
137.2 ELECTROMAGNETISM

chapter 4 : Maxwell, equations (parts)

Lecture 13



④ Maxwell's equations land time varying fields)

I4D Maxwell's equations i

143 Electromagnetic potentials (I
,
E) I

14.3J Energy of the electromagnetic fields
and Poynting's theorem

14,47 Time dependent Green's functions



14.4J Time dependent Green's functions

last lecture : we can find the electromagnetic
fields E and 5 in terms of the electromagnetic
potentials LIE ,

E)

E = -JI - II I = ONE
at

where in the burnt gauge III.
⑤
+ 0. I = o)

the potentials satisfy
D ⑤ = -fo p I inhomogeneous

D A' = -µoI / wave eqs !

where D= -¥ ¥, + O
'

I d
'

Alarm tortious or
wave operator )



[want skills to solve inhomogeneous wave equations
+ important examples - - radiation)

let 41T, F) satisfy D4 = -41T ftt.FI
we want to find solutions for 4ft , F) wring
avuAis ( as in electrostatics ) .

Definition : aan Glt
,
F
, t

'
, F) satisfies

IDGlt.int/,FY---4IT8lt-t48IF-fT
-

We assume that G depends only on F-F
'
k t - t

'

,



Considering a anti gnvahion where there aremrig,
a solution for 4 in twins of the Ween's function
is then

4C t.FI = / G- It , F, t
'

,
F) fit! F) du 'd t'

o

f DX = § 1- Y1T 8IE - t
' 181ft ' ) ) fit

'
,
f) do

'
= -UI fit , F) i ]

where the Green's function needs to satisfy appropriate
conditions depending on physical constraints on to
[ her example " initial

"

conditions when t → - -
ie in the "past

"

,
etc )



Remake : comparing with electrostatics

Recall that in electrostatics we anticked Green 's function,
satisfying

G4F
, f 't = - 45 self - f

'
)

air
,
can be interpreted as the electrostatic potential

- )

of a source at r .

For example

pig is the electrostatic nstnstial for a source

of charge q= Yuieo at f
'



For time-varying fields we have

6=0 when FIFI & txt
'

D4
wave equation → waves travelling at speed e

However : 1¥
'

¥4" ?" -*

Then we can interpret Glt ,F ,
t
'
,f't as the

electromagnetic potential of a wave caused by
a source lol some electromagnetic disturbance)
at the point F- F

' when t=t' traveling as a
spherical wave at velocity c



We find G in terms of orthonormal function,

Recall the integral representation for the Dirac 5- function
,

that is
,
the Fouvierinteyrj.at the f- function

self -E) sir -F) =
,ftp.fjdwfjd?he-iwlt-t'leihilr- F)
-

ioomphtenen I
/

complete set of
orthonormal exponential)

The Fourier interval for Glt - t' , F-I
'

) is

Glt - t
'

,
F-it =

.

[dw.f.ae?kgfwihje-iwlt-EleiElr-r' I-

[ Fourier transform of a



thing the Fourier integrals for the 8- funtion and

the Green's function G into Green's equation we hope to

find the Fourier transform oy of G

DGLE - t '
,
F-fy II. +0

'

= IdwfjdhglwiEIDfe-iwlt-Heih.ir
-H )
-

= (¥ - list ) e-iwlt-EIeiiilr.FI

- 41T
!

-Hari't ;¥%, few Id't eiwlt-Heii.li
-⇒

We can now read off the Fourier transform

glw ,
It = 1- k= III

ti -wild
-



Therefore the Green's function is

Glt- t ' , F-FI
' ¥ fjdwfjdk-e-iwlt-EIeih.ir

-r't

ti- w%'

[ two poles : w= Ike !

Recall now that G represents a wave cannot by a
source at F

'
at that propagating with velocity o .

We can then assume that

Glt - t'
,
F-it =o t ta t

'

-

ie before the electromagnetic disturbance happens
when t = t '

Then we use the expression above to compute G her list
'

.



computer first the integral over w :
6

I Ck, t - E) = fdw 1-
-w

k'-wyye-iwlt.tt
,

We need to deal with the poles !
Corridor the complex plane 5h with w= then

b. I
/ poles

- x >
'

,
× s s w w=±kc

-12C
;

12C

1

basic strategy :

§
,

.. . = I + fp . . .

5 In
use the

gas I taste the contour
residue theorem st this vanishes



consider them the integral
- int- t's

Ilk , t - E) = § drµi e
← closed contour

- inIt -t
')

= Ithit - t
'
) + fpdrµ e

choice of P dictated by
→ osnvwjunk
→ phyvital Unni durations

6 must be such that it gives back Ilk , t - t
'

)

with I 1h , t - E) =o to t '



- isllt- t
'
) -iwlt - t ' ) ( Imr ) It- t

')
Noto that e =e e

For t.tt : close at a worm below
- -

with P a large semicircle
to fp→ 0 as Imr→ -o

For tat
' close at a Worm above
-

:
-

with P a large semicircle
to f
,
→ 0 as Imr → •



Fort we require I1K,t - t'I=o

The contour G is

equivalently
f- large

,

-
-
-

n -A-A-
semicircle r

'

→ ,

with r , I
Irltixed I

b. them
'

f
" poles

into a
' I jw r=±kc -it

× ! ×
and thus C- → o

- tic-ie ; Kc -it

Then

EIKt-tt-fgdrff.tn#e-idt-tI.o1gitaheethisrwn--Ilh
,t -E) + f,

,

I



Fort : The contour is

/ poles
I

×

' I
×

siw R=±kc - ie

Y - tic-ie I kc -it 1 and thus C- → o

\ I

\

-
'
← D= large semicircle

→
-
-
-

-

with Irltixedilthm INTOThin

Ilk, t - E) = - Ilhit - t
' ) +f

e-
int - t

' ) so

= §drµIµi
C

= §drf .ch#e+ie)-cn+fr-i,Ie-irIt-t' I
2lb

° ftp.katr-ch-ielpokatr-n-ck.ie



Eth ,

t-tl-gqhtif-e-iddt-tY-eicklt-thy-zfhtiaiinlcklt.tt) )

=
- hitchin (chit -t

'
))

k

⇒ Ilhit - t ' ) = missin (chit -t
'
))
,
tst '

k

Remark : epu might want to check that

x X

- or -
x x

doesnt work !



Going back to the Green's function

Glt-t
'

,
F- F't = [d% Ich, t.ci/eitilF-rY

II. IF - IT

=y¥ 24T [ d% f- sinkklt
- t ' )) e

n
-

n
) depends on b only

using spherical" coordinates h= IN
for ti

'

d% = talk vino todo

Glt - t' , F- F) = 2¥ Idk kiinlcklt- t'D
0

× fjdoino + eiklr-Maso

[
compute angular integrals first



Glt -t
'

,
F-F) = [dkhkvinlcklt.tl )

0

× 24 . ¥ ,f ninth IF-F't )

= If i , [ dkvinlcklt-thrinlklr.FI )
o
-

even function of h

= ¥ f, Idk ninth)

¥ (eicklt-thjicklt-t.ly)
V

¥ ( eihkife-ikhi.FI ,



Glt -t
'

,
E-F) =;µ , [dkcfeichlt-tkttr-i.tl

- eicklt-E-ftr-r.lt }
Recall : six -d) = [ ei "×⇒dk ,

etc

⇒

G1T-4FI'I=gf -8t'- ti-sltHEIF-rt.tt }
>
0

[ 8=0 unless

t - t
'
- - IIT - T't

bTtytim3



Finally : 1Gct-HF-fy=¥y8F
Note that G - o unless IT -f 't alt -t

' )

ie on the sphere of radius alt-t ' ) at each t

G corresponds to a wave originating from an
electromagnetic perturbation at F = it when t - t '

expanding spherically at velocity c. .
In fact

{ If - f 't = At = t
- t
'
= time taken for a disturbance
to reach the point I travelling
at velocity a



G is theCt observed at ltir )
caused by the sources at a distance IF-T4 away
earlier at a time
-

t
'
= t - I1F-5II It > t ' )

G → Larded Green's function

(causal behaviour correspondingto a
wave disturbmud

in the past



Using Green's function we can now write down the

solution to Poisson's equations
→ DX = - Yiiflt , F)

it nflt
, f) = ff Glt- t

'

,
F-F) fit

'
, F) dt'dV

'

v

integrate

= µp,

Slt
' ⇐ '

I - t ) Http)dt'df

with respect ↳
tot ' = ftp.tqf/t-fIF-T4,r')dV

'



Hence the electromagnetic potentials in the absence
of boundaries are given by

⑤Him ;¥⇐ I ,r, elt
- firm) du

'

A- It , F) = If] 1¥. , Itt - flirt , F)
du

'

Gurion : check that this is iomoistmt with the
↳rent gangs

¥ ?¥ + T - I = o



Exam : tiernand- Without potentials

Consider a charged particle moving in a trajectory
with charge q and mvitionr.lt ) .

Then

pit , F)
= q 81F-To 1

IIE , f) = qtolt) 81T- to) ,
T.lt) ;¥rIt)

Then

I ltirtaffo µ ifsltktk-M-tlslrirolthdtdul.at#fdtfffoTy,slt
function of t '

f-It' it , F)



bring the property of the Dirac f- function

fat git ) self't " =/ 'tdI I
to

~evaluating at values oft
→ which are the Euros off

and setting RH4 = F- F. It' )

we have flt
') = t't ID - t 12=151



%f = ¥, IF -Told Kate ¥, R
'

=a¥ ¥, G- Trott'D
. IF- Jolt'll

- IF- Trott'll . Totty =-¥E.I



I
×-*tH=u¥o fries i - ""last

similarly fit's ⇒

I
Flt , F) = 4÷9 {J ×
-

Rit 't I - fff¥, .IM/t'st
where flt

') = f't ID - t fit
'
) ⇒

•We can now computer the electromagnetic field offhtnsving point change
[ acceleration changed particles produce electromagnetic
radiation§ #



Nat: Maxwell 's eqs in macroscopic(dielectric
media


