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BO1 History of Mathematics
Lecture XV

Geometry and number theory
Part 1: Non-Euclidean geometry

MT 2020 Week 8
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Summary

Part 1

I Euclid’s Elements revisited

I The parallel postulate

I Non-Euclidean geometry

Part 2

I Number theory down the centuries
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Euclid’s Elements

Euclid’s Elements, in 13 books, compiled c. 250 BC.

Books I–V: definitions, postulates, plane geometry of
lines and circles

Book VI: similarity, proportion
Books VII–IX: number theory

Book X: commensurability, irrational numbers, surds
Books XI–XIII: solid geometry ending with the classification

of the regular polyhedra
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Euclid’s Elements

Euclid’s Elements, in 13 books, compiled c. 250 BC.

Books I–V: definitions, postulates, plane geometry of
lines and circles

Book VI: similarity, proportion
Books VII–IX: number theory

Book X: commensurability, irrational numbers, surds
Books XI–XIII: solid geometry ending with the classification

of the regular polyhedra



D
r.

C
hr

is
to

ph
er

H
ol

lin
gs

,
M

at
he

m
at

ic
al

In
st

it
ut

e,
O

xf
or

d

D
r.

C
hr

is
to

ph
er

H
ol

lin
gs

,
M

at
he

m
at

ic
al

In
st

it
ut

e,
O

xf
or

d

Euclid’s Elements

Euclid’s Elements, in 13 books, compiled c. 250 BC.

Books I–V: definitions, postulates, plane geometry of
lines and circles

Book VI: similarity, proportion
Books VII–IX: number theory

Book X: commensurability, irrational numbers, surds
Books XI–XIII: solid geometry ending with the classification

of the regular polyhedra
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Euclid in English

Canonical English edition by
Sir Thomas L. Heath, 1908

See also the Reading Euclid
Project

https://archive.org/details/thirteenbookseu03heibgoog
https://archive.org/details/thirteenbookseu03heibgoog
http://readingeuclid.org/
http://readingeuclid.org/
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Billingsley’s Euclid, 1570

The Elements of Geometrie:

“Faithfully (now first) translated
into the Englishe toung” by
H. Billingsley, London, 1570

Available online

Preface by John Dee

https://repository.ou.edu/uuid/39232cf3-61a7-5fd6-a34d-a74a8636f080?ui=embed&width=900&height=450#page/1/mode/1up
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Available online
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Dee’s Preface
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Dee’s ‘Groundplat’

See: Jennifer M. Rampling, ‘The
Elizabethan mathematics of
everything: John Dee’s
‘Mathematicall praeface’ to
Euclid’s Elements’, BSHM
Bulletin: Journal of the British
Society for the History of
Mathematics 26(3) (2011)
135–146

http://dx.doi.org/10.1080/17498430.2011.580136
http://dx.doi.org/10.1080/17498430.2011.580136
http://dx.doi.org/10.1080/17498430.2011.580136
http://dx.doi.org/10.1080/17498430.2011.580136
http://dx.doi.org/10.1080/17498430.2011.580136
http://dx.doi.org/10.1080/17498430.2011.580136
http://dx.doi.org/10.1080/17498430.2011.580136
http://dx.doi.org/10.1080/17498430.2011.580136
http://dx.doi.org/10.1080/17498430.2011.580136
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Dee’s ‘Groundplat’

See: Jennifer M. Rampling, ‘The
Elizabethan mathematics of
everything: John Dee’s
‘Mathematicall praeface’ to
Euclid’s Elements’, BSHM
Bulletin: Journal of the British
Society for the History of
Mathematics 26(3) (2011)
135–146
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Billingsley’s Preface, pp. 1, 3

. . .
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Pop-up Euclid
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Book I: definitions
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Book I: postulates
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Postulate 5

Equivalent formulation (Proclus, 5th century; John Playfair, 1795):
given a straight line L and a point P not on L there is one and
only one straight line through P that is parallel to L.
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Postulate 5

Equivalent formulation (Proclus, 5th century; John Playfair, 1795):
given a straight line L and a point P not on L there is one and
only one straight line through P that is parallel to L.
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Postulate 5

Equivalent formulation (Proclus, 5th century; John Playfair, 1795):
given a straight line L and a point P not on L there is one and
only one straight line through P that is parallel to L.
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Postulate 5

Equivalent formulation (Proclus, 5th century; John Playfair, 1795):
given a straight line L and a point P not on L there is one and
only one straight line through P that is parallel to L.
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Classical disquiet about the fifth postulate

Original to Euclid?

Less ‘self-evident’ than the other postulates?

Euclid used it (e.g., in the proof of Proposition 29 of Book I), so
the property is necessary — but does it in fact follow from the
other postulates?

Proclus in commentary on Euclid, 5th century (after citing
Ptolemy’s attempted proof of the parallel postulate, and discussing
the nature of truth, with reference to Aristotle and Plato):

It is then clear from this that we must seek a proof of
the present theorem, and that it is alien to the special
character of postulates.

Attempted (unsuccessfully) to prove the fifth postulate on the
basis of the others

See Heath, pp. 202–220
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Classical disquiet about the fifth postulate

Original to Euclid? Less ‘self-evident’ than the other postulates?

Euclid used it (e.g., in the proof of Proposition 29 of Book I), so
the property is necessary — but does it in fact follow from the
other postulates?

Proclus in commentary on Euclid, 5th century (after citing
Ptolemy’s attempted proof of the parallel postulate, and discussing
the nature of truth, with reference to Aristotle and Plato):

It is then clear from this that we must seek a proof of
the present theorem, and that it is alien to the special
character of postulates.

Attempted (unsuccessfully) to prove the fifth postulate on the
basis of the others

See Heath, pp. 202–220
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Classical disquiet about the fifth postulate

Original to Euclid? Less ‘self-evident’ than the other postulates?

Euclid used it (e.g., in the proof of Proposition 29 of Book I), so
the property is necessary

— but does it in fact follow from the
other postulates?

Proclus in commentary on Euclid, 5th century (after citing
Ptolemy’s attempted proof of the parallel postulate, and discussing
the nature of truth, with reference to Aristotle and Plato):

It is then clear from this that we must seek a proof of
the present theorem, and that it is alien to the special
character of postulates.

Attempted (unsuccessfully) to prove the fifth postulate on the
basis of the others

See Heath, pp. 202–220
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Classical disquiet about the fifth postulate

Original to Euclid? Less ‘self-evident’ than the other postulates?

Euclid used it (e.g., in the proof of Proposition 29 of Book I), so
the property is necessary — but does it in fact follow from the
other postulates?

Proclus in commentary on Euclid, 5th century (after citing
Ptolemy’s attempted proof of the parallel postulate, and discussing
the nature of truth, with reference to Aristotle and Plato):

It is then clear from this that we must seek a proof of
the present theorem, and that it is alien to the special
character of postulates.

Attempted (unsuccessfully) to prove the fifth postulate on the
basis of the others

See Heath, pp. 202–220
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Classical disquiet about the fifth postulate

Original to Euclid? Less ‘self-evident’ than the other postulates?

Euclid used it (e.g., in the proof of Proposition 29 of Book I), so
the property is necessary — but does it in fact follow from the
other postulates?

Proclus in commentary on Euclid, 5th century (after citing
Ptolemy’s attempted proof of the parallel postulate, and discussing
the nature of truth, with reference to Aristotle and Plato):

It is then clear from this that we must seek a proof of
the present theorem, and that it is alien to the special
character of postulates.

Attempted (unsuccessfully) to prove the fifth postulate on the
basis of the others

See Heath, pp. 202–220
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Classical disquiet about the fifth postulate

Original to Euclid? Less ‘self-evident’ than the other postulates?

Euclid used it (e.g., in the proof of Proposition 29 of Book I), so
the property is necessary — but does it in fact follow from the
other postulates?

Proclus in commentary on Euclid, 5th century (after citing
Ptolemy’s attempted proof of the parallel postulate, and discussing
the nature of truth, with reference to Aristotle and Plato):

It is then clear from this that we must seek a proof of
the present theorem, and that it is alien to the special
character of postulates.

Attempted (unsuccessfully) to prove the fifth postulate on the
basis of the others

See Heath, pp. 202–220



D
r.

C
hr

is
to

ph
er

H
ol

lin
gs

,
M

at
he

m
at

ic
al

In
st

it
ut

e,
O

xf
or

d

D
r.

C
hr

is
to

ph
er

H
ol

lin
gs

,
M

at
he

m
at

ic
al

In
st

it
ut

e,
O

xf
or

d

Classical disquiet about the fifth postulate

Original to Euclid? Less ‘self-evident’ than the other postulates?

Euclid used it (e.g., in the proof of Proposition 29 of Book I), so
the property is necessary — but does it in fact follow from the
other postulates?

Proclus in commentary on Euclid, 5th century (after citing
Ptolemy’s attempted proof of the parallel postulate, and discussing
the nature of truth, with reference to Aristotle and Plato):

It is then clear from this that we must seek a proof of
the present theorem, and that it is alien to the special
character of postulates.

Attempted (unsuccessfully) to prove the fifth postulate on the
basis of the others

See Heath, pp. 202–220
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Mediaeval disquiet about the fifth postulate

In the Islamic world:

Ibn al-Haytham (Alhazen) (965–1039) attempted (unsuccessfully)
to prove the parallel postulate by contradiction

Omar Khayyám (1050–1123) attempted to prove the fifth
postulate on the basis of the following alternative:

two convergent straight lines intersect and it is impossible
for two convergent straight lines to diverge in the direction
in which they converge

Described the situations that may occur if the postulate is omitted

Nasir al-Din al-Tusi (1201–1274) criticised Khayyám’s attempted
proof, offered his own

Al-Tusi’s thoughts found their way into Europe via the writings
(1298) of his son Sadr al-Tusi
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Mediaeval disquiet about the fifth postulate

In the Islamic world:

Ibn al-Haytham (Alhazen) (965–1039) attempted (unsuccessfully)
to prove the parallel postulate by contradiction

Omar Khayyám (1050–1123) attempted to prove the fifth
postulate on the basis of the following alternative:

two convergent straight lines intersect and it is impossible
for two convergent straight lines to diverge in the direction
in which they converge

Described the situations that may occur if the postulate is omitted

Nasir al-Din al-Tusi (1201–1274) criticised Khayyám’s attempted
proof, offered his own

Al-Tusi’s thoughts found their way into Europe via the writings
(1298) of his son Sadr al-Tusi
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Mediaeval disquiet about the fifth postulate

In the Islamic world:

Ibn al-Haytham (Alhazen) (965–1039) attempted (unsuccessfully)
to prove the parallel postulate by contradiction

Omar Khayyám (1050–1123) attempted to prove the fifth
postulate on the basis of the following alternative:

two convergent straight lines intersect and it is impossible
for two convergent straight lines to diverge in the direction
in which they converge

Described the situations that may occur if the postulate is omitted

Nasir al-Din al-Tusi (1201–1274) criticised Khayyám’s attempted
proof, offered his own

Al-Tusi’s thoughts found their way into Europe via the writings
(1298) of his son Sadr al-Tusi
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In the Islamic world:
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Early modern disquiet about the fifth postulate

After reading al-Tusi, John Wallis showed that the parallel
postulate is equivalent to the following:

on a given finite straight line it is always possible to con-
struct a triangle similar to a given triangle

He lectured on this in Oxford in 1663

Attempts to prove the fifth postulate on the basis of Euclid’s other
axioms had resulted only in equivalent forms — so can we have a
consistent geometry in which it the parallel postulate fails?
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Early hints of non-Euclidean geometry

Giovanni Girolamo Saccheri (1667–1733): sought to establish the
validity of Euclidean geometry

— negated the parallel postulate in
search of a contradiction; two cases:

I internal angles of a triangle add up to less than two right
angles — contradicts Euclid’s second postulate

I internal angles of a triangle add up to more than two right
angles — leads to non-intuitive ideas

Similar results derived by Johann Heinrich Lambert (1728–1777) in
his Theorie der Parallellinien (1766)



D
r.

C
hr

is
to

ph
er

H
ol

lin
gs

,
M

at
he

m
at

ic
al

In
st

it
ut

e,
O

xf
or

d

D
r.

C
hr

is
to

ph
er

H
ol

lin
gs

,
M

at
he

m
at

ic
al

In
st

it
ut

e,
O

xf
or

d

Early hints of non-Euclidean geometry

Giovanni Girolamo Saccheri (1667–1733): sought to establish the
validity of Euclidean geometry — negated the parallel postulate in
search of a contradiction;

two cases:

I internal angles of a triangle add up to less than two right
angles — contradicts Euclid’s second postulate

I internal angles of a triangle add up to more than two right
angles — leads to non-intuitive ideas

Similar results derived by Johann Heinrich Lambert (1728–1777) in
his Theorie der Parallellinien (1766)



D
r.

C
hr

is
to

ph
er

H
ol

lin
gs

,
M

at
he

m
at

ic
al

In
st

it
ut

e,
O

xf
or

d

D
r.

C
hr

is
to

ph
er

H
ol

lin
gs

,
M

at
he

m
at

ic
al

In
st

it
ut

e,
O

xf
or

d

Early hints of non-Euclidean geometry

Giovanni Girolamo Saccheri (1667–1733): sought to establish the
validity of Euclidean geometry — negated the parallel postulate in
search of a contradiction; two cases:

I internal angles of a triangle add up to less than two right
angles

— contradicts Euclid’s second postulate

I internal angles of a triangle add up to more than two right
angles — leads to non-intuitive ideas

Similar results derived by Johann Heinrich Lambert (1728–1777) in
his Theorie der Parallellinien (1766)



D
r.

C
hr

is
to

ph
er

H
ol

lin
gs

,
M

at
he

m
at

ic
al

In
st

it
ut

e,
O

xf
or

d

D
r.

C
hr

is
to

ph
er

H
ol

lin
gs

,
M

at
he

m
at

ic
al

In
st

it
ut

e,
O

xf
or

d

Early hints of non-Euclidean geometry

Giovanni Girolamo Saccheri (1667–1733): sought to establish the
validity of Euclidean geometry — negated the parallel postulate in
search of a contradiction; two cases:

I internal angles of a triangle add up to less than two right
angles — contradicts Euclid’s second postulate

I internal angles of a triangle add up to more than two right
angles — leads to non-intuitive ideas

Similar results derived by Johann Heinrich Lambert (1728–1777) in
his Theorie der Parallellinien (1766)



D
r.

C
hr

is
to

ph
er

H
ol

lin
gs

,
M

at
he

m
at

ic
al

In
st

it
ut

e,
O

xf
or

d

D
r.

C
hr

is
to

ph
er

H
ol

lin
gs

,
M

at
he

m
at

ic
al

In
st

it
ut

e,
O

xf
or

d

Early hints of non-Euclidean geometry

Giovanni Girolamo Saccheri (1667–1733): sought to establish the
validity of Euclidean geometry — negated the parallel postulate in
search of a contradiction; two cases:

I internal angles of a triangle add up to less than two right
angles — contradicts Euclid’s second postulate

I internal angles of a triangle add up to more than two right
angles

— leads to non-intuitive ideas

Similar results derived by Johann Heinrich Lambert (1728–1777) in
his Theorie der Parallellinien (1766)



D
r.

C
hr

is
to

ph
er

H
ol

lin
gs

,
M

at
he

m
at

ic
al

In
st

it
ut

e,
O

xf
or

d

D
r.

C
hr

is
to

ph
er

H
ol

lin
gs

,
M

at
he

m
at

ic
al

In
st

it
ut

e,
O

xf
or

d

Early hints of non-Euclidean geometry

Giovanni Girolamo Saccheri (1667–1733): sought to establish the
validity of Euclidean geometry — negated the parallel postulate in
search of a contradiction; two cases:

I internal angles of a triangle add up to less than two right
angles — contradicts Euclid’s second postulate

I internal angles of a triangle add up to more than two right
angles — leads to non-intuitive ideas

Similar results derived by Johann Heinrich Lambert (1728–1777) in
his Theorie der Parallellinien (1766)



D
r.

C
hr

is
to

ph
er

H
ol

lin
gs

,
M

at
he

m
at

ic
al

In
st

it
ut

e,
O

xf
or

d

D
r.

C
hr

is
to

ph
er

H
ol

lin
gs

,
M

at
he

m
at

ic
al

In
st

it
ut

e,
O

xf
or

d

Early hints of non-Euclidean geometry

Giovanni Girolamo Saccheri (1667–1733): sought to establish the
validity of Euclidean geometry — negated the parallel postulate in
search of a contradiction; two cases:

I internal angles of a triangle add up to less than two right
angles — contradicts Euclid’s second postulate

I internal angles of a triangle add up to more than two right
angles — leads to non-intuitive ideas

Similar results derived by Johann Heinrich Lambert (1728–1777) in
his Theorie der Parallellinien (1766)



D
r.

C
hr

is
to

ph
er

H
ol

lin
gs

,
M

at
he

m
at

ic
al

In
st

it
ut

e,
O

xf
or

d

D
r.

C
hr

is
to

ph
er

H
ol

lin
gs

,
M

at
he

m
at

ic
al

In
st

it
ut

e,
O

xf
or

d

Non-Euclidean geometries

Consistent non-Euclidean geometry probably first constructed
(tentatively) by Gauss, c. 1817–1830, but remained unpublished

Problem pursued independently (without success)
by Gauss’ friend Farkas Bolyai (1775–1856)

Pursued (against paternal advice) and solved by
János Bolyai (1802–1860): “I have created a new
and different world out of nothing” (1823)
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Bolyai’s geometry

Published as appendix ‘The science
absolute of space: independent of
the truth or falsity of Euclid’s axiom
XI (which can never be decided a
priori)’ to father’s textbook
Tentamen iuventutem studiosam in
elementa matheosos introducendi
(1832)

English translation by George Bruce
Halstead (1896)
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Meanwhile in Russia...

Non-Euclidean geometry
developed independently by
Nikolai Ivanovich Lobachevskii
[Nikola� Ivanoviq
Lobaqevski�] (1792–1856)
using the negation of Playfair’s
axiom
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Lobachevskii’s works

Complicated story of
dissemination...

Geometriya [Geometri�] written
in 1823 but was not published
until 1909

Ideas presented in Kazan in 1826,
published there 1829 — but
rejected by St Petersburg
Academy

Other works in Russian, French
and German, including
Geometrische Untersuchungen
zur Theorie der Parallellinien
(1840), Pangéométrie (1855)
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published there 1829
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Other works in Russian, French
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zur Theorie der Parallellinien
(1840), Pangéométrie (1855)
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Acceptance and impact of non-Euclidean geometries

Slow to gain acceptance due to

I obscurity of publications

I lack of intuitive understanding

But non-Euclidean geometries

I overturned old ideas of mathematical certainty

I introduced new ideas about space

I helped drive the late 19th-century move towards
axiomatisation
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