13. The Completeness Theorem for
Predicate Calculus

13.1 Theorem (Godel)
Let T C Form(L), ¢ € Form(L).

IFT = ¢ then T - ¢.

Two additional assumptions:

e Assume all v € ' and ¢ are sentences — the
Theorem is true more generally, but the
proof is much harder and applications are
typically to sentences.

e Further assumption (for the start — later
we do the general case): no =-symbol in
any formula of I or in ¢.
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First Step
Call A C Sent(£) consistent if for no sentence
¥, both A+ and A+ —b.

13.2. To prove 13.1 it is enough to prove:
(x) Every consistent set of sentences has a
model.

i.e. A consistent =
there is an L-structure A such that
A= for every § € A.

Proof of 13.2: Assume ' = ¢ and assume (x).
= [T U{—¢} has no model

=) ' U{=¢} is not consistent

= FTU{-¢} v and T U{—¢} F —p for some ¢
=pT [ F (—lqﬁ — ?,D) and I (—lqb — —Wﬁ) for
some

Butmt ((=¢ = ¢) = ((=¢ = —~¢) — ¢)) [taut.]
= [+ ¢ [2xMP] U132
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Second Step

We shall need an infinite supply of constant
symbols.

To do this, let ¢’ be the formula obtained by
replacing every occurrence of ¢, by co,,.

For A C Form(L) let

A :={¢'|pc A}
Then

13.3 Lemma
(a) A consistent = A’ consistent
(b) A’ has a model = A has a model.

Proof: Easy exercise. O
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Third Step

e A C Sent(L) is called maximal consistent
if A is consistent, and for any i € Sent(£):
A or A —ap.

e A C Sent(L) is called witnessing if for all
Y € Form(L) with Free(y) C {x;} and with
A 3z there is some ¢; € Const(L) such
that A ¢lcj/z;]

13.4 To prove CT it is enough to show:
Every maximal consistent witnessing set A\ of
sentences has a model.
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For the proof of 13.4 we need 2 Lemmas:

13.56 Lemma

If A C Sent(L) is consistent, then for any sen-
tence ¢, either AU{y} or AU{—} is consis-
tent.

Proof: Exercise — as for Propositional Calcu-
lus. .

13.6 Lemma

Assume A C Sent(L) is consistent, Jx;ip €
Sent(L£), A = 3xpp, and c¢; is not occurring
in v nor in any § € A.

Then AU {y[cj/xz;]} is consistent.
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Proof:
Assume, for a contradiction, that there is some
x € Sent(£) such that

A UA{Y[cj/z;]} Fx and A U{p[cj/zi]} F —x.

May assume that ¢; does not occur in x
(since - (x — (—x — 0)) for any sentence 0).

By DT, AF (¢lej/z] = x)
and A+ (¢lcj/zi] — —x).

Then also

A (¢p—x)and AF (¥ — —x)
(Exercise Sheet # 4 (2)(ii))
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By V, A FVx;(¢p — x)
and A FVz;(yp — —x)
(note that z; € Free(d) forany é € A C Sent(L)).

Now: + (Vz;(A — B) — (dz;A — B))
for any A,B € Form(L) with x; & Free(B)
(Exercise Sheet ¢ 4, (2)(i))

MP = AF (Jz;90 — x)

and A F (3z;9p — —x)

(x,~x € Sent(L), so z; & Free(x))
By hypothesis, A F dx;v

= by MP, A+ x and A F —x
contradicting consistency of A.

U136
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Proof of 13.4.
Let A be any consistent set of sentences.

to show: A has a model assuming that any
maximal consistent, witnessing set of sentences
has a model.

By 13.3(a), A’ is consistent and does not con-
tain any cop41-

Let ¢1, P, ¢3,... De an enumeration of

Sent(L' U {cq1,c3,c5,...}).

Construct finite sets C Sent(£'U{c1,c3,¢5,...})
foCTM1Cl>C...

such that A’uU T, is consistent for each n > 0
as follows:
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Let g := 0.

If ', has been constructed let

FnU{dpt1t iFAUTRU{dpy1}
M p1/2 = IS consistent

M U{-¢,4+1} Otherwise
= [M,41/2 is consistent (Lemma 13.5)

Now, if =¢,411 € 4172 OF if @41 is not of
the form dx;v, let rn_|_1 = I’n_|_1/2.

If not, i.e. if ¢n—|—1 = szw - I’n_|_1/2 then
A/ U I_n_|_1/2 = El:I:Z@D

Choose m large enough such that cp,,41 does
not occur in any formula in A"UT, 41,5 U {3}
(possible since I, 4 1 oU{¢} is finite and A’ has
only even constants).
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Let I_n—l—l L= I_n—i—1/2 U {w[CQm—I—l/mi]}
= by Lemma 13.6, I',,41 is consistent.

= [ IS maximal consistent

(as in Propositional Calculus)

and I is witnessing (by construction).
By assumption, ' has a model, say A.

= in particular, I =6 for any § € A’

= by Lemma 13.3(b), A has a model
H13.4

So to prove CT it remains to show:
Every maximal consistent witnessing set A\ of
sentences has a model.
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