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12.3J Method of images
[useful when there is a discrete distribution of
point charges in the presence of boundary surfaces

Ideas : given a distribution of changes in a region V
& boundary conditions corresponding to the presence of
( perhaps changed) surface boundaries , place an
appropriate distribution of charges outside VIR

's IV)

lings) which simulate the boundary
conditions

.

⇒ solve a problem on IR3 without boundaries
and then anstraine it back to V.



Examp osnindw an infinite conductingplane
& place a charge of at F. .

g)→ Want:$ (and E) in region 2>0L Z
x ie nations of F§= P

,
TTEV

¢ Tito,fd' where V = { FE1R
'
: 2>01

conductor -

¢ In oIIs=o (Dirichlet

µ
boundary audition)

← sfz=o) y why?

a- =o p= 9815 - Fo)
i ( =q 84781g) 8th

-d)

because S a conductor⇒ S is an

equipotential⇒ to Isan it a choir E- o



method of images : infer Womn the geometry an appropriate
distribution of image mint charges ondeVHco in our example)
St they produce a. potential with the required boundary and,i¥ons.

problem in a region j
Problem in an .eu/avgejrgionJ,VcJ

with boundary conditions
+ inmate changes exterminator ( in
st

on s=av ie ~
µ§= I tFE5V-2OI-_ -If TTFEV with my boundary condition ons

st oils is specified fbutf st ④ takes the values of
the boundaryconditions specifiedones

¥
141, specified images[ beIb=o



returning to our example : T - IR
'

place a change q
'
im region a-co

-

EE
- -

at ft and blue

g. air. {
loads

,
THE = -¥1981F-E11-4SK - ri

'

))
ii. no, -d) , st solution § in region a-so
{ z -q g

'

to 1 satisfies ⑤ I = o
- -
- -
-
-

T = it? f=o

It is an easy guess

{ = -q ,
Fo' = to ,o , - d)

Then
,
the total potential in the enlarged region ( IR

' ) is

ECN=ut¥¥ , - II. ir



Clearly :

4) § I = o h Katy)
f-to

(a) T 'E= - ¥ 841818181k-d)

+ ft 84381 a-xd)
-
→ o for -730

• of satisfies Poisson's ey in V 1230)



I

Question What is the change dmiityr on the mutates-
-

induced by the point charge q at Foto
, oidl ?

There is a discontinuity of fog in the normal

component to S of E in crossing S ,

IE-EI.is/s-- for ⇒ o
'E;¥÷
"

- 20
÷ It Is c- to
: →
- Z -axis

f- - olds 1- . symmetric around
ht (X't y

'
+ d
') "' ×=y=o

. Max at ×=y= 0

. J → o at large dist .
from origin



What is the total charge on the surface of the conductor ?
=

{rds =
- off Ify% dxdg -- --

= - of
charge of the
image !

Force on the charge of

⇐ = - I E¥t⇐; - =u¥¥i i FEI Iain
→ Csubmb bra on q due

to the charge of =-q
at Fo ' ⇒o.O , -d)

.

Can you generalize this result : to the case where

there is a distribution of N point changes in the
region to > o ? ¢



Relation between the method of images and Green's functions

Try to solve the same example using Green 's functions
For a boundary value problem with Dirichlet

boundary conditions recall o
Is

-

EYII =u¥f%lGdrji' Idk { EM t¥.ir?iYds
'

TEV 981×4/814181 a \
T

' ' GD1R , f 't -4psIffy
as ⑤ 4=0

St Golf , I
')=o T F't s

(ourexample 5-hnrteut :o)

⇒ oIcrJ=¥eo9 GD1E , Fo) ,
To -_ 199 d) ; t FEV



For the Dirichlet Green's function :

Golf , F 't = ,¥py 1- FP1R , I
')
,
J

'' Fish ,r" 1=0
. inside V

with Golf
, Ty 1=0 FD - mtmtiae of a

system of charm

to'=O out-the V

But this is the problem we just solved using the method of images
I
8

Elegy ,
one can choose FDIF,iY=ip, ,

ii. Idiot - t' )

Indeed : fifth
, f 't =o when A's 0

Finally : OIIPI =u¥o(ftp.T-ip.pt , ) to' = 190 , -%



Example : Consider a charge q placed at a point in space
outside a conducting groin sphere of radius a

2-

• q
9 ..

• change q located at a distance

y

× f
b > a Wom the center of sphere

Find the electrostatic potential of f) ,
t F with IT ISa

st
④ IF I / = o

f-a



Try first the methodof.ir#s
Assume thatEnif image, change out

,
is needed inside the sphere

By symmetry : the image charge lies on the line joining
the origin to the point where the charge qis

The Coulomb potential due to the charges is

Erm ;¥o19i + i¥ , I
where

2-

• q . b rip is the position of q .

9 . .

•- p t unit uuvtoo normal to S at p
B

y

× /
. blip is the pavilion of q

'



We must find of a b
'
at ICHI to

let F= r is
,
nn=unit vector

Ka

On s :

④ tant -_ 0 # 0 =¢ag÷p, + ia¥1 forTY ons

⇐y qtan-bnp-t-oflan-bn.pl tri on 5
⇒ qfl-aabtasttbaTI-qfi-2baastebaT.tt

•
I a-

q

I . Jp = by 8

"

i.
pin '

,
•

↳

• %



④ tant -- o ⇐ q' = - off , b
'
' II ca
-

9. 9

b-

For the last step :

gift -GI ast tha ) = q
' '

fi - East bat )
of lltb

"

) -441 tha ) = fast ( gib
'
- qub ) match netts

Jr of cost

qYH = 44k¥) 41 of '=¥q'
at 2

" → a) : it b = ¥( It ¥ ) is a quadratic eq Grb
'

- It -111¥ - (g)e) ⇒ ⇒

'

b¥ or E- ¥
no ! this is -
outlines

back into a) of '= ajq ⇒ of = - Gq



Then :

⑤ IN = I nnp , - I ip1)
b

I

=u¥e
.
(cr±bha "t - Elric I ' -2¥ rash

" )
change induced on the surface of the sphere

⇐ - e. FILE . - - = -¥
.
I now

•
I a.

q
Total induced wwfau change

• A = Gods = . .
. = - 9£

in a
•

•
p

i. % as expected
•

A
b

4



General solution to the Dirichlet problem on the sphere
let V st 2V=S a sphere of radius on

with ILF ) I = UL0 , 4) a given function .

f-a

Recall : f
⑤ Ir'=a

④ IN - auto Geir's Golf ,rYdV
' -u¥ fold , ftp.critds

'

2V=s

where J
' '

Golf
,
it ) = - UITGIF - f ') ; Golf ,fY=O,r'⇒

then ↳ iris . yfqi-TEEIIIII.ITIF- I. F 't changes inns✓ staolriitf.no
⇒ Is potential braving g' = -f- at r¥F '



In spherical coordinates
1

Golf , f) =1- -
lrtr" - arr ' not)

"'
-

later
' ' r' ta

'
- arr

'

as f)
'h

where F- F'= rr ' not

Noto the symmetry G5F , I ') = GD trip )

We can finally write § :

a

F- acompute ffIµ=a= Fenians"

¥M=¥eofeirYGdrMdVfN0H%i¥a%g,a

-
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