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12J Boundary value problems in electrostatics

12.1J Boundary value problems i

12.1J Green's functions w

I Method of images hits rµg¥ Into oran's}
examples

.

IThiseectuvfl.DKMethod of orthonormal functions



12.41 Method of orthonormal functions

12.4.13 Generalities
• powerful technique

. representations of solutions of potential problems
by expansions in orthogonal functions
7

Ideas : an arbitrary function flu) which is
square integrable on Ca , b) ( WHY ' dx to)
can be expanded in a series of a

complete set of orthonormal functions
4 what is this ? next

.



orthonormality :

fsnridnr an interval la,b) and a set of

(real or complex) functions hlx) of one variable
I k¥1 ,

n -4,1 , - ,
X Ela

,b) Y
which one

ovthsmrmalfabhncxjhmlxldx-t.fm
← normalized to 1



We represent a function fix) by a series

ftxk If an hncx)
where the belli orients 9w are given by

tfowthe → an = fab NEW fix)dx t

property that

In fact :

f.build Ilxsdx am {hitch him dx

ON
→ am 8mm = An



completeness :

wEsag that the orthonormal set thinks ,
hi,-1

is complete if I las above) anverses tofhmm
.

Csrmider
,
an= fab niixfixidx

'

I4K annul = fab hit faithful dx'

= fab fu ( ¥
,

ain't Cxyhlx) ) dx '
in

This must be true for land function on la ,b) Then

÷
.

www.xt-sai-xil.IEIITJ



tkmowk① : it is useful to him pare

orthogonality vs assure

fab NEW hmlHdx= Snm vs II ten my = 8441

XE Cats)

anntimoujumriablenadiswetouaniablekmowk@i.omcan extend this to higher
qms.

Obvious generalizations , for example,
to two dimensions Cx , y ) where

Xe Ca , b) yE Cad)
are orthonormal functions in each dimension
Unix)

, Nmly) . Then the expansion of an arbitrary
function flxiy) is [ amn think)Vnly)
with amn = fabdxfddyhitnlxfvntpflx.is)



One of the most famous examples is the

Example Fourier series of a periodic function- -

Wecan represent amniotic function flu) with period a.
WLOG : ht x e f- Ii E) .
A combate set of orthonormal functions is

r¥ . II in IEM × ) i VI as f¥hx) , me 24
We then represent ft) by
flxt = f- Ao t Am as fatty x) tBm tinfdamx)
where Am = I II. fix) as (2hX) DX

Bm = If fond sin (¥mx) dx µ



Example : Fourier series (again )
start with a complete orthonormal set
of onmnk exponential

itIm)×
,
ME Atenth = v¥ e

on the interval f-I , E) . Any arbitrary
periodic function has the series expansion

HH1E II. dm e
""Ix

where
dm=¥ [e-

it"Y"fHdx'
µ- al u



Fouriorintegrals_ : what happens if the
function isnt periodic ?

We can think of the interval as becoming
" infinite

"
4 then the set of orthonormal

functions link) may become a antimony
of functions

{ Unix) ,
A- Ii - - I→ the 4) KEIR

Kronecker f-function us Dirac f-function
in the orthogonality
relation



let init
4mW → this =£ e Xo IR

This is a set of complete orthonormal functions

at[ eilh
- hi"
dx = 8th- hi ) ,orthsmormatity-Diraiffmch.sn

( y

+ [ eik-Hbdh-flx.it) , completeness
NT -

Theseare wfYmI representations of theDirac s - function



The Fowviwx of a function ftx) is

fat =p# [ Ache) eihx dh exponential

when n÷÷⇒e:*



12.4.23 Electrostatic problems with

reitomgnlowrymmetyoonindvrLaplace's equation in Cartesian coordinates

⇒E- I¥+I¥+%I=o
look for separable solutions

④High)=XHYly) Z It )
Then yzda¥. + Xtd¥xXYd¥¥=o xt
⇒ ¥%¥¥%¥¥%¥o

"t

Only on× only y only A



Each term must be separately acs¥mt !

Then

*⇒ 4¥. A. *¥iRz 1¥ :c
with At Btc =D

Tale for example : %¥ - AX=o
Then
µ = etid" A = d

'

* ( ④ = e±t× A = - d
'



General solution is a linear combination

oIHy , t) = e±i* e±ipge±Vt4Tt
when eg A =D

' D= p
' C = - d

'
-pl

etc . -

Imposing boundary conditions on the
general solution ⇒ restrictions on the values

A. B 4 the osefhients in the series .



Example : oomidnr a rectangular box
with dimensions ( a , b. c)

£

Suppose ⑤=0 on all surfaces
exalt t=c

• where ④Ixig, = Vlxiy)
a

y
-

b

×

The general solution is a linen combination of

⇒ efidtetipyetvthtp.TTB'p
( If instead Xlxklc.inohaxtarinho.ir)
§Lx=o) = 0 ⇒ 9=0

oIlx= a) =o ⇒ Ghinhpa =o ⇒ 4=0 ) ]



csmidw first the boundary romditions
at 4=0 , 3--0 ,

and 2=0 where

④ 4=0--0 EIy⇒⇒ oItt=o

⇒ sinaxoinpyrinhlvdh.PT 't )
no

←mash

Next oomrichv : ×=a a y=b where

oII×=a=o & EIy⇒=o
• X=a : Gums rindanhpy nhhlvdhp.IE)
⇒ da=mtT

,
MG2 as tinea so

• similarly her y=b : Bb=n IT ,
he 2



So far :

/oIHqH=I¥mnwnmoinnhooinh④I+I
Finally : require § the = NC4W)

I?¥oI¥¥mnwnminn¥inh④f¥¥7
""↳NFourier series expansion bulky)

Hence : the deficient Amn are given by lexwuiu)

Am=abn¥µf[nYm)tiYh⇒NHdxdT¥
• caution : one needs to use an odd extension of VK.is)
to f-a, a) 4 I- b, b)



Compare with shntion br It in terms of a Green's
function . For Dirichlet boundary conditions

④ in ?"""
" Is do:*,where J '

'
GIF

,
I
'
) = - hit 81 f- f

'
)
→

to = a

GIRI's f- 0
Them thesolution we found above must be

equivalent to

• stirs = - ¥ f HHy
' ) 3¥ ds

'

s tho)

but need to blue for Gs .

To do this we

need an orthonormal twin expansion for GD ! µ



Exompk_ : suppose we put a mint change q
inside a wounded rectangular box

ie ⑦ CF7 Ig=o ( on all six faces )

ht to = lxo
,yo , to) be the roti tion of the charge.

To find the electrostatic potential for this

comingration we must solve

it to try = -¥481 F-to) with $ Is to

csmidw a Fourier writs expansion for It

II.it?Ie=.Amn.efaIoinnttxrinmgiyrinegiTf



Am.me must be st TEIFI If ftp.ro)
-

SIX-Xo) - fly-yo)JOIN = III -iI¥+I
.si#o--mIe=,AmmefIIHmahIfthfTHeiI)4sinnmmb sine

For the RHS of Poisson's ell , recall the amputees, oomdition

II. link ) link) = 84
'
- x )

For our example we have

III. tin ma oinfmhtx) = 841 -x)
•

= fly
'
-y )

:

= 81th)



We represent self - to ) by
self- F.) =a%m%µnma in ny tin a)anmxoinni¥ineu
Then :

m¥⇒AmI\H)4im in;Isine

= - £a%%µ(oinma in nynnei)
-

-

Identity nests Am
.me

× tin math hinhl¥ virility

i.n-mme-ff.IT#ginmgiIinnfiIrineETJm=,µq

Com one solve this by another method ? ? ¢
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