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» We're going to use the sequence isiute

> k+1
TI‘I = 72!1 1{%<T§%}+001{T:00}
k=0
of stopping times to prove an important generalisation of the
Markov property for Brownian motion called the strong
Markov property.

» Recall that the Markov property says that Brownian motion
has ‘no memory' — we can start it again from Bs and
Biys — Bs is just a Brownian motion, independent of the path
followed by B up to time s.

» The strong Markov property says that the same is true if we
replace s by a stopping time.

Oxford

Mathematics B8.2: Strong Markov property and reflection principle 2



Mathematical
Institute

Theorem

Let B=(B; : t > 0) be a standard Brownian motion on the
filtered probability space (2,7 ,{.Z+}+>0,P) and let T be a
stopping time with respect to {%:}+>0. Then, conditional on
{7 < oo}, the process

B .= B, B; (1)

is a standard Brownian motion independent of .%;. This is called
the strong Markov property of Brownian motion.
It was not until the 1940’s that Doob properly formulated the

strong Markov property and it was 1956 before Hunt proved it for
Brownian motion.
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Assume that T < o a.s..
We will show that VA€ .%;,0<t; <...<t, and continuous and
bounded functions F on RP we have

E[14F(BY,...,BY)] =P(AE[F(By,....B;)].  (2)

Granted (2), taking A= Q, we find that B and B(™) have the same
finite dimensional distributions, and since B(%) has continuous
paths, it must be a Brownian motion. On the other hand (as usual

using a monotone class argument), (2) says that (Bt(f),...,Bg)) is
independent of .%;, and so B(?) is independent of .Z;.
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To establish (2), first observe that by continuity of B and F,

(%) D) _ jim ¥
F(Bt1 ,...,Btp )_,l@mlgolkz}l<fﬁ2inF(BgLn+tl_Ban"”’Bgin-‘rtp_BgLn)
and by the Dominated Convergence Theorem
(7) (7)
E[14F(B{,....B{)]
:rlrg]oo’;OE |:1A1%<T§2LnF(BZLn+f1_Bzin""’Banthp_B%n)} .
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For A€ %, the event AN k{nl <7< ZL,,} € .Z, so using the
2,7

simple Markov property at k/2n,

2n

E [1Am{%<rg2in}F(Bk vo BB~ Ban)}
1

Sum over k to recover the desired result.
If P(7 =e0) > 0, the same argument gives instead

E [1Am{,<m}F(B§f), . Bg))} — P[AN {7 < o}|E [F(By,-..,By))] .
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