At least as early as June 1678, Leibniz devised a new notation for
coefficients, writing

10 + 11x + 12y = 0,

20 + 21x + 22y = 0

for what we would write as

a10 + a11x + a12y = 0,

a20 + a21x + a22y = 0.

Leibniz used this notation to formulate general results on the
solvability of systems of equations in terms of a determinant-like
quantity (a sum of signed products of coefficients) — but these
were not published during his lifetime
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Determinants

Leibniz, unpublished works, 1680s/1690s.

Seki Takakazu, Kai-fukudai-no-hō, 1683

Colin Maclaurin, A treatise of algebra, 1748, Ch. XII, pp. 81–85

Vandermonde, ‘Mémoire sur l’élimination’, Mémoires de
l’Académie des sciences, 1772: a recursive description of
determinants of any size (but without a name and in an
uncongenial notation — see Mathematics emerging, §17.1.3)

Gauss in Disquisitiones arithmeticae (1801) gave the name
‘determinant’ to what is now called the ‘discriminant’ B2 − AC of
the binary quadratic form Ax2 + 2Bxy + Cy2.
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Seki and determinants
Seki Takakazu, Kai-fukudai-no-hō (Method for Solving
Concealed Problems), 1683

Arranged coefficients of systems of equations in a grid, and gave
schematics for construction of determinants (dotted lines indicate
positive products, and solid lines negative)
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Colin Maclaurin, A treatise of algebra, 1748, Ch. XII, pp. 81–85

Vandermonde, ‘Mémoire sur l’élimination’, Mémoires de
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Vandermonde on elimination

α
a

denotes a single quantity, e.g.,

a coefficient in a linear equation

Define:
α β

a b
=
α β
a b

− α β
b a

Anachronistically, this is the
determinant of the matrix:

α
a

α
b

β
a

β
b


Then continue recursively . . .
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Vandermonde, ‘Mémoire sur l’élimination’, Mémoires de
l’Académie des sciences, 1772: a recursive description of
determinants of any size (but without a name and in an
uncongenial notation — see Mathematics emerging, §17.1.3)

Gauss in Disquisitiones arithmeticae (1801) gave the name
‘determinant’ to what is now called the ‘discriminant’ B2 − AC of
the binary quadratic form Ax2 + 2Bxy + Cy2.
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Cauchy on determinants

Cauchy, ‘Mémoire sur les fonctions
qui ne peuvent obtenir que deux
valeurs égales et de signes contraires
par suite des transpositions opérées
entre les variables qu’elles
renferment’, Journal de l’École
polytechnique, 1815

Referred to Laplace, Vandermonde,
Gauss, and others

Introduced the term determinant for
the function of n2 quantities (a sum
of n! signed products) that we now
know by that name.

(See Mathematics emerging,

§17.1.4.)
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History of the theory of determinants

Determinants were studied
extensively in the 19th century.

Sir Thomas Muir, The theory of
determinants in the historical order
of development (1890–1906)

I Part I: Determinants in general:
Leibnitz (1693) to Cayley
(1841);

I Part II: Special determinants up
to 1841

Second edition in 4 volumes,
1906–1923; supplement, 1930.

https://archive.org/details/theoryofdetermin01muiruoft
https://archive.org/details/theoryofdetermin01muiruoft
https://archive.org/details/theoryofdetermin01muiruoft
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‘Eigenvalue’ problems

Euler (1748): change of coordinates to reduce equation
of a quadric surface αz2 + βyz + γxz + δy2

+εxy + ζx2 + ηz + θy + ιx + χ = 0 to its
simplest form Ap2 + Bq2 + Cr2 + K = 0
(see: Mathematics emerging, §17.2.1.)

Laplace (1787): symmetry of coefficients in a set of linear
differential equations leads to real ‘eigenvalues’
(see: Mathematics emerging, §17.2.2.)

Cauchy (1829): a symmetric matrix is diagonalisable by a real
orthogonal change of variables
(see: Mathematics emerging, §17.2.3.)
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Matrices and their determinants

Gauss, Disquisitiones arithmeticae (1801): transformation of
quadratic forms ax2 + 2bxy + cy2 by change of variables

x = αx ′ + βy ′, y = γx ′ + δy ′

followed by

x ′ = α′x ′′ + β′y ′′, y ′ = γ′x ′′ + δ′y ′′

comes to the same as

x = (αα′+βγ′)x ′′+(αβ′+βδ′)y ′′, y = (γα′+δγ′)x ′′+(γβ′+δδ′)y ′′

Moreover, the ‘determinants’ (our sense) multiply.

NB. All Gauss’ coefficients were integers

(See Mathematics emerging, §17.3.1.)
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Matrices and their determinants

Gauss, Disquisitiones arithmeticae (1801): transformation of
quadratic forms ax2 + 2bxy + cy2 by change of variables

x = αx ′ + βy ′, y = γx ′ + δy ′

followed by

x ′ = α′x ′′ + β′y ′′, y ′ = γ′x ′′ + δ′y ′′

comes to the same as

x = (αα′+βγ′)x ′′+(αβ′+βδ′)y ′′, y = (γα′+δγ′)x ′′+(γβ′+δδ′)y ′′

Moreover, the ‘determinants’ (our sense) multiply.

NB. All Gauss’ coefficients were integers

(See Mathematics emerging, §17.3.1.)
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Early origins of matrices

The OED (3rd ed., March 2001) lists sense 2a of ‘matrix’ as

A place or medium in which something is originated, pro-
duced, or developed . . .

Thus, in 1850, J. J. Sylvester applied the word to the ‘thing’ from
which determinants originate:

For this purpose we must commence, not with a square,
but with an oblong arrangement of terms consisting, sup-
pose, of m lines and n columns. This will not in itself
represent a determinant, but is, as it were, a Matrix out
of which we may form various systems of determinants by
fixing upon a number p, and selecting at will p lines and
p columns, the squares corresponding of pth order.

But he did not operate with matrices
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The definition of matrices
Arthur Cayley, ‘A memoir on the
theory of matrices’, Phil. Trans. Roy.
Soc., 1858:

I defined matrices and their
properties

I recognised connection to linear
equations

I stated the Cayley–Hamilton
Theorem

I investigated the matrices that
commute with a given one

“It will be seen that matrices
(attending only to those of the same
order) comport themselves as single
quantities...”

(See Mathematics emerging,

§17.3.2.)
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Determinants persist
“I am aware that the word ‘Matrix’ is
already in use to express the very
meaning for which I use the word
‘Block’; but surely the former word
means rather the mould, or form, into
which algebraical quantities may be
introduced, than an actual assemblage
of such quantities . . .”

Criticised notation ‘aij ’:
“it seems a fatal objection to this
system that most of the space is
occupied by a number of a’s, which are
wholly superfluous, while the only
important part of the notation is
reduced to minute subscripts, alike
difficult to the writer and the reader.”

Proposed i
∫
j instead
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Matrices elsewhere

Matrix algebra appears in
Hamilton’s Lectures on
Quaternions (1853) as ‘linear and
vector functions’ (including his
version of the Cayley–Hamilton
Theorem, stated and proved in
terms of quaternions)

Matrices were also devised by
Laguerre in his paper ‘Sur le
calcul des systèmes linéaires’
(J. École polytechnique, 1867)
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Jordan and linear substitutions

Camille Jordan, Traité des
substitutions, 1870:

I studied matrices over integers
modulo n as part of an
extensive study of linear
substitutions (in connection
with Galois theory); developed
‘canonical forms’ to study
conjugacy classes in these
groups

I developed his ideas to ‘Jordan
canonical form’ for complex
matrices in his studies 1872–4
of linear differential equations
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German contributions

Georg Frobenius, in 1878, working
with bilinear forms, produced more
canonical forms, and gave a
satisfactory proof of the
Cayley–Hamilton Theorem

(See Mathematics emerging,
§17.3.3.)

Other mathematicians in Germany
(e.g., Kronecker, Hurwitz)
contributed similarly

A recommended secondary source:

Thomas Hawkins, ‘Another look at

Cayley and the theory of matrices’,

Archives internationales d’histoire

des sciences 26 (1977), 82–112
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