B8&.3 Mathematical Models for Financial Derivatives
Hilary Term 2020

Problem Sheet Two

In the following (W});>o denotes a standard Brownian motion and ¢ > 0
denotes time. A partition 7 of the interval [0,¢] is a sequence of points
0=ty <t1 <ty <---<t,=tand |r| = maxg(tg+1 — tx). On a given
partition Wy, = Wy, , Wy, = Wi1 — Wy, 0ty = tg41 —tx and if f is a function
on [0,¢], fx = f(tx) and 6 fx = fe1 — fr-

1. Show that if ¢,s > 0 then E[W, W] = min(s, ).

2. Assuming that both the integral and its variance exist, show that

Var[/otf(Ws,s) dWS] - /OtE[f(W573)2] ds.

Is it generally the case that fot f(Ws, s)dWs has a Gaussian distribu-
tion?

[Note: if the integral and its variance exist then it is legitimate to inter-
change the order of expectation and dt-integration and the stochastic
integral is a martingale.]

3. Use the differential version of Itd’s lemma to show that
t t t
(a) / Wsds =t W, —/ sdWy = / (t —s)dWs,
0 0 0

t t
(b) / Wdesz;Wﬁ—/ W, ds,
0 0

4. Define X; to be the ‘area under a Brownian motion’, Xy = 0 and
X = fot Wy, du for t > 0. Show that X; is normally distributed with

E[X:] =0, E[X7]=3¢.
Now define Y; as the ‘average area under a Brownian motion’,
0 ift=0,
Y, =
X/t ift>0.
Show that ¥; has E[V;] = 0, E[Y;?] = ¢/3 and that Y; is continuous for
all t > 0.

Is v/3Y; a Brownian motion? Give reasons for your answer.



5. Find solutions of the Black—Scholes terminal value problem

2y v
%/ju%a?S?%Jr(r—y)S?)—S—rV:o, S>0,t<T,

V(S,T)=f(S), S>0,
when

(a) f(S)=C, where C is a constant;
(b) f(S)= 5%, where « is a constant.

[Hint: you don’t need the Feynman—Kac formula to do either of these.
Look for simple functional forms of the solution.]

6. Let f:[0,7] x R — R satisfy the PDE

of of 1o
e g T T ey 002 = O

(a) If f has boundary values f(x,T) = g(zx) for all x, write down an
SDE for X such that f(z,t) = E[g(X7)|X: = z].

(b) If f has boundary values f(z,T) = g(z) for allz > 0 and f(0,¢) =
0 for all ¢ > 0, and g(0) = 0, write down an SDE for Y such that

f(y,t) = Elg(YT)[Y: = y].

7. An Ornstein—Uhlenbeck process X is the solution to the stochastic
differential equation

dXt = /{(9 — Xt)dt + O'th
where k > 0 and 6 € R.

(a) By using It6’s lemma applied to e X;, show that for a given
initial value X, the value of X; is given by

t
X, =0+ ((XO —0)+ U/ e’“dWs>e_”t
0

(b) Show that this implies that, for any deterministic initial value
Xo, X¢ has a Gaussian distribution, with mean and variance you
should determine.

(c) Calculate f(z,t) = E[X2|X; = z], and check explicitly that this
is a solution to the corresponding PDE:
of
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Optional questions

8. The Black—Scholes equation from a binomial method.

One step of the Cox, Ross & Rubinstein binomial method can be
written as

V(S,t) = e (q Ve 4 (1—q) Vd)
where
Ve=V(S"t+dt), VI=V(S%t+dt),
rot

—oV ot
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o > 0 is the volatility, r is the risk-free rate and 6t > 0 is the length
of the time-step. Supposing this is true for all S > 0 and that V(S,t)
may be expanded in a Taylor series in both S and ¢, show that as
ot —0

1,2
q = %-i-r 27 /st + O(5t),
v ov WV 12V | 20 3/2
Ve = V+x/70$ +6t<8t lo (Sas +S 852>)+O(5t ),
ov oV 0%V
d _ m 9V st 1 2(aOV 2 07V 5¢3/2
1% \FasaSJr <8t+2 (SaS 48 aS2))+O( ),

where V' and all its partial derivatives are evaluated at (5,t). Hence
show that in the limit 6t — 0 the option price satisfies the (zero
dividend-yield) Black-Scholes equation

W 1 20V as

. The total variation of a function, or stochastic process, over [0, ], is

n—1

(= }jrﬁoz | fri1 — fil.
k=0

If (f): is finite on [0,¢] we say f has bounded variation on [0, ¢]. Show
that:
(a) if £ is C[0,#] then ( t_fo |f/ ()| dt < oo

(b) if f is a continuous function with (f); < oo then its quadratic
variation is zero, [ f]; = 0;

(¢) Brownian motion does not have bounded variation;



10.

11.

12.

(d) the arc length of the graph of a Brownian motion is infinite for
any t > 0.

[Hint: if y = X; has an arc length s then ds = \/dy? + dz? >

Vy? = |dy|]

Let X be the solution to an SDE of the form
dXt = b(Xt)dt + O'(Xt)th.

If S is a function satisfying the ODE

ba)S' (@) + 3 (o(2)?S" () = 0

find the dynamics of ¥; = S(X}) and an expression for its quadratic
variation [Y];. What do you conclude about the behaviour of Y7

The covariation of two functions or processes, X and Y, on [0,t] is
defined to be

n—1

(X, Y], = |11|I_I)102(Xk+1 — Xp) (Vi1 — Ya).
k=0

Show that if both X and Y have finite quadratic variation on [0, ]
then [X, Y], is finite and satisfies 2| [X, Y]¢ | < [X]; + [V];.

Assuming [X]; and [Y]; are finite, show that

(a) [X+ Y] =[X]; + V] +2[X, Y],
(b) (X, Y] =X +Y]— [X - Y]).
(c) if X and Y are C! functions on [0,¢] then [X,Y]; = 0.

Let (W)¢>0 and (Z¢)¢>0 be two Brownian motions. They are correlated
with correlation p € (—1,1) if
(a) for all s,t > 0, E[(Wips — Wi)(Zigs — Z4)] = p s,

(b) for all 0 < p < ¢ < s < t, the pair (W, — W)) and (Z; — Z)
are independent and the pair (W; — W) and (Z; — Z,) are also
independent.

Show that in this case [W, Z]; = pt, in the sense that
2
E[[W,Z); — pt] =0 and E[([W, Z) — pt) } _0.

[Hint: first show that if X and Y are random variables with second
moments then |E[ XY || < 3(E[X?] +E[Y?]). ]



[Note that if we define a process by f; = f(Wy, Zi,t) where f(W, Z,t)
is C%21 then (the differential version of) It6’s lemma is

_of of of
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where all functions on the right-hand side are evaluated at (Wy, Zy, t).
The result derived above simplifies this expression.]



