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Lecture 5: » Regqular distributions

o The €fundamental
lemwma, of the calewlvs
of variations

o Convergence n The
sense of distributions

(\7?. 2¢8-3l iw lecture mrtes)

—_

Recoll frow previous Lecture :

. A distribution of order at wost

w  adwnYs a unigue exYensiovm

Xv c‘;‘ (s2) satistyivg the bounded=
ness property Yhere. We use the
samne SyW\\»\ for he extension.

o A distribution of order o extends
Wf“;p"—“/ Yo a Radown wegsure. |

[

|



e A ?ositi\m Radown megqsvre 13 3
witegration with respect to unigue

\ocally finite Rorel weasvre

Coy Riesz- Markov ) |

v A aenerq\ cowplex Radovi measvre
con be \mique\y 1dewntified with

M- Pa X\ Lrn3-— )A") where }4_-‘ ate
Borel WweasSures

_\oco\\\7 finile

A Pos\'\:ive distributian \S Q

\ocaly finite Borel weasure.
BT S _vf

A distribution wed(R) is
vlar distr buti on_on 5

called a €4
¢ there exists €L () s

u= T, , thal is,
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1f f,q€ L'|,,L(§D and T( =T3 does
it folow that € =4 q.e.?.

—Yes , by

Twe fundamental lemma of the cal=

s of variations (or Du Bois-

Reywond Lewwha. ) .

1 fel,, () and
all Pe€ D), thew f=0 qe.

Sﬁfadx =0 for
Ji |

Take non-ewyly CRCIYE
((*his wotation skands for 1 O opew,

@ cow\?o\.t‘t and @Cﬁv
£ WO

Tut 5=‘P'0(9 "’{'o w B\ .

Simce O

s compact , 9€ l:(lR“). |

|

|

i



T (f),,, 5 the standard mollis"/

fier on K, thewn
Newy-a\—7° aid

93 w lecture wotes).

¢

(\77 Prop.
Now €ix %€ O. Then

(p* O = { ecx-nfindy
Z

and if  £< dist(x,30), then
B() < @. nerefore
+x(7) X Q(X-—7) # yeﬂ.,
| 'S C”® ownd Suﬁ#«x: Bi(x) .CS)_.
v Vqrticv\af, ¥ ¢ D) and
supgd” < O, S° ‘
- x'F o = 0.
(e * a) &) ;% y




Twus (p;rg)(x\—z»o as €0 7
pointwise n  X€ @, and so usirg

Fatou s Lewmwa

&13\ ax < fiwn ot &\Ps*ﬁ‘ﬂ\d"
@ E~>S0 0

4

< giwint Nera-ol, =0
e™>»O

It follows ‘that §=°

Phot s, €70 ae on 7,

s\nee @ € SuL was arbi'h‘ary

“we're deve. T

‘Lemma,l it p and v aré 1ocally
sufes on 3L

finvke Borel Wmea
(AY\A T” .:'Tfy ) thew ":'V ;




It suffices to show that ‘7
)A(K)-s'V(K) for all compact KCl,

(Why? — Exercise )
Pt ¢ = 6> \# &< dist(xQn)

g, =1ldist (K,20), and
'A(B%(Kﬂ ’ v( B, (<) ) <%,
s taking €0 we deduce

£fcown Lebesgue‘s dowinoated con=
veraenu, Yheofrewm

,A(K\ = v(K). Q

Twic settles the umigueness m ¢ :
lasY sresuH: ‘vrom \ee&u Y. " |




When € L, () we identify
Yhe distribution T¢ with * and

write
-T'F - 'c

acally finite Borel

\x/\\ev\ 2 \s a

rmeasure on - WwWeé dentify

Xhe distribution Tf‘ with p

and  wiite

What s meant will thew be
clenr Ctrom context.
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C°“Vefaw/

Jistributions on Su

let () be a sequeﬁce n 3}'(12)
and u€ D). Then
n D)

uj-—) w

Wt
‘ <u5,+) — <u14’>

for all e D).

Remarks
.
As with 'CONVErqence wn the sense

of test functions ow »' there
oxists o Ytopslogy T tn D)
so (2R, T ) is @ topelegical
vector space awnd U YU W %)
yrecise)7 f us—)u 1% (3'(12)' T‘),




Tn fact , (@), T) is the Y
‘l’oyologlca”)» dval space to @) T)

We won't pursue this. here.

. \
W\\ereas ‘covxveraenc.e in D(N)
was a Vvery strovg conditisn

‘cowverﬂtnw W 33'(&)‘ 18 a

Very weak condition .

B Let §,f€Ll(@) , petvd

16 £ w L(R), se
PRRTIE Y

then also 'F — f W 3)('9-)
Recall wotatiown : = Tf).




Wndeed , f 1>€ 3)(.9.) 'Hweh “/
|<f,4> =<6 9] £ [ig-£119) dx

} l »
% false .

T\\e_ CONVETSe

Ex] £06)= s (yx) , XE€ (o)) .
Cleacly WEN, 76 o for pel=l.

‘K 7" (%\
) \arae

Let c\> €D (o,D Mhen .
<t +> = S Sv (; x)+(x) dx =
L- cost,\v.) LI Lo WS :)| N Sl cosu )¢’(x)dx-§o)




'/

hewce f —> D in Do).

3.(x) = 9(ix), x€ (o),
;9 RC s
“W¢ w (0;{-]

FN\F iv (-;-:,T]

where Tfor a T>0
T- ?eriod\'c and ﬁ(x)'-‘{

Nete lg.(x)\= W for all x , but
A

'\h‘\:egrafi ov \37 ?m-‘\:S shews

3.—'9 o W 33’601').

)

More precisely - i ¢€D(0,) then

since 9 IS piecewIse contivwous

we get with

4
G(x) = So g(t) dt xe(o,T],




that G(‘\’) o, So the 'T-pen'odw /
ex tension of G 'S p\ecewxsec

omd G ) =40 Tor X¢-£Z.

T\\erefore We ma7 \v\‘\:eﬂra‘\’e by
parts to find

<3 ,+) S 3(370*(*\0\X -
G
()’d b (x)elx

t Gl)x) +(x)] _ S

—> 0 .
. hs(X) = ja(sx),%ECD,QI

with g as above.

For & € (o)) we ae'\.’ as w
yrevious ex

y ! : |
<y ¢ = L G( 5x\+(x§:}>w§6(3x)§(x)dx




hence * | 13
<h:,b) = - §> Glix) ¢ 00 ar .
Pay <62= 3-? S:G(t)c\t = N3
and H) = ‘%(G(t\-— <G>)d‘t ,xé(o.ﬂ.

Then W= W(T=b so the T-perialc
extension of W b T s p\ecewue
' and ntegration by parts q\Ves

P
|

<“jl‘l’> = - {(Q(p\-((h){»'(x) dx
) ' J
- _ [ LRGO#] { L HGRP6e
J & o J

—> 0 .
Thvs h —>0 v 3)(0,))




N
(Pz)bo the standard 4

mollifier on R . Then
Y4, M (R) as €vo

£ $eD(K) , then . even

-

< P’c‘.'?> = S Pi(x)c\alx) dx =
RV\

\ Q(o-x\{»txMx = (pﬁ*#)(o)

R
— $0) = <&, 7 -

We can easily 3enera\\';e Ahis.

Let VE CC(B{) ond pu‘l’

-W\- - A\
v, (%) = ShV(E'R) , XER

be ITWhe L —dilatien ot V.




For $¢R):

' 4
e,y = L pYRIedx
R _
K
) AN i
SO _-Q;J7= S v(7)+(27) d7
RV\
— g viy)ydy $(©) (why )
¢Sp W :
S wm 33(5?)




