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BO1 History of Mathematics
Lecture XIV

Linear algebra
Part 3: Vectors and vector spaces

MT 2020 Week 7
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Vectors

Newton (1687): parallelogram of forces

Argand (1806): complex numbers as directed quantities in the
plane
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Vectors

Word applied mostly to radius
vectors

e.g., as rayon vecteur in Laplace’s
Mécanique Céleste (1799–1825)

Also in Cauchy’s Leçons sur les
Applications du Calcul
Infinitésimal à la Géométrie
(1826), p. 14:

A line AB, taken from a point A,
supposed to be fixed, to a
moving point B, will in general
be referred to as a radius vector.
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Hamilton and vectors

Sir William Rowan Hamilton drew a distinction between a ‘vector’
and a ‘radius vector’:

Between 1843–1866, developed quaternions — 4-dimensional
quantities a + bi + cj + dk , where i2 = j2 = k2 = ijk = −1,
designed for use in mechanics (and geometry of 3 dimensions)

“A vector is thus . . . a sort of natural triplet (suggested
by Geometry): and accordingly we shall find that quaternions
offer an easy mode of symbolically representing every vector by a
trinomial form (ix + jy + kz); which form brings the
conception and expression of such a vector into the closest possible
connexions with Cartesian and rectangular co-ordinates.”

So a quaternion is a scalar + a vector
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Vector spaces appear
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Grassmann’s ‘doctrine of extension’

Die Ausdehnungslehre [Doctrine of
extension] (1862) is a heavily reworked
version of an earlier (1844) work:

The Science of Extensive Quantities, or
the Doctrine of Extension, a New
Mathematical Discipline, Presented and
Explained through Examples

Introduced idea of objects generated by
motion — a single element generates an
object of order 1, an object of order 1
generates an object of order 2, etc.

Objects of the same order can be added
together or scaled by real numbers

Little impact at the time



D
r.

C
hr

is
to

ph
er

H
ol

lin
gs

,
M

at
he

m
at

ic
al

In
st

it
ut

e,
O

xf
or

d

D
r.

C
hr

is
to

ph
er

H
ol

lin
gs

,
M

at
he

m
at

ic
al

In
st

it
ut

e,
O

xf
or

d

Grassmann’s ‘doctrine of extension’

Die Ausdehnungslehre [Doctrine of
extension] (1862) is a heavily reworked
version of an earlier (1844) work:

The Science of Extensive Quantities, or
the Doctrine of Extension, a New
Mathematical Discipline, Presented and
Explained through Examples

Introduced idea of objects generated by
motion — a single element generates an
object of order 1, an object of order 1
generates an object of order 2, etc.

Objects of the same order can be added
together or scaled by real numbers

Little impact at the time



D
r.

C
hr

is
to

ph
er

H
ol

lin
gs

,
M

at
he

m
at

ic
al

In
st

it
ut

e,
O

xf
or

d

D
r.

C
hr

is
to

ph
er

H
ol

lin
gs

,
M

at
he

m
at

ic
al

In
st

it
ut

e,
O

xf
or

d

Grassmann’s ‘doctrine of extension’

Die Ausdehnungslehre [Doctrine of
extension] (1862) is a heavily reworked
version of an earlier (1844) work:

The Science of Extensive Quantities, or
the Doctrine of Extension, a New
Mathematical Discipline, Presented and
Explained through Examples

Introduced idea of objects generated by
motion — a single element generates an
object of order 1, an object of order 1
generates an object of order 2, etc.

Objects of the same order can be added
together or scaled by real numbers

Little impact at the time



D
r.

C
hr

is
to

ph
er

H
ol

lin
gs

,
M

at
he

m
at

ic
al

In
st

it
ut

e,
O

xf
or

d

D
r.

C
hr

is
to

ph
er

H
ol

lin
gs

,
M

at
he

m
at

ic
al

In
st

it
ut

e,
O

xf
or

d

Grassmann’s ‘doctrine of extension’

Die Ausdehnungslehre [Doctrine of
extension] (1862) is a heavily reworked
version of an earlier (1844) work:

The Science of Extensive Quantities, or
the Doctrine of Extension, a New
Mathematical Discipline, Presented and
Explained through Examples

Introduced idea of objects generated by
motion — a single element generates an
object of order 1, an object of order 1
generates an object of order 2, etc.

Objects of the same order can be added
together or scaled by real numbers

Little impact at the time



D
r.

C
hr

is
to

ph
er

H
ol

lin
gs

,
M

at
he

m
at

ic
al

In
st

it
ut

e,
O

xf
or

d

D
r.

C
hr

is
to

ph
er

H
ol

lin
gs

,
M

at
he

m
at

ic
al

In
st

it
ut

e,
O

xf
or

d

Grassmann’s ‘extensive quantities’

The 1862 text contains a theory of
extensive quantities

a1e1 + a2e2 + · · · ,

where the ei are ‘units’ and the ai are
real numbers,

including

I rules for the arithmetic of such
quantities

I a notion of linear independence

I dimension

I . . .

But still had little impact

(See Mathematics emerging, §17.4.1.)
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Vector spaces defined

On the way towards developing a
‘geometric calculus’, Guiseppe
Peano axiomatised Grassmann’s
collections of extensive quantities
as linear systems (sistemi lineari),
and moved to a fully abstract
setting

Clarified connection between
dimension and linear
independence — noted existence
of linear systems with infinite
dimension

Also no immediate impact!
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Vector spaces develop

Dedekind (1879): fields and
‘modules’ needed for algebraic
number theory in famous appendices
to his third edition of Dirichlet,
Vorlesungen über Zahlentheorie
[Lectures on number theory ];
published also separately in France,
1876–77

Ernst Steinitz (1910), ‘Algebraische
Theorie der Körper’ [‘Algebraic
theory of fields’] — contains a
beautifully crystallised theory of
linear dependence and independence,
bases, dimension, etc., in the form it
is now taught
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Vector spaces develop

B. L. van der Waerden (1930–31),
Moderne Algebra, incorporating
material from lectures by Emil Artin
and Emmy Noether (1926–1928)

Paul Halmos (1942),
Finite-dimensional vector spaces —
made the subject accessible to 1st
and 2nd year undergraduates
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