
137.2 ELECTROMAGNETISM

chapters : Electromagnetic waves (parte )

Lecture 15



⑤ Electromagnetic waves

* source free Maxwell 's eqs admit wave solutions

properties of these solutions

electromagnetic spectrum



In a region of space where there a no
burns ( p=o , F- 0) Maxwell 's equations are

J - E =p
TnE+otI=o

Ot
(Gauss) Faraday

f. ⑤ =o JN13-1OI,@
it at

no monopoles
Ampere -Maxwell

in a medium characterized by fein) , 0
=\
-

(in vacuum v= c. =
I µµTfo )

VUE



One can prove that

D Eh = 0
,

D 13=0

In a region of space where there a no burns, the

components of E r ⑤ satisfy the homogeneous
wave equation with wave speed

v=
'

Item
which in vacuum it is C =# .

✓Moto



Proof :

o= NIKE -1¥ B) = 0⇒ - WE +¥h5
'

t un
- fans,
Faraday Amp

-

we

= - the -1¥ IIE = - BE

similarly 0 On (WI IIE )
together with 0.5=0

gives DB→ = 0

Another way to see this eavib is worm eq satisfied by ¢
(§ , A) when there we no tour as i ① A' =o D§=o
⇒ DB - Tn DE -7 BE = o o



I Plane electromagnetic waves

consider

D4=o= It + 1¥ II ' II
in Cartesian coordinates

↳ find solutions of the wave equation

we will start with the nimblest solutions
→ planewaves



Hecate : the most general solution of the one dimensional
wave equation -#3¥ + 3¥⇒

is f It, =f 4-of) tflxtrt)R t

where fr k f, are arbitrary functions of
one variable Kot

, respectively xtrt .

f
' Ix -VE) represents a wave propagating to
qR the right with Speedo
fiz = ans tant _
along × -Vtanst

f- ilxtvt ) ,
←A



Return mw to the three dimensional wave eq

D4=o= I¥+I¥tI¥tI¥
in Cartesian coordinates

Try 4 -_ ftp.F-wt) ,
I constant vector

( function of one variable) W constant

Then f¥= kxf
'

, 2¥ = kit
"

0¥ = -wf
'

, I¥=w'f
"

⇒ D4=f# with)f
" bilhl



Then f=fIwt) is a solution of DX so
if

(true for any twice differentiable function f of one uowibk)
These solutions

.

are called plane waves because :

4- constant on I.F-wt = constant
8 for each t this is theequation
of a plane pwpendicnlowfo.fi

so points of equal field value 4 lie on this plane
→

as fine apes by this↳
plane propagates→

in the direction of ti

→t I
1 I 1

at speed 0



Harmonic waves or monochromatic plane waves
of frequency W owe plane waves of the form

= fair-wt) , either
-wt)

4 oscillates with frequency w

12%7=1 wave number
✓
I # of cycles per unit of distance

Waves with frequency W have wavelength
1=21 = IT U
k w



Note that :

① These are of course complex solutions .

However both the real and imaginary parts of
eiltii-wt ) are mentions of the wave equation,
so one can take linear combinations of
sin 4 as

② Fourier analysis :

A gmwal solution of 134=0 is a

linen combination of monsuromatic waves

( series in twins of a complete set of orthonormal
complex exponential )



So far we have

:|II = ¥ eilhi -wt ' E'o=EoE bib unit vectors

\ ⑤ = 5. eilh -T - wt ) II. a- B. I }td=w'

but we have not exhausted Maxwell's equations
III.T.int) ilhrwt )

o= t.E-EOV.leitii-wtet-Eofve.ee + e J
0

= E. like ) eii.int .
: I.E

similarly 0.5=0 if I-o
Therefore E Rts are perpendicular to I

[ direction of

17 propagation .

This is called a wave



transverse vs longitudinal waves :
}

eg electromagnetic Eeg found waves
waves

we have band that I 4 Is oscillate on a plane
transverse to the direction of propagation IN

:P, f→ →

+ 1
I 1 I

→

1-Moreover : there isms , electromagnetic
waves can propagate in vacuums at velocity c
( with respect to any inertial reference frame )

⇒
see Chaplin 6

°



This is une sound waves
⑧

Sound waves travelling in a gas Isay air)
are longitudinal waves ( vibrations in the direction of travel )
They are mechanical waves→ come thing vibrates
In fact round waves travelling through air
are pressure oscillatory variations in the gas

. caused by vibrations of molecules
invented
pressure

,
- -
.

.

→

|
;
'

'÷÷;i direction of
- - - - propagation

1 -

decreased motion of gas molecules
pressure parallel to propagation

of the wave



So far we have
III.i -wt )

n
n

E = Eo e e
,

⑤ = Bo ei
thi -T - wt ) b

with t.I-ob.info and w'= 1h01 ' }
For the other Maxwell 's equations :

• = ME +ftp.Eov-n/eitiT-wtIe1+B.g?geilhkwtIju-n1eilhir-wttey = either
-

wtIu +fu-eilh.int/)nEJ=eilh-r-wt)iIore°

⇒ o = E. tine - Bow Is

similarly from Ampire's law io-FEoetBolhnb.nl



so i n

o = E. tine - Bow b lit

O=¥zEo It Bothnb ) Iii)

E. ( i ) (or to . Iii) ) : eb=o
ie I d I owe prrrsmdioulav to each other.

The vectors I. To disarm a triad of vectors
which are perpendicular to each other :

^

• a

fine =D a

tinb = - en
where to - { I → b.

n h

b

( set of orthonormal vectors)



→ n

Iit o = Eo the - Bow b ⇒ Eat = Bow
¥

Iii) o = If Eo It Bothnb I ⇒ ¥ Eo = kBo I
-

v
- the

[ These are redundant as we already have WE 1h05]

To Eo = I Do = V Bo
K

-



Summary Monocromahi plane wave beens

£ = Eo either
-wt)

eg

• ⑤ = qq.eilhii-wtf.bg = tire ,
Eo = VB.

F-•
-

IE1

with w=kv (v=c in vacuum )
^

eraand n n

tine = b a

tub = - en
- k

n h

b

( git of orthonormal vectors )



But what is propagating ? ?
energy and momentum

electromagnetic wave propagation corresponds to
the transmission of energy and momentum .

Recall: I say in vacuum )

q = ⇐ I IE14 c
' IBT ) energy density of the

2 electromagnetic field
For a monoaromatic electromagnetic field
IE1
'
= Eat IT31

'
= Bot Eo = CB o

I = ¥ ( Eft ET) = GET energy carried by
- the electromagnetic

wave



Moreover : I = the tents ) Poyntiny vector
(momentum density)

I of Enltin E) = e Leo EF1E = cEI

I : momentum density veto in the direction
of to 1 direction in which wave is travelling)
with III = CG (expected from

conservation of energy)



Remarks :

① csmidw a charged particle which is

emitting electromagnetic waves ( say a
partie moving with velocity Itt) )
Then this means it is emitting radiation
and losing energy (momentum
(this is a problem hi particle accelerators . . .)

② We talked about how You get hot when

standing under the sun : you are absorbing
radiation , that is energy is transferred
from the electromagnetic waves to the molecules
in your body



③ We radiate energy in the infra-red
thermal radiation) I wavelength

700×159mt - 1mm
( shorter than visible light)

In fact ,m¥ emits radiation .

The frequency of the waves depends on the

temperature of the body (which is
determined by the atom's vibrations 1

the hotter the atom
,
the faster it vibrates

,

the higher the frequency it emits



I5D Polarization
I oriof the oscillations of It and ⑤
on the planeperpendicular to the direction
of

'travel to

choose a boudinot system with to along the taxis .
We have

£ = E. e
ilha-when

I

⑤ = B. e
"" -wt ' j =# In E

whim are complex neutrons of the wave equation



Consider linear combinations of the real 1 imaginary
parts of these solutions

Observe what is happening from the plane 2=0 :

E' = £ , nowt + Eatin wt I, -
- Fei

,
etc

wtf = In E = tires aswtthneiinwt

where apriori E, and I are independent .

This is a pIanemIavit wave : direction of

the oscillations lie on the same plane



Case 1 linear polarization
→ →

let e
, parallel to es say E- in - if

Then

E. = ( Einswtt Ezhinwt ) in = E osslwttqf ) i
•me constant

vFs=InE= Easlwtxslj my

^
vB

to ① s E
x

£ and ⑤ am on phase , her example they
vanish at the same points



This is called linear polarization because E and

⑤ oscillate along two perpendicular fixed lines
In our example £ oscillates along the x-axis
while 5 oscillates along the y-axis

For fixed t : X
a

| (E→

¥ ' a

yt



Can 2 Circular polarization

let 1%1=1%1 and G. ei=o

Say I,
= E in

,
is = Ej

Then
I , Ela,wt itsinwtj )
wtf = In'E= El - n'nwtitosswtj )

:÷÷÷ :*:÷÷:
""

÷
E.vn?tomgnnt to a circle of radius E



As time goes by E 4 ⑤ rotate at a constant rat
w about the direction of propagation .

This is called a circularly polarized wave .

( 4win : show that this is a superposition of two

linearly polarized waves)

left circularly plaited wave
fixed t → anticlockwise rotation

^ (when einen is parallel to %)

← right circularly plaited wave
/

'
-

,

I
'

i .

→ clockwise rotation
4-

'

I
\ µ! r

'when Erin is anti - parallel to ti )
i
- . I - - i

h y
'
-

, -
.
-

'

a

> to

[ can also have elliptical notarization )



General can → ampolarized light is a combination
of waves with different polarization

Next: . reflection and refraction of electromagnetic
waves → wave like behavior of solutions

.

- electromagnetic spectrum .


