Numerical Solution of Differential Equations II. QS 2 (HT 2021)

1. Show that approximation of

(pu) =pu” +p'u' = f, ula) =a, u(b) =45,
by the finite difference approximation

Uiy1 —2U; +U;_ Ui 1—U:_
p(z)) j+1 hQJ j—1 +p’(xj)%:f($j)a Up=c, Upi1 =2

yields a tridiagonal but not symmetric matrix.

2. The equation
W —au —bu=g, 0<x<1,

(where a, b > 0, g are suitably differential functions), is discretised using central differ-
ences on a uniform mesh of size h.

Show that the coefficient matrix for the discrete problem is diagonally dominant provided

2
h < .
max |al
3. Let {a1,as2,...,ay} be real numbers and the tridiagonal matrix P
ar+az  —a 0o ... 0 0
—ag az +asz —asg ... 0 0
P =
0 0 0 ... —am-1 Gm-1-+am
Show that provided
min{a,} >0

then P is positive definite.
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4. The transverse displacement of a beam, u(z), satisfies

u™) = f(z), 0<z<1,

with boundary conditions

(a) Discretise the ODE directly on a uniform mesh of size h = 1/(n + 1), (n a positive
integer) using central differences. Consider carefully how you will treat the first and last
interior point. What would you do if the boundary condition «”(0) = 0 was changed to
u'(0) =07

(b) Write the equation as a system:

"
= w7

w// — f

Discretise this system using finite differences. In each case write down the coefficient
matrix for the system of linear equations which would have to be solved to yield a
solution.

. By use of Taylor Series, show that the local truncation error of the finite difference scheme

1 4 5 4 1
—1aUi+2 + 3Uj1 — 53U + 3Uj1 — 35Uj—2

2 = f(.%'])

for the problem u” = f satisfies 7; = O(h%).

. Show that for each r,s = 1,...,n, the vector
rs __ rs _.rs rs.,rs ,.rs rs. .S T8 rs\T
v = (’Ull,U12, o U1y U915, V99, o o3 Uy oo o 5 U1, Uy v v e ,’Unn)
. rs j’,"ﬂ' . kst - . _ . . . . .
with v77 = sin ;75 sin ;5% is an eigenvector of the 5-point finite difference matrix with

T
n+1

ST
n+1| "

— 2cos

corresponding eigenvalue % [4 — 2cos

. If A e R™*™ is symmetric and reducible, prove that its eigenvectors fall into (at least)
2 natural sets, the span of which are two orthogonal subspaces (i.e. if the 2 subspaces
are U,V then for all u € U, v € V, ulv = 0).

Give an example of a singular but diagonally dominant matrix which is strictly diagonally
dominant in at least one row.
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