
137.2 ELECTROMAGNETISM

Chapters : Magnetostaticslpowts )

Lecture to



③ Magnetos ta his
• 13.1J Currents & conservation of charge
" 1317 Biot - savant law 4 the magnetic field strength
•

13.3J Differential equations for ⑤

13,47 Magnetic potential

I Multipole expansion

③ Epilogue



→

13.43 The Magnetic potential A-
→

and the eqs of magnetostatics in terms of A

recall eqs for electrostatics :

8. E-- fo p it'oI= p , E= -VE←

in E-- o I defined only up to a constant

For magneto, fatics we have

F. B' =o 77
In ⑤ =MOI . .



Consider f. B' =o .

Then there exists A St /B=TnI7
-

E : magnetic veto potential

E is not unique :

I → I'= It 04
"

your transformation
"

leaves Is unchanged for any 4

[ D= On E
'
= On I ⇒ On ( I '- A) =o so

'

I'-A --04
'

for some 0 ]

We will exploit this freedom to simplify resulting
equation for A .



Now consider TnQ=µoF together with EN7E
to find an equation fir E

OrtonE) = 010 - E)-JI
Then

→

- O
' A' + VTT - A) = Not ht)

let it' = A-100 .

Then

T.tt' = F. It tho
and ⇐ ) is

JN13 = -WI't FIT- E ' ) = not

-

such that t.nl =p
One can

Choose 4 always do

this
Theme - O

' A' ' = No I
f. A

'
=o



Drop the primes :

|-T'A'=µf←
Poisson's eq ar

each

V. A ⇒
townparent of A

-Florenz
gauge (Lorenz wot Lorentz)



Recall : a solution of JI = fop which ⑤→Off)
as r→ •

is Eli ' fu P1F 's ,p du
'

It is mt hard to see that for a current density Iii)
⑤ =

If f. Firth dv
'
= ONE

where IE-ff-GIK.li#fydT
-

but how about T - A =o ?



One can prove that J . E=o if there are
no currents at inanity :

i. E- If fv it . ( Iii't , dv ' )
= - If f. FIFI . ttf)dv'
= - III. IV. (RM¥mt¥NHdv'

- 0

= - aff stuffy III.
ds
'

continuity
equation

=o if there are no currents at infinity
or in fact outside V including s=2V
if the current is localized



Example : aomvidw a wire 6 with a line
h

µ
current distribution

E- unit vector tangent
constant to 6 at each mint
current abny 6

suppose the curve G is parameterised bye
Then EK1-1EI ETIk¥ET

C.

Birth ATN=F feat, y )
di'=If f. di" y

generally hard to evaluate !



Example compute the force between two arbitrary wires_:

-
I 9 & be

,
each carrying a current

¥"" I - I, I ' Ii Ii ti
' I Pz

G 4 with I, it Is fomstant
.

fomridhr an element of wire in fz at 17

with tangent die . Then by the brmtz force law

dE= I.dein I
is the force on the element - at R

'

due to the

magnetic field generated by It in G. Integrating

F=f¥deinT3=ffIiI G. f dein dein
,6

,[
total force on 6~ dueto 13, openrated by Ii on 6 , #Very hard to evaluate in ageneral !



13.5J MuHipokexpansi
In this subsection we are interested in studying
the electrostatic 4 magnetostatic fields of a
localized charge distribution ptr) or current
distribution J1F)

[ What we are leavining in this section applies
in other areas

,
as for example

. the study
of gravitational waves in or ]



consider the magnetic field BTFI due to a
general current distribution IN localized in

a sma region of space v
[ small relative to the distance

to the observation point

We know that the magnetostatic potential is

Dirt = If ftp.t, JIM du
'

we want to evaluate the integral for !

P



How ? use Taylor wins expansion of
, ,

,p = It ¥ F. F't 0 ( r
'

) exercise rssr,
[units)

This leads to the multipole expansion of Air )
I sum of moments of Ilir )

We have them

IN -_ If f. If + f. ET't 047 )IrTdv
'

= IT fffIIFIdvtffr.ir
' Iii't du

'
- I

no monopoles drink higher
( yes : this vanishes ! moments of I
no monopoles . -- )



Tool to computer this :

CJacksonjfufftrYICH-ttgfry-gcrJIIry.tt/fIF4IdV=o
where f I gave arbitrary functions and
FIFI is a localised vector field and satisfies

it . Jcfto !

⑥ For f = 1 and g= Xi

\ Eir 't it 'xi = fu Tilt's dV=o
⇒ ↳ JIFYDV 't 0 as expected .



③ For f-- Xi & of
- Xj

5 xp Fir's .tt
'
+

xifirt.tt/xj--ffXiJjlrY+XfIicr'' 11=0

"

ff . FIIIFYDV'=
.

xiffxitjirdvyei
v

v

=L
,
Xiffxitiir't - xp Tilt 't )dv'Ei

V

= - t Fifth IITYDV
'

2

oinlbncl :( ii. DIE + II. E) I



using this in Air )

IN ' II fffIirydii-ffr.ir
' Eir't du 't - - - I

= 0-1 f- f) In fut 's Iii 't du't
. - -

y
→

no monopoles dipole moment of F.mohi%ff.FI
which we can write as

A-IN = 0 + 1¥ ¥ innit
. - . .

?
-

magnetic dipole unto potential
whim

in = £ 1 rJdr
'

magnetic ,
moment of J

magnetisation dipole
(magnetic moment density)



We can now computer the magnetic field
outside a localised burn

15 = On A = fff on ( ni n # F) t
- - .

= 0+1/(0*51) in - in . F) It . .41T 3

to

= Ot Me f. f- in + fimN F) t-4T
→-

ten ten field lines of ⑤dipole are
away the same as those for E' dipole
13=0 when ⇒ ⑤ and Mo# ¥ !



Field lines of 13 ( some as br Eaipoudish
with The I

, No
" )

FEED



Compare with the electric field E due to a
localized change distribution p

E IM =uo ftp.t, PITY dv
'

=¥e
.
I +ftp.F-artoi?gQijxixit--q--fpIr4dv' t n

electric dipole 1

far far away I = fjipffydvi quadruple - - .

the distribution .
it

" " gives E due tolooks like a
a dipole with dipolea point that4
moment I

'

leg ¥11;eT"



Example : suppose the town of currant is a

distant circuit G carrying a osntant current I

The potential is

IK5-1EI fe DI' hard
I '

= MI Jun F + . - .

I
far away it

needs more
"
looks

"

likea details about
the geometry of 6 6

magnetic
dipole

canwecalculate in ?



in = at fut'nI du' ' I foeiinde-

'

g
IDE

Assume the wire lies on a plane .

Then in is pwmndi.cn/ow to the plane of the wire

Now note That

£ trade I = da triangular elementda
of area

di
⇒ I hit = I. Area

regardless of the shape of the circuit

Higher moments of I need more detailed knowledge
of the geometry of 6



Epilogue

* The magnetic field of a magnet exerts a
force on certain material as for example
"

ferromagnetic
" materials

4
eg iron

A magnet has a magnetic field
mainly due to its maimtic dipole moment



* compare the magnitudes of magnetic
fields of different objects :

• refrigerator magnet no
' Tesla

• superconducting magnets a 8 Tesla
in CERN (dipole magnets)

-6

• Earth's magnetic field 25-65 10 Tesla
in magnetic dipole) on the surface
[
. gmwatedb.ly Earth's are of liquid iron
• shields against radiation
from the sun by deflecting
cosmic rays and charged
Particles in solar wind Istrian of charged particles

released from the sun )
• auroras



• MRI 4. 5- I Testas

• fun n 2X Beau th
T not solid ; plasma , permit romdndsr

How do we know ? For example :

Zeeman effect to measure magnetic fields
[ splitting of light into " normparents "

in the presence of a static field



• Neutron stars 104-10" Tesla
@

[
some of the most fascinating objects in the universe

ury small m- 1.5 Msuw rn to km

smallest densest stars
,
almost entirely

composed of neutrons ( neutral particles in
the nucleons of atoms with Mneutron - Mproton)
new neutron stars rotate -100 times row tea
( linear surface speed 44) 6=300000 Kmlfeu

Campari : the sun rotation period ~ 25 days
at its equator)



Next : time varying p t J and

Maxwell 's equations .


