Distribution Theory and Analysis of PDEs MT19
Problem Sheet 1

Problem 1. Define ¢: R — R by

“3 ifz >0

[§]
ﬂ@:{o if z < 0.

Show that ¢ is C*°, and deduce that
b(z) = B(2(1 - ))$(2(1 + )

belongs to Z(R). Does the restriction to (—1, 1), 1|(1,1), belong to 2(—1,1)?
Calculate the Taylor series for ¢ about 0 (note: not for ¢). Does the series converge, and if
so, then what is its sum?

Problem 2. In this question all functions and distributions are real-valued.
(a) Let K be a compact proper subset of the open interval (a, b). Show carefully that there exists
p € PD(a,b)suchthat0 < p<landp=1lonK.
(b) Give an example of ¢, 1 € Z(R) such that max(¢p, 1), min(p, 1) are not smooth compactly
supported test functions. Here we define max(y,¥)(z) = max{p(z),¥(z)} for each z and
similarly for min(¢y, ).

Next, let u € Z(a,b). Show that there exist ui, ug € Z(a,b) with uy > 0, uz > 0 and
U = Uy — Ug.
(c) Generalize the last statement to n dimensions as follows. Let €2 be a nonempty open subset
of R” and u € 2(2). Show that there exist u1, us € 2(2) with u; > 0 and us > 0 such that
U = U — Us.
(Hint: You may for instance note that 4u = (u + 1)? — (v — 1)? and if v is a cut-off function
between the support of u and the boundary of §, then vu = u.)

Problem 3. Let (2 be a nonempty and open subset of R", 1 < p < co and f € LP(2). Show
that for each € > 0 there exists g € 2(12) such that || f — g/, < e.

(Hint: One approach is to do it in two steps. First choose an appropriate open subset O C §)
so that h = flo is a good 1P approximation of f. Then use a result from lectures.)
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Problem 4. Let p, ¢ € [1, 00| with % + % = 1. Show that if f € L?(R), g € LI(R), then

f* g € C(R). Next, show that if p € (1,00), then f x g € Co(R), that is, f * g is continuous
and (f * g)(z) — 0 as |z| — co. What happens when p = 1 and ¢ = co? .
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