
ELECTROMAGNETISM (PART B)

Chapter 2 : Boundary value problems
in electrostatics part 1)

Lecture 4



I②/Boundaryvalueproblemdedrosta
Many problems in electrostatics involve by±ysmvf#
on which of or E are given .



12.IT?oundaryualnepvoblems-
Want : solutions of Poisson's eq
-

Got = - topbounded

in a) region of space V involving
boundary conditions on 5=2V

What are the appropriate boundary condition,
hmm

for Poisson's ell for Laplace's ) , that
is , boundary conditions such that we

obtain unique & well defined solution , for
a given configuration of changes inside V.



There are ¥0 natural boundary conditions
① DH boundary aomditions

⑤ specified one the boundary surface
② Ng boundary oomdition,
is
,

E. is specified Is the boundary thr face
.

If ↳ E. in = - v-oI.in = 0¥ normal
sea v In derivative of oI

One can show of the solution of

Poisson's eq inside a volume V subject to
Dirichlet of Neumann boundary motions on
the closing boundary mrfaie 5=2V



s¥Eh of the proof : see Jackson (Chaplin 17

suppose there are two solutions §, 4 §,
which satisfy the same boundary conditions
let it = E- ④ .

Then e ⇒ e

- ~
so 4 satisfies

2 2

V→4= TE - DE , = inside V Laplace 's eq .

and 4=0 on S for . Dirichlet be

{" f¥=o on 5 bv Neumann b.a



Recall 1st Green's indmtity :

qµ

[that th - www.jfounznods
arbitrary

(
ames from the div . theorem for NT5
T.thv-VI-hv-Y-vh.TV for Uts

For RAJ h¥f= NOV.is

Apply to h=V= 4 :

Sulu ¥:*
. dv-f.IE#ds

Jo

as + Is =o for Dirichlet

}¥/g=o for Newman



for both types ofThem f IT 4FdV=0 boundary conditions
✓

⇒ inside V : 04=0 ie 4= constant
-

= E- ⑤
,

c-
-

Dirichlet : 46=0 ⇒ ④ =§, inside V

Neumann : o£b=o ⇒ ⑦ = Eat constant insider
inside V

,

by to an unphyicaloomstomt , the islntion with s⇒v
a closed hivfau is unique .

µ



Romance : One still has a unique solution hr
a problem with

"

mixed
"

boundary an ditson,
ie Dirichlet over parts of V and Neumann

over other parts of V.
BUT for a closed surface there does not
=

-

exist a solution is both types
of boundary conditions are imposed
on a closed surface



1212 GreenIfmdns:

We can write down ablution of Poisson 's eq
using Green's functions

Definition : aGeen4hmotion_ is a function GIFT ')
which satisfies too

, =o

J
'
>

G1F
,
I ' ) = - 41T ftp.fyttrtt

'

The mentions of this equation are not unique ,
but we already know of a solution !

notice the which is
symmetry GIFT ' ) = 1¥54 UITEO (potential at F
put ' - due to a.unit charge at F)



This means that any solution is of the bum

Giri I ' ) = ,p a FIT
, F)

where f
' ' F1F

,
I ' ) =o in V

Interpret F as the potential due to a distribution
of charges which lie 1outn# .



Next use this to write a solution of

of = - fop
Recall Green 's theorem Loreen 's 2nd identity )

µrYT"Nit - UF 't t
''hit '\dv

' 90
arbitrary

=s§µM%fnm%n Ids
'

[ from Aceh 's 1st id : Green, 1st 644 - aah 's 1st 44 ]

form.dk Green 's theorem with U
= Itv) electrostatic

potential
V = Gtr

, TY ween's function



Then

[ LE1M I -Giri 's .IE?Hdv
'

- 4481T - T ' ) - ¥ pli ') II yen of

;µEM - Giri 's a¥n I dsi
""" "

LHS = - 4 it ⑤ IF) + ¥ fu GCF , I
'

I plf
'
I dv

'

Then

I1F) =
a of G1F , F) PITY dv

'

+ *f.of MEI
'
- AM%I Ids

'



Then ~ given

I1F) -_
a of G1F , FYPIFYDV

'

{ + ¥¥af it
'
- AM%I Ids

'

\ \ given on sgiven ons

for Neumann for Dirichlet
b- C

bound . and -

Rma : GIFT
'II ,r , t FLF ,

I ')

[ need this !

strategy : use the freedom to choose F to
eliminate one or the other surface integrals



For Dirt boundary conditions ,
where § is specified on S - OV

,
we demonic

GD1E , F) = o f I
'

on 5

Them

ATM -_ utefofflrmplrtdt.gs?woIiiYffYIds
'

T Tgiven[ general nen given
on S

but need to find

it "GpCF
,
I ')=o

st Golf
,
F)f- 0
S



For Tann boundary conditions ,

where 30¥ is specified on S
,

one can try a similar wink

£, GN1P , F) =o on 5

This is imgnt .

Recall Thorir,iY= -41T 81ft)
Integrating the hits

{ T
"
G1F

,
I ' ) du

'
= ft ! J

'

G1F
,
I ' ) ds

'

V

=/ tar , iii. d5 '

= §
' Ids

'

5=2V

Integrating the ruts .

- 4 IT fight-F)dv
'
= -41T

, Fell



But we have just shown that

5- av f2ds'= - 41T
2h '

s

require instead , ' ' f- - "aI%%s2h

5



Recalling : ←
given

general I1F) -_uofffFMpIFYdV
'

f. ,formal

bin +* GIGI"
'
- AM ?f¥ Ids

'

givens = -¥A
formed

Thelsolulionbr N boundary auditions on 5- Ovis
'

µ offfrimpiitdti-%fE.HN#I'dstcoIp

(with coins ↳
⇒
uoIKYds.am?EinIIIhFwhontnvfauS

and GIRTY st it"GnlF,T '

) - - Y1T 8IF - J
'

)

N-wimb.es#IYs=-?In



Remarks .

-

¥ In practice it is h¥d to determine GIFT ')
because it depends on the

shapeofsxt
One can choose G1F

, F) = Girl, F)
1 For act

,
it =

, ,
t

• Dirichlet boundary conditions :

This is met a choice , it can be proven ?
I use Green's the www.th oh = Golf

,
HI N= GLT'

,
T )

• Naumann boundary conditions :

this is not automatic but can be imposed
.

separately .

'



12J Boundary value problems in electrostatics

121J Boundary value problems i

12.1J Green's functions . 1

Next

• Method of images → d its relation to Green 's
functions

• examples
•orthonormal
-

functions to find Green 's functions
0

:


