
137.2 ELECTROMAGNETISM

chapter 4 : Maxwell, equations (part 'd )

Lecture 12



④ Maxwell's equations
last lecture

I4D Maxwell's equations i

D. E - fop Gauss

F. B' =o no magnetic
monopoles

U7E -1 # ⑤ =o Faraday's law of
induction

V-nts-f.IE = Not Ampere-Maxwell

[= 11µs to



This lecture

143 Electromagnetic potentials too , E)

↳ Maxwell 's egg in terms of 1$
, F)

147-3 Energy of the electromagnetic field
and Poynting's theorem

↳ animation of energy



14.2J Electromagnetic potentials
We now write Maxwell's equations for E45
in him , of electromagnetic potentials

let V be a suitable region in space
[ simply connected , - -

From 0 . ⑤ =o we write 137¥ for some

vector field E
From Faraday's law

y of gt
o= ONE + gtI= on ( Ex III ) ⇒ It # A = - TE
Then there is a function of st :(E=-JE-?fAT
-



The other two eqs ghee equations for § RE .

I 4 I owe mt uniquely defined
let lot

,
I

, I & Cote
, E) be electromagnetic

potentials which leave E 413 invariant
-

B. =3 , & E'
,
= E
.

Then * I, = BT # On (AT-E.) = 0

so As = Fit 04 for home fvmtion 4

• E.=Ei←off = -0¥ - GET
⇐ v-oz-t.DE/=o-fCtI

to oIz=oI, - 0¥ + fit )
-

µ
absorb into 6 without

affecting If A. t TV



We dig a gauge transformation of lot, A)
as a change of HI , E) which leaves the

electromagnetic fields E & ⑤

invariants
→ I

'
= to - 01

at| A → A'' = I + 04

We use this freedom to define 18 ,
E) to simplify

the equations for § it A.



Equations for ⑦
,
E) :

From Gauss law :

→

fop =D - E =D . I - DE - ¥ E)

so WE -1¥ E-- - fop

From Amp've - Maxwell :

moI= into JET - IEE) ⇐ foot -IE )
- JE1-0CO -A)

= - that # II. A + UT0A'+EI¥I



We have then counted differential equations for AT
-

-KEI + to + II. a FEI - ⇒ e

- ¥j¥EtV'E - it .Etff¥I= -not

Choon cot , E) st→

/T.A-ifffI-otormtganp.DE
=
- III +FI = - fop inhomogeneous

⇒ wave eqs !

DA = - of f¥ It JTI = -MF waves travellingJ
with speed C

[D= - ¥¥, + o' d
' Alambertiom or ← Yeastier
wave operator 4 unknown,



Of course a solution of these equations give E it ⑤

worm is = On it
→

E = - T E - 2A
not

tkma_k : the brunt gangs is consistent with the

charge an swvati on equation

0 = It p t J . I = - Go ¥ DE
- I T.DE
to

= - ¥ II f. A + III ) = o i



14.3J Energy of the electromagnetic field
and Poynting's theorem

consider a single charge q moving with velocity it
in an electromagnetic field with E it ⑤ .

The charge experiences a Gra

E = q LE + In B)
The work done by the electromagnetic brain
moving a particle a distance It is

dW= E. del dei = displacement tangent to
di the particle's trajectory
~
← particle's trajectory



The rate of doing work by the external electromagnetic
fields is then

d¥= F. J=qlE +¥5) . J = q E. I
d

( the magnetic field does no work)

For a volume distribution of charges 4 currants
in a region V we have

doff = fvI.EDU total rate of doing work by
the fields in a finite region V

^
✓ represents the nonunion of electromagnetic

energy into mechanical energy ( kinetit energy)



As the electromagnetic field does work on the

change it uwmt distribution , then the

electromagnetic envoy decreases .

But weexpectenwyytobioonnvueds.sethe rate of doing work must be balanced

by the corresponding decrease of energy in the

electromagnetic fields in V



We have

{ I.EDU ; I 'foItnBffEI )
.EDU

^

In:L / T.fi#IE"
this) .EE#EI.B-J.IEni5 )
-

Faraday's =/ - ftp.D-O-IEND)
= - f- ¥151

'
- V. tents)

[ I. Edv - fl - too - Ennis - ¥151 I. IET )dV



Thus

¥f%EEdV= - ! It . It #E) dv
= -

s
!id5+¥fEdv

Vroihot
mug dmritg flowing out rate ofchange of energy stored in V
through s⇒v permit the

whine ( electromagnetic energy stored in U I 2

I = £ ( to IET' + ¥11371 ) total electromagnetic
energy density in V

To = 'fo En I Poynting's vector

momentum density of electromagnetic
fields



As this must be true for any arbitrary region V

|EE=-µF+zY Pointing's
theorem
-

a -
work done by rats of bureau of
the Electromagnetic electromagnetic windy in Vtied

[Noto F- o : continuity equation for

electromagnetic energy 3



Question : why do you get hot when

standing under the sun ?

electromagnetic waves coming from the

fun !

electromagnetic waves which are not
reflected are abducted .

Absorbed electromagnetic waves transfer
their energy to your skin inwearing
temperature ( see Chaplin 5 ! )



Next : solving the inhomogeneous wave
eq using Green's functions and

Fourier integrals .



14.4J Time dependent Green's functions

[want skills to solve inhomogeneous wave equations
+ important examples - - radiation)

let 4 st

D4 = -¥ ?f¥ -104=-45 fit ,F)

we want to find solutions wring Green's functions .

Definition : a Green's function Glt ,F , t
'
, F) satisfies

IDGlt.int/,FY---4I8lt-tf8F-T



Remake : comparing with electrostatics

Recall that in electrostatics we anticked Green 's function,
satisfying

G4F
, f 't = - HIT 81 F - f

'
)

air
,
can be interpreted as the electrostatic potential

of a source at F- F
'

.

For example

is the electrostatic nstnstial for a source

of charge q= Units at f- f
'



For time-varying fields we have

wave

DG=o when I = It R t=t
'

equation
However :

¥ft' ¥4" Do = - up
Then we can interpret Glt,F

,
t
'
,FY as the

electromagnetic potential of a wave caused by
a source lol some electromagnetic disturbance)
at the point F- F

' when t=t'



Consider a configuration where there are no boundaries

so G depends only on F-f
'
k t - t

' lsnhwi.cat symmetry)

We will find G in terms of orthonormal function,



Recall the integral representation for the Dirac 5- function
,

that is
,
the Fouvierinteyrj.at the f- function

self -E) sir -F) =
,ftp.fjdwfjd?he-iwlt-t'leihilr-rY
-

ioomphtenen I
/

complete set of
orthonormal exponential)

The Fourier interval for Glt - t' , F -f 't is

Glt - t
'

,
F-it =

.

[dw.f.ae?kgfwihje-iwlt-EleiElr-r' I-

[ Fourier transform of a

thing the Fourier integrals for the 8- funtion and

the Green's function G into Green's equation we hope to

find the Fourier trans bum of of G



DGLE - t '
,
F-f)

= Idw fjdhglwiEIDfeiwlt-Heih.li
-H )

=-theiElr-H

- 4T
!!

-Hari't f%, few Id't eiwlt-ueii.li
-⇒

We can now read off the Fourier transform

glw ,
It = 1- k= IN

the -wild
-



Therefore the Green's function is

alt-HEH ' ¥ Idw I.dk#twq.eiiwlt-Heiiili-H
[ two poles : w = Ike





Jackson '
.

. circuit with a osimtmnt mrrnt I

. snpnsn flux of ⑤ through circuit chimps

W = § E- dei =
-¥ ↳Bids

what is the induced current on I ?
Recall I IFE . d5

no I = ↳ LV7B - f III ) . D8
= See E.di - I



{ = - III = § E. di = - off 5,5 .d5
I

* ←¥
→

q µ-→ ③ B
J B Z

-

try 0

DE = ofq In B' → E x

F- = If B


