6. A deductive system for
propositional calculus

e \We defined logical consequence, I = ¢:
whenever (every formula of) I is true so is
¢. Then ¢ “follows” from [ ...

e ... but we don't know how to give a proof
of ¢ from the hypotheses .

e A proof should be a finite sequence
b1, P>, ...,¢Pn Of statements such that

— either ¢; € I

— or ¢, is some axiom (which should clearly
be true)

— or ¢; should follow from previous ¢;'s by
some rule of inference

— AND ¢ = ¢n,
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6.1 Definition

Let Lo := L[{—,—}] (which is an adequate lan-
guage). Then the system Ly consists of the
following axioms and rules:

AXxioms
An axiom of Lg is any formula of the following
form (a, 8,7 € Form(Lg)):

Al (a— (B — «))

A2 (((a—= (B =)= (a—=8)—=(a—=7)))

A3 ((—8 = —a) = (a— b))

Rules of inference

Only one: modus ponens

(for any «, 8 € Form(Lp))

MP From o« and (a — B8) infer S.
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6.2 Definition

For any ' C Form(£g) we say that « is de-
ducible (or provable) from the hypotheses I' if
there is a finite sequence a1, ...,am € Form(Lg)
such that for each 1 =1,...,m either

(a) «; is an axiom, or

(b) a; €T, or

(c) there are j < k < 7 such that «; follows
from Qj, AL by MP,

I.e. Qj = (O{k — Oéz'> or ap = (Oé] — ai)

AND

(d) am = a.

The sequence aq,...,am is then called a proof
or deduction or derivation of o from .

Write I + «a.

If T = (0 write - o« and say that a is a theorem
(of the system Lg).
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6.3 Example For any ¢ € Form(£Lgp)
(¢ = ¢)

is a theorem of Lg.

Proof:

ay (¢ — (¢ = ¢))
[Al with a = 8 = ¢]
az (¢ = ((¢ — @) = ¢))
[Al with a = ¢, 8= (¢ — ¢)]
az ((¢— (¢ — ¢) = &) —
— (¢ = (¢ = @) = (¢ — ¢)))
[A2 with a = ¢, 8= (¢ = ¢), v = ¢]
ag ((¢— (¢ —¢)) = (¢ —9))

[MP a2, 043]

as (¢ — ¢)

[IMP a1, ag]

Thus, aj,ap,...,as is a deduction of (¢ — ¢)
in Lg.

O
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6.4 Example
For any ¢,v¢ € Form(Lp):

{qb? _'qs} = ¢

Proof:

ay (=¢ — (- — —¢))
[Al with @ = —¢, 8 = =]
ap ¢ [€T]
az (—Y — =¢) [MP a1, as]
ag (= = —¢) = (¢ — 7))
[A3 with o = ¢, 8 = ]
as (¢ — ) [MP as, a
ag ¢ [€T]
a7 P [MP as, ag]
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6.5 The Soundness Theorem for L

Lo is sound, i.e. for any ' C Form(Lg) and
for any a € Form(Lp):

if '+ a then T = «a.

In particular, any theorem of Lg is a tautology.

Proof:

Assume [ - a and let a1,ao,...,am = «a be a
deduction of o in Lg.

Let v be any valuation such that v(¢) =T for
all p €T

We have to show that v(«a) = T.

We show by induction on : < m that

vV(a1) =...=0v(;) =T (%)
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=1
either o1 is an axiom, so v(a1) =T or a1 €T,
so, by hypothesis, v(a1) =T.

Induction step
Suppose (%) is true for some i < m.
Consider a4 1.

Either a;41 Is an axiom or a;41 €T,
so v(ay41) =T as above,

or else there are j # k <1+ 1 such that
aj = (o = a4 1).

By induction hypothesis

v(ag) = v(a;) = 0((a = a;41)) = T.
But then, by tt —, v(aj41) =T
(since T'— F is F).

[
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For the proof of the converse

Completeness T heorem

IfT =a then T F «.

we first prove
6.6 The Deduction Theorem for Lg

For any ' C Form(Lg) and
for any o, 8 € Form(Lp):

ifTu{a}lk B then T + (a — B).
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