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Introduction

Commutative algebra is the study of commutative rings, with a
focus on the commutative rings which arise in algebraic
geometry.

As will be explained in the Part C course Introduction to
Schemes, a commutative ring corresponds to an affine scheme
and in this sense, commutative algebra is a part of the theory of
schemes.

Affine schemes are generalisations of affine varieties over fields.

The class of rings, which arise from affine varieties over fields
(as their coordinate rings) is the class of finitely generated
algebras over fields, ie quotients of polynomial rings
Klxy,...,zk], where K is a field.



In the context of schemes, the most commonly studied affine
schemes are those which are of finite type over a noetherian
affine scheme.

The corresponding class of rings is then the class of rings, which
are finitely generated over a noetherian ring.

This class is the prime object of study of these notes.

Some history. Up to the end of the nineteenth century, one
mainly studied finitely generated algebras over fields given by
explicit equations (ie by polynomials generating an ideal I,
when the algebra has the presentation K[xi,...,x%]/I). The
study of commutative rings in abstracto only started in the
1930s and it gathered a lot of momentum in the 1960s, when
many geometric techniques became available through the theory
of schemes.



Preamble

All rings in these lectures are commutative unitary
rings. A ring will be short for a commutative unitary
ring.

We assume that the reader is familiar with the content of the
part A course Rings and Modules.

The basic reference for this course is the book

Introduction to Commutative Algebra by M. F. Atiyah and I. G
MacDonald. Perseus Books.

For (a lot) more material and more explanations on the
material presented here, see the book

Commutative Algebra with a View Toward Algebraic Geometry
by D. Eisenbud. Springer, Graduate Texts in Mathematics 150.



We now review some terminology.

Let R be aring. If I C R is an ideal in R, we shall say that I is
non trivial if I # R (this is not entirely standard terminology).

The ideal I is principal if it can be generated by one element as
an R-module.

We shall write R* := R\{0}.

An element r € R is said to be nilpotent if there exists an
integer n > 1 such that ™ =r-r---r (n-times) = 0.

The ring R is local if it has a single maximal ideal.

The prime ring of a ring R is the image of the unique ring

homomorphism Z — R (which sends n € Z to the corresponding
multiple of 1 € R).



If R, T are rings, then T is said to be a R-algebra if there is a
homomorphism of rings R — T.

If 1 : R — 11 and ¢o : R — T5 are two R-algebras, a
homomorphism of R-algebras is a homomorphism of rings
ATy — T5 such that Ao ¢ = ¢s.

A R-algebra ¢ : R — T is said to be finitely generated if there
exists an integer £ > 0 and a surjective homomorphism of
R-algebras

Rlzy,...,zi] — T.

If M is an R-module and S C M is a subset of M, we write
Ann(S) :={r € R|rm = 0for all m € S}

The set Ann(S) is an ideal of R, called the annihilator of S.



If I,J C R are ideals in R, we shall write

(I:J):={reR|rJ CI}.

Let .

o My B My TS
be a sequence of R-modules such that d;; od; =0 for all ¢ € Z.
Such a sequence is called a complexr of R-modules.

We shall say that the complex is ezact if ker(d;41) = Im(d;) for
all 7 € Z.



For the record, we recall the following two basic results:

Theorem 0.1 (Chinese remainder theorem )
Let R be a ring and let I, ..., Iy be ideals of R. Let

k
¢:R— [[R/L
i=1

be the ring homomorphism such that ¢(r) = Hle(r (mod I;))
for all r € R.

Then ker(¢) = NE_, I;.

Furthermore the map ¢ is surjective iff I; + I; = R for any
i,7 €{1,...,k} such thati+# j. In that case, we have

r‘?:112‘ = Hf:1 I;.
(for the proof see Prop. 10 in AT).



Proposition 0.2 (Euclidean division)

Let R be a ring. Let P(x),T(x) € Rx].

Suppose that the leading coefficient of T'(x) is a unit of R.

Then there exist unique polynomials Q(z), J(x) € R[x] such that
P(r) = Q(z)T(z) + J(z)

and deg(J(z)) < deg(T'(x)).



We shall also need the following result from set theory.

A partial order on a set S is a relation < on S, such that
- (reflexivity) s < s for all s € S;

- (transitivity) if s <t and t < r for s,t,r € S then s <r;
- (antisymmetry) if s <t and ¢t < s for t,s € S then s = t.
If we also have

- (connexity) for all s, € S, either s <tort<s

then the relation < is said to be a total order on S.

Let T'C S be a subset and let b € S. We say that b is an upper
bound for T if t <bforallteT.

An element s € S is said to be a maximal element of S if for all
te S, wehave s <tiff s=t.

An element s € S is said to be a minimal element of S if for all
te S, wehavet <siff s=t.



Proposition 0.3 (Zorn’s lemma)
Let < be a partial order on a non-empty set S.

Suppose that for every subset T C S, which is totally ordered,
there is an upper bound for T in S.

Then there exists a maximal element in S.

Proof. Omitted. See any first course on set theory. Zorn’s
lemma is a consequence of the axiom of choice. [

On the next slide we shall see a classical application of Zorn’s
lemma.



Lemma 1
Let R be a ring. If I C R be a non trivial ideal. Then there is a
mazximal ideal M C R such that I C M.

Proof. Let S be the set of all non trivial ideals containing I.
Endow S with the relation given by inclusion.

If 7 C S is a totally ordered subset, then 7 has the upper
bound UjerJ.

Hence, by Zorn’s lemma, there is a maximal element M in S.

By definition, the ideal M has the property that whenever J is
a non trivial ideal containing I and M C J, then M = J.

If J is an ideal of R, which does not contain I, then we cannot
have M C J (since M contains I).

We conclude that for any non trivial ideal J of R, we have
M=JifMCJ.

le M is a maximal ideal of R, which contains I. []

END OF LECTURE-=1



The nilradical and the Jacobson radical

Definition 0.4
Let R be a ring. The nilradical of R is the set of nilpotent
elements of R.

The nilradical is obviously an ideal.

Examples. The nilradical of a domain is the zero ideal. The
nilradical of C[z]/(z") is ().

A ring R is called reduced if its nilradical is {0}.
The nilradical captures the ”infinitesimal part” of a ring.

In the classical algebraic geometry of varieties, the coordinate
rings were always assumed to be reduced, and nilradicals did
not play a role.

Part of the strength of scheme theory is that it allows the
presence of infinitesimal phenomena.



Proposition 0.5

Let R be a ring. The nilradical of R is the intersection of all the
prime ideals of R.

Proof. Suppose that f € R is a nilpotent element. Let p C R
be a prime ideal.

Some power of f is 0, which is an element of p. In particular,
[ (modp) € A/p is a zero-divisor.

Since p is a prime ideal, the ring A/p is a domain and so
f (modp) = 0 (modp).

In other words, f € p. We conclude that f is in the intersection
of all the prime ideals of R.

Conversely, suppose that f € R is not nilpotent.

Let X be the set of non trivial ideals I of R, such that for all
n > 1 we have f™ & I.

The set ¥ is non-empty, since (0) € X.



If we endow this set with the relation of inclusion, we may
conclude from Zorn’s lemma that 3 contains a maximal element

M.
We claim that M is a prime ideal.
To prove this, suppose that z,y € R and that =,y & M.

Note that the ideal () + M (resp. (y) + M) strictly contains M
and hence cannot belong to ¥ (by the maximality property of

Hence there are integers n,,n, > 1 such that f"* € (x) + M
and f™ € (y)+ M.
In other words, f™* = a;x + m1, where a; € R and m; € M and
f™ = agy + mo, where ao € R and mo € M.
Thus

[t = ayaswy + mg

where m3 € M.



Hence zy € M, for otherwise we would have f=™" ¢ M, which
is not possible since M € 3.

Since x,y € R were arbitrary, we conclude that M is a prime
ideal.

Since M € X, for all n > 1 we have f™ ¢ M.

In particular we have f ¢ M. In other words, we have exhibited
a prime ideal in R, which does not contain f.

In particular, f does not lies in the intersection of all the prime
ideals of R. [



Let I C R be an ideal.

Let ¢ : R — R/I be the quotient map and let N be the
nilradical of R/I.

The radical v(I) of I is defined to be g1 (N).

From the definitions, we see that the nilradical of R coincides
with the radical t((0)) of the 0 ideal.

From the previous proposition, we see that the radical of I has
the two equivalent descriptions:

- it is the set of elements f € R such that there exists an integer
n > 1 such that f" € I

- it is the intersection of the prime ideals of R, which contain I.

An ideal, which coincides with its own radical is called a radical
ideal.



Definition 0.6

Let R be a ring. The Jacobson radical of R is the intersection
of all the mazimal ideals of R.

By definition, the Jacobson radical of R contains the nilradical
of R.

Let I C R be a non trivial ideal.

Let ¢ : R — R/I be the quotient map and let J be the
Jacobson radical of R/I.

The Jacobson radical of I is defined to be ¢~ (7).

By definition, this coincides with the intersection of all the
maximal ideals containing I.

Again by definition, the Jacobson radical of I contains the
radical of I.



Proposition 0.7 (Nakayama’s lemma)
Let R be a ring. Let M be a finitely generated R-module.

Let I be an ideal of R, which is contained in the Jacobson
radical of R.

Suppose that IM = M.
Then M ~ (0).
Proof. Suppose for contradiction that M # (0).

Let x1,...,xs be a set of generators of M and suppose that s is
minimal.

By assumption, there are elements ay,...,as € I such that
Ts = 0121 + -+ asTs

so that (1 — ag)xs lies in the submodule M’ generated by
Tlyeey Tsq-



Now the element 1 — a; is a unit.

Indeed, if 1 — a5 were not a unit then it would be contained in a
maximal ideal m of R and by assumption as; € m so that we
would have 1 € m, which is contradiction.

Hence
Ts = ((1 - as)_lal)xl +oeet ((1 - as)_lasfl)xsfl- (1)

Thus M has s — 1 generators, which is a contradiction.

Hence M ~ (0). [



Corollary 0.8
Let R be a local ring with maximal ideal m. Let M be a finitely
generated R-module.

Let x1,...,x5s € M be elements of M and suppose that the
elements
x1 (modm), ..., x5 (modm) € M/mM

generate the R/m-module M/mM .

Then the elements x1,...,xs generate M.
Proof. Let M’ C M be the submodule generated by z1, ..., zs.
By assumption, we have M’ +mM = M so that

m(M/M') = M/M'.

By Nakayama’s lemma, we thus have M/M’ ~ (0), ie
M=M. O



Definition 0.9
A ring R is called a Jacobson ring if for all the non trivial ideals
I of R, the Jacobson radical of I coincides with the radical of I.

From the definition, we see that any quotient of a Jacobson ring
is also Jacobson.

It is easy to see that the ring Z is Jacobson, and that any field
is Jacobson.

So is Klz], if K is a field, and in fact so is any finitely generated
algebra over a Jacobson ring.

On the other hand, a local domain is never Jacobson.

So for instance the ring of p-adic integers Z, (where p is a prime
number) is not Jacobson.

END OF LECTURE 2



The spectrum of a ring

Let R be a ring. We shall write Spec(R) for the set of prime
ideals of R.

If a C R is an ideal, we define
V(a) := {p € Spec(R)|p 2 a}

Lemma 2
The symbol V (e s the following properties:

) h

> V(a)uV(b) = ( b);
> Nier Via) = V(2 a);
> V(R) = 0; V((0)) = Spec(R).

Proof. Straightforward. [J



An immediate consequence of the last lemma is that the sets
V(a) (where a is an ideal of R) form the closed sets of a
topology on Spec(R).

This topology is called the Zariski topology.

The closed points in Spec(R) are precisely the maximal ideals of

R.

If R is the coordinate ring of an affine variety W over an
algebraically closed field, the closed points correspond to the
points of the variety, whereas the other prime ideals correspond
to the irreducible closed subvarieties of W.

From the definitions, we see that R is a Jacobson ring iff the
closed points are dense in any closed set of Spec(R).



If ¢ : R — T is a homomorphism of rings, there a map
Spec(¢) : Spec(T") — Spec(R)

given by the formula

p— o ()

If a is an ideal in R and b is the ideal generated in T" by ¢(a),
we clearly have Spec(¢)~1(V(a)) = V(b), so that Spec(¢) is a
continuous map for the Zariski topologies on source and target.

Lemma 3
Let ¢ : R — T be a surjective homomorphism of rings.

Then Spec(¢) is injective and the image of Spec(¢p) is
V (ker(¢)).

The map Spec(¢) is a homeomorphism onto its image.

Proof. Straightforward. See the notes for details. [



Lemma-Definition 0.10
Let f € R. The set

Dy(R) = Dy = {p € Spec(R) | f & p}

is open in Spec(R).

The open sets of Spec(R) of the form Dy form a basis for the
Zariski topology of Spec(R).

Furthermore, the topology of Spec(R) is quasi-compact.

The open sets of the form Dy are often called basic open sets
(in Spec(R)).

Recall that a set B of open sets of a topological space X is said
to be a basis for the topology of X if every open set of X can be
written as a union of open sets in B.

A topological space X is called quasi-compact if: for every

family (Ujer) of open sets in X such that (J;c; U; = X there

exists a finite subset Iy C I such that J;.; Ui = X.



Proof. We first prove that Dy is open. To see this, just notice
that the complement of D in Spec(R) is precisely V((f)),
where (f) is the ideal generated by f.

We now prove that the open sets of Spec(R) of the form Dy
form a basis for the Zariski topology of Spec(R).

Let a be an ideal. We have to show that
Spec(R)\V (a) := {p € Spec(R) |p 2 a} = | | D,
el

for some index set I and some function r: I — R. Let r: I — a
be an enumeration of a set of generators of a. In view of of the
properties of the symbol V (e), we have the required equality.



Finally, we show that Spec(R) is quasi-compact.

In view of the fact that the open sets of Spec(R) of the form Dy
form a basis, we only need to show that if
Spec(R) = | Dris (2)
i€l

where r : I — R is a some function, then there is a finite subset

Iy C I such that Spec(R) = U;cz, Dri)-

Now notice that the equality (2) is equivalent to the equality
\V((r(@)) = V((r(1)) =0 (3)
el

where we have used the short-hand (r(7)) for the ideal

generated by all the r(q).

Now the equality V((r(I))) = 0 says that no prime ideal
contains (r(7)).

This is only possible if (r(I)) = R, for otherwise (r(/)) would be
contained in at least one maximal ideal and maximal ideals are
prime.



Now choose a finite subset Iy C I and a map c: Iy — R such
that 1 =%, (i) - r(i).

We then have 3., (r(i)) = R and thus (;c;, V((r(7))) = 0,
which is what we want. [

Lemma 4

Let a,b be ideals in R. Then V(a) =V (b) if and only if

t(a) = v(b).

Proof. This is a consequence of the fact that the radical of an
ideal is the intersection of all the prime ideals containing it. [

So the Zariski topology ”does not see the nilradical”.

In particular, there is a one to one correspondence between
radical ideals in R and closed subsets of Spec(R).

The closed subsets corresponding to prime ideals are called
irreducible.

If R is the coordinate ring of an affine variety W over an
algebraically closed field, the radical ideals correspond to the
closed (but not necessarily irreducible) subvarieties of .



Remark 0.11
Let R be a commutative ring and let a, b be two ideals in R.
Then we have

(anb)-(anb)Ca-bCanb
and thus t(a-b) =t(anb). In particular, we have
V(a-b)=V(anb).

Note that if a and b are radical ideals then aN b is also a radical
ideal, whereas a - b might not be.

END OF LECTURE 3



Localisation

Let R be a ring. A subset S C R is said to be a multiplicative
setif 1 € S and if zy € S whenever x,y € S.

A basic example of a multiplicative set is the set
{1,f, % f3,...}, where f € R.
Let S C R be a multiplicative subset.

We define a relation ~ on R x S as follows. If
(a,s),(b,t) € R x S then (a,s) ~ (b,t) iff there exists u € S
such that u(ta — sb) = 0.

The relation ~ is an equivalence relation and we define
STTR=(RxS)/~,

ie STIR is the set of equivalence classes of R x S under ~.

If a € R and s € S, we write a/s for the image of (a,s) in S7!R.



We define a map + : S™'R x S™'R — S™'R by the rule
(a/s,b/t) — (at + bs)/(st).
We also define a map - : ST'R x S™'R — S~!'R by the rule

(a/s,b/t) — (ab)/(ts).
These two maps provide S~'R with the structure of a
commutative unitary ring, whose identity element is 1/1.
The 0 element in S™!'R is then the element 0/1.

There is natural ring homomorphism from R to Rg, given by
the formula r +— r/1.

By construction, if » € S, the element r/1 is invertible in R,
with inverse 1/r.

We shall see in Lemma-Definition 0.12 below that S~™'R is the
“minimal extension” of R making every element of S invertible.



Note that if R is a domain, the fraction field of R is the ring
Rp\o-
Note also that if R is a domain and 0 € S, then S~'R is a

domain and S~!R is naturally a subring of the fraction field of
R.

Indeed suppose that R is domain and that (a/s)(b/t) = 0, where
a,b € R and s,t € S. Then by definition we have u(ab) = 0 for

some u € S, which implies that ab = 0 so that either a = 0 or
b =0, in particular either a/s = 0/1 or b/t = 0/1.

More generally, the kernel of the natural map R — S™'R is
USESAnn<{S})'



If M is an R-module, we may carry out a similar construction.

We define a relation ~ on M x S as follows. If
(a,s),(b,t) € M x S then (a,s) ~ (b,t) iff there exists u € S
such that u(ta — sb) = 0.

The relation ~ is again an equivalence relation and we define
S~IM to be (M x S)/ ~, ie S™'M is the set of equivalence
classes of M x S under ~.

If a € M and s € S, we again write a/s for the image of (a, s) in
S—iM.



We define a map + : S'M x S™'M — S~ M by the rule
(a/s,b/t) — (at + bs/(st).

This is also well-defined.

Similarly, we define the map - : S™'R x S~™'M — S~'M by the
rule

(a/s,b/t) — (ab)/(ts).
Again, this is well-defined. One checks that these two maps
provide S~'M with the structure of a S~!R-module.
The 0 element in S™1M is then the element 0/1.

The S~'R-module S~'M carries a natural structure of
R-module via the natural map R — S~!'R and there a natural
map of R-modules M — S~!1M, given by the formula

m— m/1.

We shall often write Rg := S™!R and Mg := S~'M.

The ring Rg (resp. the R-module Mg) is called the localisation
of the ring R at S (resp. localisation of the R-module M at S).



Lemma-Definition 0.12
Let ¢ : R — R’ be a ring homomorphism. Let S C R be a
multiplicative subset.

Suppose that ¢(S) consists of units of R'.
Then there is a unique ring homomorphism
¢s=S""¢:Rg—> R
such that
¢s(r/1) = ¢(r)
for allT € R.

Proof. Unwind the definitions. See the notes for details.



There is a similar result for modules:

Lemma 5
Let R be a ring and let S C R be a multiplicative subset.

Let M be a R-module and suppose for each s € S, the "scalar
multiplication by s” map M — M 1is an isomorphism.

Then there is a unique structure of Rg-module on M such that
(r/1)m =rm
forallme M andr € R.

Proof. Left to the virtual audience. [



We also record the following important fact.

Lemma 6
Let R be a ring and let f € R. Let S = {1, f, f%,...}. Then the
ring Rg is finitely generated as a R-algebra.

Proof. The R-algebra T := R[z]/(fz — 1) has the universal
property of Rg and so must be isomorphic to Rg. For a more
down to earth proof, see the notes. [

In view of Lemma on the last slide, if R is a ring and

¢: N — M is a homomorphism of R-modules, there is a unique
homomorphism of Rg-modules ¢g : Ng — Mg such that

d(n/1) = ¢(n)/1 for all n € N.

We verify on the definitions that if ¥ : M — T is another
homomorphism of R-modules then, we have (¢ o ¢)g = 15 0 ¢g.



Lemma 7

Let R be a ring and let S C R be a multiplicative subset.

d; dit1
e My S My S

be an exact complex of R-modules.

Then the sequence

d;.s dit1,s
= Mis = Mip1s —

s also exact.

Let



Proof. Let m/s € M; s (with m € M; and s € S) and suppose
that d; g(m/s) = (1/s)d; s(m/1) = 0.

Then d; s(m/1) = d;j(m)/1 = 0 so that there is a u € S, such
that u - d;(m) = d;(um) = 0.

Now by assumption there is an element p € M;_; such that
di—1(p) = um.

Then we have d;_1 5(p/(us)) =m/s. [



Let R be a ring and let p be a prime ideal in R. Then the set
R\p is a multiplicative subset.

Indeed, 1 ¢ p for otherwise p would be equal to R and if x,y & p
then zy ¢ p, for otherwise either x or y would lie in p.

We shall use the shorthand R, for Rp,,.

If M is a R-module, we shall use the shorthand M, for Mp\,. If
¢ : M — N is a homomorphism of R-modules, we shall write ¢,



Lemma 8
Let R be a ring and let S C R be a multiplicative subset.

Let A : R — Rg be the natural ring homomorphism.

Then the prime ideals of Rg are in one-to-one correspondence
with the prime ideals p of R such that pN S = ().

If q is a prime ideal of Rg then the corresponding ideal of R is
A H(q).

If p is a prime ideal of R such that pNS = 0 then the
corresponding prime ideal of Rg is tp 5(ps) C Rg, where

L i p — R is the inclusion map.

Furthermore, v, 5(pg) is then the ideal generated by A(p) in Rg.

The proof is straightforward but requires a lot of trivial
verifications. See the notes for details.



Note the following rewording of part of the last lemma:

Spec(A)(Spec(Rg)) consists of the prime ideals in Spec(R),
which do not meet S.

In particular, in the notation of Lemma-Definition 0.10,
Spec(A)(Spec(Rgs)) = Dy(R)

if $={1,f % f3 ...}

Lemma 9

Let R be a ring and let p C R be a prime ideal. Then the ring
Ry is a local ring. If m is the maximal ideal of Ry and

A R — Ry is the natural homomorphism of rings, then

A~ l(m) = p.



Proof. By the last lemma, the prime ideals of R, correspond
to the prime ideals of R which do not meet R\p, ie to the prime
ideals of R which are contained in p.

This correspondence preserves the inclusion relation, so every
prime ideal of Ry is contained in the prime ideal corresponding
to p.

Now let I be a maximal ideal of R,.

Since I is contained in the prime ideal corresponding to p, it
must coincide with this ideal by maximality.

So the prime ideal m corresponding to p is maximal and it is
the only maximal ideal of Rj.

By the last lemma, we have A~!(m) =p. [



Lemma 10
Let R be a ring. Let
) d;
~--—>Mid4Mz‘+1 —+>1 (4)

be a complex of R-modules. Then the complex (4) is exact iff
the complex

dip dit1,p
o My M My M 9

is exact for all the mazimal ideals p of R.



Proof. 7=": already proved.
7<": Suppose that the complex (4) is not exact.
Then ker(d;+1)/Im(d;) # 0 for some i € Z. We already know
that there is a natural isomorphism
(ker(dis1)/Im(d;))p = ker(diy1)p/Tm(ds),
for all the prime ideals p in R.

In particular, if (ker(d;+1)/Im(d;)), # 0 for some prime ideal p,
then the complex (5) is not exact for that choice of prime ideal.

Since ker(d;+1)/Im(d;) # 0, we see that there is an element
a € ker(d;+1)/Im(d;) such that Ann(a) # R (any non zero
element of ker(d;+1)/Im(d;) will do).

Let p be a maximal ideal of R, which contains Ann(a).

Then (ker(d;y1)/Im(d;)), # 0 for otherwise there would be an
element u € R\p C R\Ann(a) such that ua = 0, which is
contradiction. [

END OF LECTURE A4



Primary decomposition

In this section, we study a generalisation of the decomposition
of integers into products of prime numbers.

In a geometric context (ie for affine varieties over algebraically
closed fields) this generalisation also provides the classical
decomposition of a subvariety into a disjoint union of
irreducible subvarieties.

Applied to the ring of polynomials in one variable over a field,
it yields the decomposition of a monic polynomial into a
product of irreducible monic polynomials.



Let R be a ring.

Proposition 0.13

(i) Let p1,...,px be prime ideals of R. Let I be an ideal of R.
Suppose that I C Ulepi. Then there is ig € {1,...,k} such that
IC Pio -

(i) Let I,..., Iy be ideals of R and let p be a prime ideal of R.
Suppose that p D NE_ | I;. Then there is ig € {1,...,k} such that
p2O L, Ifp= ﬂleli, then there is a ig € {1,...,k} such that
p=1I.

Proof. Skipped. See the notes. [



Definition 0.14
An ideal I of R is primary if it is non trivial and all the
zero-divisors of R/I are nilpotent.

In other words, I is primary if the following holds: if zy € I and
x,y & I then 2! € I and y™ € I for some I,n > 1 (in other
words, x,y € t(I)).

From the definition, we see that every prime ideal is primary.

Example. The ideals (p™) of Z are primary if p is prime and
n > 0.



Lemma 11
Suppose that I is a primary ideal of R. Then v(I) is a prime
ideal.

Proof. Let z,y € R and suppose that xy € v([).

Then there is n > 0 such that z"y™ € I and thus either 2™ € I,
or y* € I, or '™ € I and y™ € I for some I,k > 1.

Hence either z or y lies in v(7). [



The previous Lemma justifies the following terminology.
If p is a prime ideal and I is a primary ideal, we say that I is
p-primary if v(I) = p.

Note that if the radical of an ideal is prime, it does not imply
that this ideal is primary. For counterexamples, see AT,
beginning of chapter 4.

We have however the following result:
Lemma 12

Let J be an ideal of R. Suppose that v(J) is a mazimal ideal.
Then J is primary.



Proof. Let x,y € R and suppose that xy € J, z,y & J.

Since xy € v(J) and since v(.J) is prime, we have either z € t(J)
or y € t(J). Suppose wrog that y € t(J).

Then y™ € J for some n > 1.
Suppose for contradiction that x & v(J).

Then there exists 2’ € R such that za’ — 1 € v(J) by the
maximality of t(J).

In other words, there is [ > 0 such that

(zz' — 1) +Z<> “xa) € .
Then we have
L4 Z ( > l i ya:)azi_l(ac')i eJ

and since Zi:l (i)(—1)l_’(yzc)acl_1(1:’)Z € J we conclude that
y € J, a contradiction. [



Lemma 13
Let I be a p-primary ideal and x € R.

(i) Ifz € I then (I : x) = R.

(ii) If ¢ € I then (I : x) = p.

(i) If x € p then ([ :x) = 1.

Proof. (i) and (iii) follow directly from the definitions. We
prove (ii).

Suppose that y € v(I : x).

By definition, this means that for some n > 0, we have xy™ € I.
As x ¢ I, we see that 3™ € I for some [ > 0 so that y € t(I) = p.

Hence v(I : z) C p.
Now consider that we have I C¢(I : z) C p.
Applying the operator t(e), we see that we have

€(I) = p Cv(e(I: @) = v(I : ) C x(p) = p
so that ¢(I : z) =p. [



Lemma 14
Let p be a prime ideal and let q1 ..., qi be p-primary ideals.
Then q := ﬁleqi s also p-primary.

Proof. We compute

v(q) = Niye(a) = p.
In particular, q is p-primary if it is primary.
We verify that q is primary.
Suppose that xy € q and that z,y € q.

Then then there are i,5 € {1 ..., k} such that x ¢ q; and
y ¢ q;. Hence there are [,z > 0 such y' € q; and 2! € q;-

In other words,

z,y € v(q;) = t(q;) = p = v(q).



We shall say that an ideal I of R is decomposable if there exists
a sequence ( ..., (g of primary ideals in R such that
I= ﬂleqi.

Such a sequence is called a primary decomposition of I.
A primary decomposition as above is called minimal if
- all the t(q;) are distinct;

-forall i € {1,...,k} we have q; 2 N;2q;.

Note that any primary decomposition contains a minimal
primary decomposition (remove ideals until the decomposition
becomes minimal, using the last lemma).

In general, not all ideals are decomposable. We shall see later
that all ideals are decomposable if R is noetherian.
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The following theorem examines what part of primary
decompositions are unique.

Theorem 0.15

Let I be a decomposable ideal. Let qy ..., q; be primary ideals
and let I = ﬂ,’f:lqi be a minimal primary decomposition of I.
Let p; :==¢(q;) (so that p; is a prime ideal).

Then the following two sets of prime ideals coincide

- the set {piticq1,...k};
- the ideals among the ideals of the type v(I : x) (where x € R),
which are prime.



Proof. Let x € R. Note that (I : z) = N¥_,(q; : ¥) and
o(I:x) =Nk v(qi : @).

Hence by Lemma 13, we have v({ : x) = M z¢q, -
Now suppose that v(/ : ) is a prime ideal.
Then (I : ) = p;, for some ig € {1,...,k} by Proposition 0.13.

Conversely, note that for any ig € {1,...,k}, there exists an
x € R, such that x ¢ q;, and such that = € q; for all @ # ig.

This follows from the minimality of the decomposition.

For such an z, we have t(I : ) = p;, by the above. [J



As a consequence of Theorem 0.15, we can associate with any
decomposable ideal I in R a uniquely defined set of prime ideals.

Note that the intersection of these prime ideals is the ideal v([).

Another consequence is that any radical decomposable ideal has
a unique minimal primary decomposition by prime ideals.

Examples. If n = £p]* - pZ’“ € Z, where the p; are distinct
prime numbers, a primary decomposition of (n) is given by

(n) =N (™)

(apply the Chinese Remainder Theorem). The set of prime
ideals associated to this decomposition is of course

{(p1), - (pr)}-



A more complex example is the ideal (22, zy) C C[z, y].
Here

(«?, 2y) = () N (z,y)*
is a primary decomposition and the associated set of prime

ideals is {(x), (z,y)}.

For a justification, see the notes.



Lemma 15
Let I be a decomposable ideal.

Let S be the set of prime ideals associated with some (and hence
any) minimal primary decomposition of 1.

Let T be the set of all the prime ideals of R, which contain I.
View S (resp. ) as partially ordered by the inclusion relation.

Then the minimal elements of S coincide with the minimal
elements of T.



Proof. Clearly the minimal elements of Z are also minimal
elements of S.

We only have to show that the minimal elements of S are also
minimal in Z.

Let Smin € S (resp. Zmin € Z) be the set of minimal elements of
S (resp. 7).

Note first that by Theorem 0.15, we have v(I) = Npesp and thus
we also have v(I) = Nyes,,;. b-

Now let pg € Smin- Suppose for contradiction that pg & Zmin-
Then there exists an element p;, € Z such that pj, < po.

On the other hand, we have pj, D I, so that pj O p for some
P € Smin by Proposition 0.13.

We conclude that pg 2 p, which contradicts the minimality of
po. U



In the second example given before Lemma 15, the set Spmin
consists only of ().

The elements of Syyi, are called the isolated prime ideals whereas
the elements of S\Smin are called the embedded prime ideals.

This terminology is justified by algebraic geometry.

Note the following important fact:

if I is a decomposable radical ideal, then all the minimal
primary decompositions coincide, and consist of the primes
ideals which are minimal among all the prime ideals containing

1.

In particular, all the associated prime ideals of a radical ideal
are isolated.
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Noetherian rings

Let R be a ring.
We say that R is noetherian if every ideal of R is finitely

generated.
In other words, if I C R is an ideal of R, then there are
elements ri,...,7 such that I = (r1,...,7rg).

Examples. Fields and PIDs are noetherian (why?). In
particular, Z and C are noetherian, and so is K[z], for any field

K.

We shall see that ”"most” rings that one encounters are
noetherian. In fact any finitely generated algebra over a
noetherian ring is noetherian (see below).



We begin with some generalities.

Lemma 16
Let R be a noetherian ring. Let I} C Is C ... be an ascending
sequence of ideals.

Then there exists a k > 1 such that Ij, = I.1; = U2, I} for all
1> 0.

Proof. The set U2, 1 is clearly an ideal (verify) and it is
finitely generated by assumption. A given finite set of
generators for U2, I; lies in Iy, for some k£ > 1. The conclusion
follows. [



Lemma 17
Let R be a noetherian ring and I C R an ideal.

Then the quotient ring R/I is noetherian.

Proof. Let ¢: R — R/I be the quotient map. Let J be an
ideal of R/I. The ideal ¢~!(.J) is finitely generated by
assumption and the image by ¢ of any set of generators of
q Y(J) is a set of generators for J. [

Lemma 18
Let R be a noetherian ring and let S C R be a multiplicative
subset.

Then the ring Rg is noetherian.

Proof. Let A: R — Rg be the natural ring homomorphism. In
the proof of Lemma 8, we showed that for any ideal I of Rg,
the ideal generated by A(A~1(I)) is I (see (ii) in the proof).
The image of any finite set of generators of A=!(I) under A is
thus a finite set of generators for 1. [



Lemma 19
Let R be a noetherian ring.

Let M be a finitely generated R-module.
Then any submodule of M is also finitely generated.

Proof. Omitted. See the notes. [

Lemma 20
Let R be a noetherian ring. If I C R is an ideal, then there is
an integer t > 1 such that v(I)t C I. In particular, some power

of the nilradical of R is the 0 ideal.

Proof. By assumption, we have t(I) = (a; ..., a;) for some
ai,...,ar € R.

By assumption again, there is an integer n > 1 such that a} € I
for all 1 € {1,...,k}.

Let t = k(n — 1) + 1. Then v(I)! C (a}...,a}) CI. O



The following simple but remarkable result will be used later to
give a simple proof of the so-called weak Nullstellensatz.

It also has several other applications (see exercises).

Theorem 0.16 (Artin-Tate)

Let T be a ring and let R, S CT be subrings.

Suppose that R C S and that R is noetherian. Suppose that T is

finitely generated as a R-algebra and that T is finitely generated
as a S-module.

Then S is a finitely generated as a R-algebra.



Proof. Let r1,...,r; be generators of T as a R-algebra.

Let t1,...,t be a generators of T" as an S-module.
By assumption, for any a € {1,...,k}, we can write
!
Ta = Z Sjatj
j=1
where s; € S. Similarly, for any a,b € {1,...,k}, we can write
!
tyta = Z Sjbdt
j=1

where sjpq € S.



Let Sp be the R-subalgebra of S generated by all the sj, and
Sjbd-

Using the two formulae above, we see that T is finitely
generated as a Sp-module, with generators t1,...,%;.

Furthermore, Sy is a finitely generated R-algebra by
construction.

The R-algebra S is naturally a Sp-algebra, in particular a
Sog-module, and it is a Sp-submodule of T'.

Since R is noetherian, Sy is also noetherian as a consequence of
the Hilbert basis theorem (the next theorem) and since S is a
submodule of a finitely generated Sp-module, S is also finitely
generated as a Sp-module by Lemma 19.

In particular S is a finitely generated Sp-algebra, and since Sy is
finitely generated over R, so is S. [



Theorem 0.17 (Hilbert basis theorem)

Suppose that R is noetherian. Then the polynomial ring R[] is
also noetherian.

Proof. Let I C R[x] be an ideal. The leading coefficients of the
polynomials in I form an ideal J of R (check).

Since R is noetherian, J has a finite set of generators, say
aty...,ak.

For each i € {1,...,k}, choose f; € I such that

fi(x) = a;x™ + (terms of lower degree).

Let n be the maximum of the n;.

Let I' = (f1(x),..., fr(x)) C I be the ideal generated by the



Now let f(xz) = az™ + (terms of lower degree) be any
polynomial in 1.

By construction, we have a = rya; + - - - 4+ rpag for some
r,...,7; € R.

Suppose first that m > n. The polynomial

f@) =rifr(@)a™ " 4 A g f (@)™
is then of degree < m (the leading terms cancel) and it also lies
in 1.

Applying the same procedure to this polynomial we obtain a
new polynomial of degree < m — 1 and we keep going in the
same way until we obtain a polynomial of degree < n.



Let M is the R-submodule of R[x], generated by
1z,22,... 2" L

We have expressed the polynomial f(z) as an element of
MNI+T.

If m < n then we have f(x) € M N1 so that we also have
flxyeMNI+1TI.

Since f(x) was arbitrary, we have shown that
I=MnI+T.
Now M N1 is an R-submodule of M ~ R™ and is thus finitely

generated (as an R-module) by Lemma 19.

If we let g1(z),...,g:(x) € M NI be a set of generators, then
the set g1(x),...,gt(x), fi(x),..., fr(x) is clearly a set of
generators of I (as an ideal). [



From Theorem 0.17, we deduce that R[x1, ..., x| is noetherian
for any k£ > 0.

From this and Lemma 17, we deduce that every finitely
generated algebra over a noetherian ring is noetherian.

Proposition 0.18 (Lasker-Noether)

Let R be a noetherian ring. Then every ideal of R is
decomposable.

Proof. Omitted. See the notes. The proof is in two steps.

Say that an idea [ is irreducible if whenever I, I> are ideals of
R and I = I; N I, we have either I = I7 or I = I>.

The first step of the proof is to show that any ideal can be
written as an intersection of irreducible ideals.

The second step is to show that any irreducible is primary. [

Note. A primary ideal is not necessarily irreducible. See
exercises.



Let R be a noetherian ring and let I C R be a radical ideal.

As explained after Theorem 0.15, a consequence of Proposition
0.18 is that there is a unique set {q; ..., qx} of prime ideals in
R such that I =N%_,q; and such that

- all the g; are distinct;
- forall i € {1,...,k} we have q; 2 Nj.iq;.

Furthermore, the q; are precisely the prime ideals, which are
minimal among all the prime ideals containing I.

In terms of the spectrum of R, V(I) is the union of the V (q;).

If R is the coordinate ring of an affine variety over an
algebraically closed field, this decomposition is the classical
decomposition of a closed subvariety into its irreducible
components.
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Integral extensions
o

The notion of integral extension of rings is a generalisation of
the notion of algebraic extension of fields.

Let B be a ring and let A C B be a subring. Let z € B.

We shall say that b is integral over A if there is a monic

polynomial P(z) = 2" 4+ a,_ 12"~ 4+ --- + ap € A[z] such that
Pb)=b"4apn_ 10"t +---4a9=0.

We shall say that b is algebraic over A if there is a polynomial

Q(z) € Alz] (not necessarily monic) such that Q(b) = 0.

Note that if A is a field, b is algebraic over A iff it is integral
over A but this is not true in general.



If S C B is a subset, we write A[S] for the intersection of all the
subrings of B which contain A and S.

Note that A[S] is naturally an A-algebra.

Abusing notation slightly, we shall write A[b] for A[{b}] and
more generally A[by, ..., by for A[{b1,...,bx}].

Note that we have the explicit description

A[bl, R ,bk] = {Q(bl, .. .,bk) ’ Q(l’l, R ,.lek) S A[xl, R ,{L‘k]}

and that we have

Albr, ..., bg] = Alby][b2] . .. [be].



Proposition 0.19

Let R be a ring and let M be a finitely generated R-module.
Let ¢ : M — M be a homomorphism of R-modules.

Then there exists a monic polynomial Q(x) € R[x] such that
Q(¢) = 0.

Proof. Omitted. See the notes.

The mechanism of the proof is to reduce to statement to a free
finitely generated R-module, where R is a ring a polynomials.

One can then apply the usual Cayley-Hamilton theorem. [J



Proposition 0.20
Let A be a subring of the ring B.
Let b € B and let C be a subring of B containing A and b.

(i) If the element b € B is integral over A then the A-algebra
A[b] is finitely generated as a A-module.

(ii) If C is finitely generated as an A-module then b is integral.
Proof.

(i): if b is integral over A, we have
bn = —anflbn_l — = alb — ap

for some a; € A (where i € {0,...,n—1}).

Hence b"** is in the A-submodule of B generated by
1,b,6%,...,0" ! for all k > 0.

In particular A[b] is generated by 1,b,b6%,...,b" ! as an

A-module.



(ii): Let ¢ : C — C be the homomorphism of A-modules such
that ¢(v) =b-v for all v € C.

By Proposition 0.19, there a polynomial
Q(z) = 2" + ap_12" 1 + -+ + ag € Alz] such that Q(¢) = 0.

Hence Q(¢)(1) = b" + ap_1b" 1 + -+ +ag = 0.

In particular, b is integral over A. [J



The following lemma and its proof is a generalisation of the
tower law.

Lemma 21
Let ¢ : R — T be a homomorphisms of rings and let N be a
T-module.

If T is finitely generated as a R-module and N is finitely
generated as a T-module, then N 1is finitely generated as a

R-module.

Proof. Let t1,...,t; € T be generators of T as a R-module
and let [y, ...ls be generators of N as a T-module.

Then the elements ¢;/; are generators of N as a R-module. []



Corollary 0.21 (of Proposition 0.20)
Let A be a subring of B.
Let by, ...,b, € B be integral over A.

Then the subring Alby, ..., bx| is finitely generated as a
A-module.

Proof. By Proposition 0.20 (i), A[b1] is finitely generated as an
A-module, A[by,bs] = A[b1][be] is finitely generated as a
Albi]-module etc.

Hence by Lemma 21, Afby,...,bg] is finitely generated as a
A-module. [



Corollary 0.22 (of Corollary 0.21 and Proposition 0.20)

Let A be a subring of the ring B.

The subset of elements of B, which are integral over A, is a
subring of B.

Proof. Let b,c € B. Then b+ ¢,bc € A[b,c] and A[b, ] is a
finitely generated A-module by Corollary 0.21.

Hence a + b and ab are integral over A by Proposition 0.20
(if). O



Let ¢ : A — B be a ring homomorphism (in other words B is an
A-algebra).

We shall say that B is integral over A (or an integral A-algebra)
if all the elements of B are integral over the ring ¢(A).

We shall say that B is finite over A (or a finite A-algebra) if B
is a finitely generated ¢(A)-module.

Proposition 0.20 and Corollary 0.21 show that B is a finite
A-algebra iff B is a finitely generated integral A-algebra.

If A is a subring of a ring B, the set of elements of B, which are
integral over A, is called the integral closure of A in B.

This set is a subring of B by Corollary 0.22.

If Ais a domain and K is the fraction field of K, we say that A
is integrally closed if the integral closure of A in K is A.

Example. Z and K[z| are integrally closed, if K is a field.
Fields are obviously integrally closed. The integral closure of Z
in Q(¢) is the ring of Gaussian integers Z[i] (see exercises).



Lemma 22
Let AC B C C, where A is a subring of B and B is a subring
of C.

If B is integral over A and C' is integral over B, then C' is
integral over A.

Proof. Let c € C'. By assumption, we have
"4 bp 1 by =0
for some b; € B.

Let B = A[bl, ey bnfl].

Then c is integral over B’ and so B'[c] is finitely generated as a
B’-module by Proposition 0.20 (i).

Hence B’[c] is finitely generated as a A-module by Corollary
0.21 and Lemma 21.

Hence c is integral over A by Proposition 0.20 (ii). [



Let A C B C C, where A is a subring of B and B is a subring
of C.

A consequence of the previous lemma is that the integral
closure in C' of the integral closure of A in B is the integral
closure of A in C.

Lemma 23

Let A be a subring of B. Let S be a multiplicative subset of A.
Suppose that B is integral (resp. finite) over A.

Then the the natural ring homomorphism Ag — Bg makes Bg
into an integral (resp. finite) Ag-algebra.

Proof. Omitted. This is straightforward. See the notes. [J
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Theorem 0.23 (part of the Going Up Theorem)

Let A be a subring of a ring B and let ¢ : A — B be the
mnclusion map.

Suppose that B is integral over A.
Then Spec(¢) : Spec(B) — Spec(A) is surjective.



To prove Theorem 0.23, we shall need the following lemma.

Lemma 24
Suppose that C' is a subring of a ring D. Suppose that D (and
hence C) is a domain and that D is integral over C.

Then D is a field if and only if C is a field.

Proof.

7<=": Suppose that C' is a field. Let d € D*. We need to show
that d has an inverse in D.

Let ¢ : C[t] — D be the C-algebra map sending ¢t on d. The
kernel of this map is a prime ideal, since D is integral.

Since non-zero prime ideals in C[t] are maximal (because C' is a
field), we conclude that the image of ¢ contains an inverse of d.



”=": Suppose that D is a field.

Let ¢ € C*. We only have to show that the inverse ¢! € D lies
in C.

Let ec : Cle,1/c] — Cle,1/c] be the map such that e.(z) = z/c
for all z € Cle, 1/c].

By Proposition 0.19 and Proposition 0.20 (i), there is a
polynomial P(t) = t" 4+ a,_1 -t" "' 4+ --- + ag € C[t] such that
P(e.) = 0.

In particular, we have P(e.)(1) = P(1/¢) = 0.
Thus we have ¢"~1 - P(1/c) =0, ie

C_l‘l‘an—l"‘"“"aO'cn_l:O

which implies that ¢ ' € C. O



We record the following consequence of Lemma 24:

Corollary 0.24 (of lemma 24)

Let A be a subring of a ring B and let ¢ : A — B be the
mnclusion map.

Suppose that B is integral over A.
Let q be a prime ideal if B.

Then qN A is a mazimal ideal of A iff q is a mazimal ideal of
B.

Proof. The induced map A/(qN A) — B/q is injective and
makes B/q into an integral A/(q N A)-algebra.

Since both A/(q N A) and B/q are domains, the conclusion
follows from Lemma 24. [



Proof. (of Theorem 0.23) Write B, for the localisation By 4\p)
of the ring B at the multiplicative set ¢(A\p).

Note that By is isomorphic to the localisation of B at p, when
B is viewed as an A-module.

By Lemma-Definition 0.12, we thus obtain a unique ring
homomorphism ¢, : A, — By such that ¢y(a/1) = ¢(a)/1.

Write Ay : A — Ay and Ap : B — B, for the natural ring
homomorphisms.

We have Ag o ¢ = ¢ 0 A\y.



We thus obtain a commutative diagram

Spec(By) Spechs) Spec(B)
JspeC(%) lspecw)
Spec(Ay) Specta) Spec(A)



By Lemma 9, p is the image of the maximal ideal m of A, under
the map Spec(A4).

Thus it is sufficient to show that there is a prime ideal q in B,
so that gZ)p_l(q) =: Spec(¢q)(q) = m.
Let q be any maximal ideal of B, (this exists by Lemma 1).

Note that the map ¢4 is injective by Lemma 7 and thus we
obtain an injective map A,/¢, ' (q) — By /q.

Now consider that the ring B, is integral over A, by Lemma 23,
so that B,/q is also integral over Ap/qﬁp_l(q).

By assumption, the ring By/q is a field and so by Lemma 24,
the ring Ap/gbgl(q) is also field.

In other words, ¢, '(q) is a maximal ideal of A,.

Since Ay is a local ring, we have m = ¢, '(q). [



Corollary 0.25
Let ¢ : A — B be a homomorphism of rings.
Suppose that B is integral over A.

Then the map Spec(¢) : Spec(B) — Spec(A) is closed (ie it
sends closed sets to closed sets).



Proof. Let a be an ideal of B.
We have to show that Spec(¢)(V (a)) is closed in Spec(A).
Let g4 : B — B/a be the quotient map and let
pi=gqod:A— BJa.
Let
qu : A — Afker(p)
be the quotient map and let
¢ Afker(n) — B
be the ring homomorphism induced by pu.

We have the following commutative diagram:

A—2 B

ST

Alker(u) LB/a



Since B is integral over A, B/a is also integral over A/ker(u).
Furthermore, the map ) is injective by construction.

By Theorem 0.23, we thus have
Spec()(Spec(B/a)) = Spec(A/ker(u)).
Furthermore, by Lemma 3, we have
Spec(ga)(Spec(B/a)) = V(a)

and
Spec(qy.) (Spec(A/ker(u)) = V (ker(u)).

Thus Spec(¢)(V(a)) = V(ker(u)), which is closed. []



Proposition 0.26
Let ¢ : A — B be a ring homomorphism and suppose that B is
finite over A.

Then the map Spec(¢) has finite fibres.
Proof. Let ¢: A — A/ker(¢) be the quotient map.

The map Spec(q) has finite fibres by Lemma 3 (since it is
injective), so we may replace A by A/ker(¢) and suppose that
A is a subring of B.

Let p be a prime ideal of A.

We have to show that there are finitely many prime ideals q in
B such that gN A = p.



Let p be the ideal of B generated by p.
Let ¢g: A — A/p (resp. ¢: B — B/p) be the quotient map.
Let ¢ : A/p — B/p be the ring homomorphism induced by ¢.
By construction, we have a commutative diagram
Spec(B/p) % Spec(B)
JSpeC(w) JSpeC@b)

Spec(A/p) % Spec(A)



Since any prime ideal q € Spec(B) such that ¢ N A = p has the
property that q 2 p, we see (using Lemma 3) that any such
prime ideal lies in the image of Spec(q).

The corresponding prime ideals of Spec(B/p) are the primes
ideals I such that ¢ ~1(I) = (0).

We thus have to show that Spec())~1((0)) is a finite set.



Now let S = (A/p)*. This is a multiplicative set.

Let
Aajp i Alp = (Afp)s
and let
ABss - B/p = (B/P)y(s)
be the natural ring homomorphisms.

There is also a natural ring homomorphism

Vs i (A/p)s = (B/P)y(s);
which is compatible with A4/, and Ag;.

We thus obtain a diagram

_ Spec(Ap /) _
Spec((B/p)y(s)) ———22— Spec(B/p)
JSpec(ws) JSpec(w)
Spec(Aa/p)
Spec((A/p)s) A Spec(A/p)



Now notice that if q¢ € Spec(B/p) and ¥~ 1(q) = (0) then we
have qN(S) = 0 so any such ideal lies in the image of
Spec()\B/ﬁ).

It is thus sufficient to prove that the map Spec(ig) has finite
fibres.

Notice now that A/p is domain (since p is a prime ideal) and
that (A/p)s is none other than the fraction field of A/p.



Note further that we may assume that pN A = p, or in other
words that 1 is injective.

Indeed, if there is a prime ideal q € Spec(B) such that
qNA=p,thenpnNACqgNA=np.

Since we of course have pN A D p we then have pN A = p.
So either we have p N A = p or there are no prime ideals

q € Spec(B) such that g A = p (in which case, there is nothing
to prove - and this is contradicted by Theorem 0.23 anyway).



Now, since B is finite over A, B/p is also finite over A/p and
further, applying Lemma 23, we see that (B/p)ys) is finite over

(A/p)s-

In other words, (B/p)ys) is a finite-dimensional (A/p)s-vector
space.

Write K := (A/p)s.

If q is a prime ideal in (B/p)y(s), then (B/p)y(s)/q is a domain,
which is finite over the field K and it is thus a field by Lemma
24.

Thus q is maximal.

So we only have to show that (B/p)y(s) has finitely many
maximal ideals.



Let q1,...,qx be any distinct maximal ideals of (B/p)y(s)-

By the Chinese remainder theorem, we have a surjective
homomorphism of K-algebras

k
(B/P)ws) = [ [(B/P)ws)/ai
i=1

and each (B/p)ys)/qi is a K-algebra, which has dimension > 0
as K-vector space.
Hence (B/p)y(s) has dimension at least k as a K-vector space.

Hence there are at most dimg ((B/p)y(s)) prime (and therefore
maximal) ideals in (B/p)ys). [
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The Noether normalisation lemma and Hilbert’s
Nullstellensatz
Noether’s normalisation lemma shows that any finitely

generated algebra over a field can be ”approximated” by a
polynomial ring, up to a finite injective homomorphism.

In terms of affine varieties, in say that for any affine variety,
there is a finite surjective map from the variety to some affine
space.

Theorem 0.27 (Noether’s normalisation lemma)

Let K be a field and let R be a non zero finitely generated
K-algebra.

Then there exists an injective homomorphism of K -algebras
K[yl,...,yt] — R

for some t > 0 (where we set K[yi,...,y:) = K ift =0), such
that R is finite as a K[yi, ..., yt|-module.



The idea of the proof is as follows.

It is easy to see that there is an injective homomorphism of
algebras Kly1, ...,y — R so that R is algebraic over

Ky, ..,y

The proof of the normalisation lemma basically considers such a
homomorphism and tweaks it, using properties of polynomials,
so that R becomes integral over K[y, ..., v



Proof. (of Noether’s normalisation lemma). We will only prove
this result in the situation where K is infinite.

Let r1,...,r, € R be a set of generators of minimal size (ie n is
minimal) for R as a K-algebra.

We proceed by induction on n.

If n = 1 then either R ~ K[x] or R ~ K|[z]/I for some non
trivial ideal I in Klx].

In the first case, we may set ¢t = 1 in the theorem and in the
second case we may set t = 0.
So the theorem is proven when n = 1.

So suppose that n > 1 and that the theorem holds for n — 1.

Up to renumbering the generators, we may assume that there is
ake{l,...,n} such that for all : € {1,...,k}, r; is not
algebraic over K|ry,...,r;—1] and such that ry; is algebraic
over K[ry,...,ri| foralli e {1,...,n — k}.



Now we may assume that k < n, for otherwise we may set
t = k = n in the theorem.

The generator 7, is thus algebraic over K[ry,...,rp—1].

Let Pi(z) € K[r1,...,rn—1][z] be a non zero polynomial (not
necessarily monic) such that P;(r,) = 0.

Since K|[ry,...,r,—1] is the image of the polynomial ring
K[xy,...,2,-1] by the homomorphism of K-algebras sending z;
to 7;, there is a non zero polynomial

P(z1,...,2p) € K[z1,...,2n-1][zn]) = K[z1,..., 2]

such that P(ry,...,m,) =0

Let F(z1,...,2,) be the sum of the monomials of degree
d := deg(P) which appear in P (so that in particular
deg(P — F) < d).

Choose A1, ..., Ap—1 € K so that F(Ar,...,A\p—1,1) #0.



Now let u; :=r; — N\jrp, for all i € {1,...,n—1}.

We compute

P(ri,...,m)
= P(u1 + Ai7n,u2 + AoTp, ooy Un—1 + An—17n, Tn)
= F()\l, ey Ap_1, 1)7‘2 + Fl(ul, e un_l)T‘gil
+-o+ Fglug, ... up—1)
=0

for some polynomials F, ..., Fy in the u;.

Thus
T‘z + (F()\l, - ,/\nfl, 1))_1F1(U1, - ,un,l)rg_l =+ ...

—|—(F()\1, ey An—1, 1))_1Fd(u1, ce ,unfl) =0
and we see that r, is integral over Kluy, ..., u,—1]

and the proof is complete by induction. [J



Noether’s normalisation lemma has the following fundamental
corollary.

Corollary 0.28 (weak Nullstellensatz)
Let K be a field and let R be a finitely generated K -algebra.
Suppose that R is a field.
Then R is finite over K (ie R is a finite-dimensional K -vector
space).
Proof. Let

Klyi,...,y) = R

be as in Noether’s normalisation lemma.

Recall that by Theorem 0.23, the map
Spec(R) — Spec(Kyi, ..., yt]) is surjective.

Now Spec(R) has only one element, since R is a field.

Hence Spec(K[y1, ..., y:]) has only one element.



Thus t = 0, because for any ¢t > 1, Spec(K [y, .., y:]) has more
than one element.

We conclude that R is integral over K.

Since R is also finitely generated over K, it must be finite over
K (see after Corollary 0.22). [
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The weak Nullstellensatz has the following corollaries, which are
of fundamental importance in algebraic geometry.

Corollary 0.29
Let K be an algebraically closed field. Let t > 1.

Then an ideal I of K[x1,...,x¢] is mazimal iff it has the form
(x1 —a1,...,xy —ay) for some ay,...,a; € K.

A polynomial Q(x1,...,x¢) € Klx1,. .., lies in
(x1—a1,...,z —ap) iff Q(ay,...,a;) =0.

Proof. We first prove the first statement.

7<": Note that the ideal (x; — a1,...,z; — a;) is the image of
the ideal (z1,...,2;) under the automorphism of Klz1,..., x4
sending z; to x; — a; for all s € {1,...,t}.

Now the ideal (z1,...,x:) is maximal since

Klzxy, ...,z /(z1,...,24) ~ K.

Hence (z1 — a1,...,xy — ay) is also maximal.



”=": Suppose that I is maximal.

Note that Klz1,...,x]/I is a field, which is also a finitely
generated K-algebra.

Hence, by Corollary 0.28, K|x1,...,x¢]/I is finite, and it
particular algebraic over K. Since K is algebraically closed, this
implies that K[z1,...,x]/I is isomorphic to K as a K-algebra.

Let ¢ : K[z1,...,7:] — K be the induced homomorphism of
K-algebras.

By construction, the ideal I contains the ideal

(r1 = @(x1), -0 — P(x1))-

Since the ideal (z1 — ¢(z1),...,x: — ¢(z¢)) is also maximal by
the first part, we must have

I= (1'1 — ¢($1), ey I — gb(a;t))



For the second statement, note that the homomorphism of
K-algebras ¢ : K[x1,...,x¢] — K such that

V(P(x1,...,2¢)) = Plai,...,a)
is surjective and

ker(¢) D (1 — a1, ..., 2y — ap).

In particular, ker(¢)) is maximal, and we must have

ker(¢)) = (1 — a1,..., 2 — ar),

since

($1—a1,...,$t—at)

is maximal by the first part. [J



Corollary 0.30

Let K be a field. Let R be o finitely generated K-algebra.
Then R is a Jacobson ring.

Proof. Let I C R be an ideal.

We need to show that the Jacobson radical of I of R coincides
with the radical of I.

In other words, we need to show that the nilradical of R/I
coincides with the Jacobson radical of the zero ideal in R/I.

Since R/I is also finitely generated over K, we may thus replace
R by R/I and suppose that I = 0.

Let f € R and suppose that f is not nilpotent.

We need to show that there exists a maximal ideal m in R, such
that f ¢ m.



Let S={1,f f%,...}.
Since f is not nilpotent, we have f*. f % 0 for all £ > 0 and
thus the localisation Rg is not the zero ring.

Let q be a maximal ideal of Rg (this exists by Lemma 1). Since
Rg is a finitely generated K-algebra (see Lemma 6), the
quotient Rg/q is also finitely generated over K.

Thus, by Corollary 0.28, the canonical homomorphism of rings
K — Rg/q (giving the K-algebra structure) makes Rg/q into a
finite field extension of K.

Let ¢ : R — Rg/q be the homomorphism of K-algebras
obtained by composing the natural homomorphism R — Rg
with the homomorphism Rg — Rgs/q.

The image Im(¢) of ¢ is a domain (since Rg/q is a domain,
being a field), which is integral over K and thus Im(¢) is a field
by Lemma 24.

Thus ker(¢) is a maximal ideal of R.



On the other hand, ker(¢) is by construction the inverse image
of q by the natural homomorphism R — Rg.

Since f/1 is a unit in Rg, we have f/1 ¢ q and thus f & ker(¢).
Thus we may set m := ker(¢). [



The following Corollary also contains a definition.

Corollary 0.31 (strong Nullstellensatz)

Let K be an algebraically closed field.
Lett > 1 and let I C Klz1,...,x] be an ideal.

Let
Z(I):={(c1,...,ct) € K"|P(c1,...,cn) =0forall P € I}

Let Q(x1,...,2¢) € Kz, ..., 2.
Then Q € v(I) iff Q(c1,...,ct) =0 for all (¢1,...,¢) € Z(I).
The strong Nullstellensatz implies that the set of simultaneous

roots of a set of polynomials determines the radical of the ideal
generated by the set of polynomials.



Proof. Let R := K|z1,...,z¢]. The implication =" is
straightforward.

We prove the implication ”<=".

Let Q(z1,...,2z:) € K[x1, ..., 2] and suppose that Q(c1,...,¢)
for all (c1,...,¢) € Z(I).

Suppose for contradiction that @ & v(I).

Since R is Jacobson ring (by Corollary 0.30), there exists a
maximal ideal m in R, such that m 2 I and @) & m.

By Corollary 0.29, we have m = (1 — a1, ...,z — a;) for some
a; (where i € {1,...,t}).

By construction, we have P(aq,...,a;) =0 for all P € m and
hence for all P € I.

In other words, (ai,...,a:) € Z(I).

By the second statement in Corollary 0.29, we see that
Q(ah s 7at) 7£ 0.
This is a contradiction, so @ € v([). [



Jacobson rings

In this section, we collect more consequences of the weak
Nullstelllensatz and we show that the property of being a
Jacobson ring is a very stable property.

The Jacobson property enters the proof of Theorem 0.33 below
via the following lemma.

Lemma 25

Let R be a Jacobson ring. Suppose that R is a domain.
Letb € R and let S := {1,b,b%,...}.

Suppose that Rg is a field.

Then R is a field.



Proof. We know from Lemma 8 that the prime ideals of R,
which do not meet b are in one to one correspondence with the
prime ideals of Rg.

Since Rg is a field, there is only one such ideal in R, namely the
0 ideal.

Hence every non zero prime ideal of R meets b.
Now suppose for a moment that (0) is not a maximal ideal of R.

Since (0) is its own radical (since R is a domain) and since R is
Jacobson, the ideal (0) is the intersection of all the non zero
maximal ideals of R.

However, we just saw that this intersection contains b, which is
a contradiction.

So (0) must be a maximal ideal of R. Hence R is a field . [



Corollary 0.32
Let T be a field and let R C T be a subring. Suppose that R is a
Jacobson ring.

Let K be the natural image of the fraction field of R in T.

Suppose that T is finitely generated over R and that T is finite
over K.

Then R is a field (so that R = K ). In particular, T is finite
over R.

Note that by Corollary 0.28, the assumption that T is finite
over K is actually redundant.



Proof. Let t1,...,tr € T be generators of T" as a R-algebra.
Let

Pi(x) = z% 4 (ai,di—l/bi,di—1)$di_1 + -+ ai,o/bi’o € K[x]
be a monic polynomial with coefficients in K, which annihilates
t;.
Let b=/ [T big,—j- Let S:={1,b,6%,...}.

Then there is a natural injective homomorphism of R-algebras
from Rg into K, because R is a domain. We view Rg as a
sub- R-algebra of K.

By construction, T is generated by the ¢; as a Rg-algebra and
the elements ¢; are integral over Rg.

Hence T is finite over Rg.

Also, since T is a field, it has a single prime ideal, which is
maximal, and we deduce from Corollary 0.24 and Theorem 0.23
that Rg has a single prime ideal, which is maximal. Hence Rg
is a field. Now Lemma 25 implies that R is a field. [



Corollary 26
Let ¢ : R — T be a homomorphism of rings.

Suppose that R is Jacobson and that T is a finitely generated
R-algebra.

Let m be a maximal ideal of T'.

Then 1~ (m) is a mazimal ideal of R and the induced map
R/yp~!(m) — T/m
makes T/m into a finite field extension of R/~ (m).

Proof. Note that T'/m is a field which is finitely generated over
R/ (m).

Let L be the natural image of the fraction field of R/1~!(m) in
T/m.

Then T'/m is finitely generated over L and is thus finite over L
by Corollary 0.28.

Thus Corollary 0.32 implies the result. [



Theorem 0.33

A finitely generated algebra over a Jacobson ring is Jacobson.

Proof. The beginning of the proof is similar to the proof of
Corollary 0.30.

Let R be a Jacobson ring and let T be a finitely generated
R-algebra.

Let I C T be an ideal.

We need to show that the Jacobson radical of I of T coincides
with the radical of I.

In other words, we need to show that the nilradical of T'/I
coincides with the Jacobson radical of the zero ideal in T'/1.

Since T'/I is also finitely generated over R, we may thus replace
T by T'/I and suppose that [ = 0.

Let f € T and suppose that f is not nilpotent. We need to
show that there exists a maximal ideal m in 7', such that f & m.



Let S = {1, f, f%, ...}. Since f is not nilpotent, we have
f¥. f#0 for all k> 0 and thus the localisation T is not the
Zero ring.

Let q be a maximal ideal of Tg. Since Ty is a finitely generated
R-algebra (see Lemma 6), the quotient Ts/q is also finitely
generated over R.

Let ¢ : R — Ts/q be the canonical ring homomorphism.

By Corollary 26, the kernel of ¢ is also maximal and Ts/q is a
finite field extension of R/ker(¢).



Now consider the map ® : T'— Ts/q which is the composition
of the natural map T'— T with the quotient map.

The image Im(®) of ¢ is a R-subalgebra, and hence
R /ker(¢)-subalgebra, of Ts/q.

Since Tg/q is integral over R/ker(¢), we see that Im(®) is
integral over R/ker(¢) and hence Im(¢) is a field by Lemma 24.

In other words, ker(®) is a maximal ideal of T'.

Finally, note that ker(®) is by construction the inverse image of
q by the natural homomorphism 7' — Tg and that f/1 ¢ q,
since f/1 is a unit in 7.

Thus we have f ¢ ker(®). We conclude that we may set
m:= ker(®). [

Examples. The ring Z is Jacobson (prove this). Hence any
finitely generated algebra over Z is a Jacobson ring.

END OF LECTURE 11



Dimension

The dimension of a ring R is an invariant of a ring, whose
definition is inspired by algebraic geometry. If R is the
coordinate ring of an affine algebraic variety over an
algebraically closed field, the dimension of R is the ordinary
dimension of the variety.

Here is the formal definition.

Definition 0.34
Let R be a ring. The dimension of R is

dlm(R) = Sup{n | Po 2 p1 2 o 2 Pn, Po,-- -, Pn € SpeC(R)}

Let p be a prime ideal of R.
The codimension (also called height) of p is

ht(p) =sup{n|p 2p1 2 2 pn, P1,...,Pn € Spec(R)}.



Note that the dimension of R as well as the codimension of p
might be infinite.

From the definitions, we see that if q is a prime ideal and q C p
then we have ht(p) > ht(q), provided ht(p) < co.

Let R be a ring. If N is the nilradical of R, then IV is contained
in every prime ideal of R and thus

dim(R) = dim(R/N)

and

ht(p (mod N)) = ht(p)
for any prime ideal p of R.
Note finally that from the definitions, we have

dim(R) = sup{lt(p) | p € Spec(R)}

More generally, for any ideal I C R, we clearly have
dim(R) > dim(R/I).



Lemma 27
Let R be a ring and let p € Spec(R).

Then ht(p) = dim(Ry). Also, we have

dim(R) = sup{ht(p) | p a mazimal ideal of R}.

Proof. Recall that the prime ideals of R, are in one to one
correspondence with the prime ideals contained in p by Lemma
8.

Furthermore this correspondence preserves inclusion.

The first equality follows directly from this.



For the second one, note that by definition, we have
dim(R) > sup{ht(p) |p a maximal ideal of R}

so we only have to establish the reverse inequality.
To establish this, let p be a prime ideal, which is not maximal.

Consider a chain of prime ideals

p2p12 2 P,

and let m be a maximal ideal containing p. We then have a
chain
m2op2p 22 Pn

Hence ht(m) > ht(p) and thus we clearly have
sup{ht(p) |p a maximal ideal of R}

> sup{ht(p) |p a prime ideal of R}
= dim(R).



Note that Lemma 27 has in particular the following
consequence.

Let R be a ring and let S be a multiplicative subset of R.

Let p be a prime ideal of Rg and let A : R — Rg be the natural
ring homomorphism.

Then ht(p) = ht(A~1(p)).

If Ris aring and I C R is an ideal, we define the codimension
or height ht(I) of I as follows:

ht(7) := min{ht(p) | p € Spec(R), p D I}.

(this generalises the definition of the height of a prime ideal
given above).



From the definition, we see that if J is another ideal and J C I,
then ht(J) < ht(I).

If ht(I) < oo, there is a prime ideal p, which is minimal among
all the prime ideals containing I, and such that ht(p) = ht(I).

This follows directly from the definitions.

The two next subsections contain some preliminary results
(which are also of independent interest) that we shall need
before we resume the study of dimension.



Transcendence bases

Let k be a field and let K be a field containing k.

If S C K is a finite subset of K, we shall write k(S) for the
smallest subfield of K containing k and S.

By construction, k(.S) is isomorphic to the field of fractions of
the k-algebra k[S] C K.

If S ={ai,...,an} then we shall as usual use the shorthand
k(aq,...,ap) for k({aq,...,an}).

If 51,55 € K are two finite subsets, we have from the
definitions that k(57 U S2) = k(S1)(S2).

Also, recall that if the elements of S are all algebraic
(equivalently, integral) over k, then we actually have

k(S) = k[S].



If there is a finite subset S of K such that K = k(S) we say
that K is finitely generated over k as a field.

This is a weaker condition than finitely generated as a k algebra
but by the previous paragraph it coincides with it if all the
elements of S are algebraic over k.

We say that the set S C K is a finite transcendence basis of K
over k if

- S is finite;
- the elements of S are algebraically independent over k;
- K is algebraic (equivalently, integral) over the field k(.5).

It is easy to see that if K is finitely generated over k as a field,
then K has a transcendence basis over k.



Proposition 0.35
Let K be a field and k C K a subfield. Suppose that K is
finitely generated over k as a field.

Let S and T be two finite transcendence bases of K over k.
Then #S = #T.

Proof. Omitted. See the notes. [

Let k be a subfield of a field K and suppose that K is finitely
generated over k as a field.

In view of the last proposition, we may define the transcendence
degree tr(K |k) of k over K as the cardinality of any
transcendence basis of K over k.

As a basic example, we have tr(k(z1,...,2,)|k) = n for any
field k.
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The lemma of Artin-Rees and Krull’s theorem

Let R be a ring.

A ring grading on R is the datum of a sequence Ry, R1,... of
additive subgroups of R, such that R = ®;>0R; and such that
Ri . Rj g Ri+j for any i,j Z 0.

One can see from the definition that Ry is then a subring of R
and that @®;>;,R; is an ideal of R for any i > 0.

Each R; naturally carries a structure of Ry-module.

Finally, the natural map Ry — R/(®;>1R;) is an isomorphism
of rings and we have natural isomorphism of Rp-modules

Rio ~ (@iZioRi)/(@iZio—HRi) for any 19 > 0.

If r € R, we shall often write [r]; for the projection of r to R;
and we call it the i-th graded component of r.



For example, if k is a field, the ring k[z] has a natural grading
given by (k[z]); = {a-z'|a € k}.

Any ring carries a trivial grading, such that Rg = R and R; =0
for all 7 > 0.

Suppose that R is a graded ring.
Let M be an R-module.

A grading on M (relative to the grading on R) is the datum of
a sequence My, M1, ... of additive subgroups of R, such that
M = @®;>0M; and such that R; - M; C M;; for any 4,5 > 0.

In this situation, we say that M is a graded R-module (this is
slight abuse of language because the reference to the grading of
R is only implicit).

There is an obvious notion of homomorphism of graded
R-modules.



Lemma 28

Let R be a graded ring with grading R; (i > 0).

The following are equivalent:

(i) The ring R is noetherian.

(ii) The ring Ro is noetherian and R is finitely generated as a
Ry-algebra.

Proof. The implication (ii)=-(i) is a consequence of Hilbert’s
basis theorem and Lemma 17.

For the the implication (i)=-(ii) see the notes. [



Let R be a ring and let M be an R-module.
A (descending) filtration M, of M is a sequence of
R-submodules

M=MyDM DM D...

of M.

If I is an ideal of R, then M, is said to be a I-filtration if
IM; C My for all i > 0.

A [-filtration M, is said to be stable if IM; = M; 1 for all
larger than some fixed natural number.



Now suppose given a ring R, an ideal I C R, a R-module M
and a [-filtration M, on M.

Note that the direct sum of R-modules R¥ := @;>ol’ carries a
natural structure of graded ring, with the grading given by the
presentation R? = @;>0l".

The ring R¥ is often called the blow-up algebra associated with

R and I (this terminology comes from algebraic geometry).

The direct sum M# := @i>0M; of R-modules then carries a
natural structure of graded R¥-module.

Note that R¥ is naturally a R-algebra, since there is an natural
injective homomorphism of rings R — R*, sending r € R to the
corresponding element of degree 0.



Lemma 29
Let R be a ring and let I C R be an ideal. Suppose that R is
noetherian.

Then the ring R* associated with R and I is also noetherian.
Proof. Let ri,...,7 € I be generators of I (this exists because
R is noetherian).

There is a homomorphism of R-algebras ¢ : R[z1, ...,z — R¥,
given by the formula P(z1,...,xzx) — P(ri,...,7%).

Here 71, . ..,7; are viewed as elements of degree 1 in R# and the
coefficients of P(x1,...,xy) are viewed as elements of degree 0.

By construction, ¢ is surjective and hence R¥ is also noetherian
by the Hilbert basis theorem and Lemma 17. [



Lemma 30
Let R be a ring. Let I C R be an ideal. Let My be a I-filtration
on M.

Suppose that M; is finitely generated as a R-module for all
j>0.

Let R* be the corresponding graded ring and let M7 be the
corresponding graded R¥ -module.

The following are equivalent:

(i) The R*-module M7 is finitely generated.
(ii) The filtration M, is stable.



Proof. Let n > 0 and consider the graded subgroup

Ml = (@D M) PP 1' M)
§=0 k=1

of M#.

Note that M (ﬁ ) is a sub-R7-module of M7 by construction.

Note also that each M; with j € {0,...,n} is finitely generated
as a R-module by assumption and thus M (ﬁ ) is finitely

generated as a R¥-module (it is generated by Do M;).

We have inclusions

MP CME CMP C...

(1) (2)

and by construction we have M# = UX M (l#)



Note that saying that the I-filtration M, is stable is equivalent
to saying that M = M¥  forall k > 0 and some ng > 0.

(no+k) (no)
We claim that M7 — M"  forall k > 0 and some ng > 0
(no+k) (no)

iff M# is finitely generated as a R¥-module.

Indeed, if M# is finitely generated as a R¥-module, then

M(ﬁﬁk) = MZiO) for all k£ > 0 as soon as M(ﬁo) contains a given

finite set of generators for M# = U2 oM, f)

On the other hand, if M(ﬁﬁk) = MZ:O) for all £ > 0 then
M# = M(ﬁo), and M# is finitely generated since M(ﬁo) is

finitely generated. [J



Proposition 0.36 (lemma of Artin-Rees)
Let R be a noetherian ring. Let I C R be an ideal.

Let M be a finitely generated R-module and let Mo be a stable
I-filtration on M.

Let N C M be a submodule.

Then the filtration N N M, is a stable I-filtration of N.
Proof. By construction, there is a natural inclusion of
R#*-modules N# C M#.

By Lemma 30, the R#-module M# is finitely generated.

The module N# is thus also finitely generated by Lemma 29
and by Lemma 19.

Hence N N M, is a stable I-filtration by Lemma 30. []



Corollary 0.37

Let R be a noetherian ring. Let I C R be an ideal and let M be
a finitely generated R-module.

Let N C M be a submodule.

Then there exists a natural number ng > 0 such that
I"(I"™M N N)=I""MnN.
for alln > 0.

Proof. Apply the lemma of Artin-Rees to the filtration I*M of
M. [



Corollary 0.38 (Krull’s theorem)
Let R be a noetherian ring. Let I C R be an ideal and let M be
a finitely generated R-module.

Then we have
Nn>0l" M = Urerqrker(rar)

where ryp 2 M — M is the map such that rar(m) =r-m for all
m e M.

Proof. Let N :=N,>ol"M.

By Corollary 0.37, there exists a natural number ng > 0 such
that
I(IMMNN)=IN=I""MnNN=N

We deduce from Q4 of sheet 1 (the general from of Nakayama’s
lemma) that there exists € R such that r € 1 + I and such
that rN = 0.

Hence N = Np>ol" M C Upei4rker(ras).



On the other hand, if r € 1+ 1, y € M and ry = 0, then
(1+a)y=y+ay =0 for some a € [ and soy € IM.

Since y 4+ ay = 0, we conclude that y € I2M. Continuing in this
way, we conclude that y € N. [

Corollary 0.39 (of Krull’s theorem)
Let R be a noetherian domain. Let I be an ideal of R.
Then ﬁnzofn =0.

Proof. This is clear. [



Corollary 0.40 (of Krull’s theorem)

Let R be a noetherian ring and let I be an ideal of R. Let M be
a finitely generated R-module.

Suppose that I is contained in the Jacobson radical of R.
Then ﬂnzoan = 0.
Proof. If r € 1+ I then r is a unit.

Indeed, if 7 is not a unit, then r is contained in some maximal
ideal m.

But then 1 is also contained in m, since I C m, which is a
contradiction.

Hence ker(rys) = 0 and the result follows from Krull’s
theorem. [J

Corollary 0.40 is especially useful when R is a local ring (in
which case I is always contained in the Jacobson radical).

END OF LECTURE 13



Dimension theory of noetherian rings

We first examine the case of dimension 0.

We will call a ring Artinian if whenever we have a descending
sequence of ideals
LDoL 213D ...

in R, there exists an n > 1 such that I, = I, for all £ > 0.

We then say that the sequence I, stabilises (compare with
Lemma 16).



Lemma 31
Let R be a noetherian local ring with mazximal ideal m. The
following are equivalent:

(i) dim(R) = 0;

(ii) m is the nilradical of R;
(iii) m™ = 0 for somen > 1;
(iv) R is Artinian.

Proof.

(i)=(ii): If dim(R) = 0 then every prime ideal of R coincides
with m. Hence m is the nilradical of R.

(ii)=-(iii): This is clear.

(iii)=-(iv): See the notes.



(iv)=-(i): Suppose for contradiction that dim(R) # 0.

Then there are two prime ideals pg,p; of R such that pg 2 p;.
In particular, we have m 2 p;.

This implies that m is not the nilradical of R.

On the other hand, since R is Artinian, we know that there is a
natural number ng > 0 such that m"® = N m’.

By Corollary 0.40, we have ﬂz-oiomi = 0 so we have m™ = (.

In particular, every element of m is nilpotent and m is the
nilradical of R.

This is a contradiction, so we cannot have dim(R) # 0. [



Theorem 0.41 (Krull’s principal ideal theorem)

Let R be a noetherian ring.

Let f € R be an element which is not a unit.

Let p be minimal among the prime ideals containing f.

Then we have ht(p) < 1.

Proof. Note that the maximal ideal of R, is minimal among
the prime ideals of R, containing f/1 € R,.

Furthermore, the height of p is the same as the height of the
maximal ideal of Ry.

Since Ry, is also noetherian, we may thus suppose that R is a
local ring and that p is a maximal ideal.



Let
pP2Pp12p2 2 2 Pr

be a chain of prime ideals starting with p.
We want to show that kg < 1.

We may suppose that kg > 0 (because if there is no chain as
above with kg > 0 there is nothing to prove).

Write q := p1. By assumption, we then have f & q.
Write A : R — Ry for the natural map (sending r to r/1).
For n > 1, write A(q") for the ideal of R, generated by A(q").

We know that A(q") consists of the elements of the form 7/t,
where r € " and ¢t € R\q (see Lemma 8).

Also, it is easily checked that A(q™) = (A(q))™.



Now consider the ideal I,, := A~*(\(q")) (this ideal is called the
n-th symbolic power of q).

By construction, we have I, O q".
Furthermore, we have I; = q by Lemma 8.

The ideal I,, has the advantage over q" that if fr € I, for some
r € R, then we must have r € I, because

AUr)(A/f) = Alr) € Aa™),

noting that f € R\q.



Now consider the ring R/(f).

The ring R/(f) is also local (because if R/(f) had more than
one maximal ideal, then so would R) and it is noetherian (by
Lemma 17).

The ring R/(f) has dimension 0, since its only maximal ideal
(given by p (mod (f))) is a minimal prime ideal of R/(f) by
construction.

Now we are given a descending sequence of ideals
LD DI;3... (6)

We conclude from Lemma 31 that the image of this sequence in
R/(f) must stabilise (note that the image of an ideal by a
surjective homomorphism is an ideal).



In other words, there is an ng > 1 with the property that for
any n > ng, we have I, C I,4q1 + (f).

Furthermore, in this situation, if r € I, t € I,41 and r =t + hf
for some h € R, then we have r —t € I,,, so that h € I, (see
above).

This means that we actually have I,, C I,,41 + (f)I,, and in
particular I, C I, 11 + ply,.

In particular, the natural map Iy1/plyr1 — L, /pl, is
surjective.

By Nakayama’s lemma, we conclude that I,,41 — I, is
surjective, so that I,41 = I,,.

So the sequence (6) stabilises at ng.



Now note that since I,, D qk for all n > 1, we have

Hence the descending sequence of ideals of R,

A@) 2 (AM@)? 2 (A(@)* 2.

also stabilises at ng.

But now (this is the crucial step of the proof), Corollary 0.40
implies that

Nizo(A(a))" =0,
so that we have (A(q))"™ = 0.

Since A(q) is the maximal ideal of R, (by Lemma 8), we
conclude from Lemma 31 that R, has dimension 0.

In particular, we have ht(q) = 0 (by Lemma 27).

In other words, q cannot contain any prime ideal other than
itself. Hence k =1. [



Corollary 0.42
Let R be a noetherian ring.

Let fi,..., fi € R.

Let p be a prime ideal minimal among those containing

(1o s )
Then ht(p) < k.

Proof. By induction on k.

The case k = 1 is Krull’s principal ideal theorem. We suppose
that k > 1 and that the statement is true for kK — 1 in place of k.

Just as at the beginning of the proof of Krull’s principal ideal
theorem, we may suppose that R is a local ring with maximal
ideal p.
Let

P2P1 2 2 Php

be a chain of prime ideals beginning with p and of length ht(p).



Note that by maximality, there are no prime ideals between p
and pp, other than p and p;.

We may suppose that ht(p) > 0, otherwise there is nothing to
prove. Let q :=p;.

We claim that ht(q) < k — 1.
We prove the claim.
By assumption, there exists an f;, say fi, such that f; & q.

Since there are no prime ideals between p and q other than p
and ¢, we see that p is minimal among the prime ideals
containing q + (f1).

Hence the ring R/(q + (f1)) has dimension 0.

We conclude from Lemma 31 (iii) that the image of all the f;
are nilpotent R/(q+ (f1)). In other words, for all i € {2,...,k},
there are elements a; € R, b; € q and n; > 1 such that

[ =aifi +b;.

(2



Hence (f1,b2,...,b) = (f1, [ 5., f%). Note that

p:_)(flu ;27 ;37--'a }?k)

and that p is also minimal among all the prime ideals
containing (f1, f32, f3°,..., f;*) = (f1, b2, ..., by), since

t((flﬂ 2712’f3ng7“" ]?k)):t((flvaa"'vfk))'
Write J := (bg, ..., bx). Note that J C g.

Since p is minimal among all the prime ideals containing f; and
J, we see that p (mod J) is minimal among all the prime ideals
of R/J containing f1 (mod J).



On the other hand, we have
p (mod J) D q(mod J)

so that ht(q (mod J)) = 0.

In other words, ¢ is minimal among all the prime ideals
containing J.

Applying the inductive hypothesis, we see that ht(q) < k — 1.

Finally, we see from the assumptions that ht(p) < ht(q) +1 < k
and so the corollary is proven. []



In particular, in a noetherian ring, the height of any prime ideal
18 finite.

Together with Lemma 27, this shows that the dimension of a
noetherian local ring is finite.

It is not true however that any noetherian ring has finite
dimension. For an example of such a ring, see Ex. 3 of chap.
11, p. 126 of AT.

Note also that Corollary 0.42 implies that ht((f1,..., fx)) < k.

If we have ht((f1,..., fx)) = k, then any minimal prime ideal
associated with (f1,..., fx) has height k (because any such
ideal has height > k by assumption, and height < &k by
Corollary 0.42).



Corollary 0.43
Let R be a noetherian ring. Let

Ppo2p12p22 ...

be a descending chain of prime ideals of R.
Then there is ig > 0 such that p;y1; = pi, for all i > 0.
Moreover, if pg is generated by c elements, we have ig < c.

The proof follows directly from Corollary 0.42 and the
definition of the height.



Corollary 0.44
Let R be a noetherian ring. Let p be a prime ideal of height c.

Suppose that 0 < k < ¢ and that we have elements ty,...,t; € P
such that ht((t1,...,tx)) = k.

Then there are elements tyy1,...,tc €p, such that
ht(ty,...,t.) = c.

Proof. Skipped. By induction on k, using Proposition 0.13 (i).
See the notes. [
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The dimension of polynomial rings

We now turn to the computation of the dimension of
polynomial rings. The main result is

Theorem 0.45
Let R be a noetherian ring. Suppose that dim(R) < oo.
Then dim(R|z]) = dim(R) + 1.

Before we start with the proof, we prove a few intermediate
results.

Lemma 32

Let K be a field and let p be a non zero prime ideal of K|z].
Then ht(p) = 1. In particular, we have dim(K|[z]) = 1.
Proof. Exercise. This follows from the fact that non zero

prime ideals of K[x] are maximal and from the fact that the
zero ideal in K[x] is prime, since K[z] is a domain. [



If R is a ring and a is an ideal of R, we shall write a[z| for the
ideal generated by a in R[x].

The ideal a[z] can easily be seen to consist of the polynomials
with coefficients in a (hence the notation).

If the ideal a is also prime, then so is a[z], since
Rlx]/afz] ~ (R/a)[x]

and (R/a)[x] is a domain, if R/a is a domain.



The construction of the following Lemma already appears in
Proposition 0.26.

Lemma 33
Let ¢ : R — T be a ring homomorphism.
Let p € Spec(R) and let I be the ideal generated by ¢(p) in T

Write ¢ : R/p — T/I for the ring homomorphism induced by ¢
and let S := (R/p)*.

Write s : Frac(R/p) — (T'/I)y(s) for the induced ring
homomorphism.

Finally, write p: T — (T/I)y(s) for the natural ring
homomorphism.

Then Spec(p)(Spec((T'/1)y, ) ) consists precisely of the prime
ideals q of T, such that ¢~1(q) =



In diagrams:

T T/I (T/1)ys)

Y

R R/p Frac(R/p)

Spec(p)

Spec(T') «—— Spec(T'/I) «—— Spec((T/I)y(s))
J{Spec(qﬁ) J{Spec(d}) J(Spec(zps)
Spec(R) «—— Spec(R/p) +—— Spec(Frac(R/p))

The lemma is saying that the fibre of Spec(¢) above p is
precisely the image of Spec(p).

The proof is straightforward (see proof of Proposition 0.26).



The previous lemma will be applied below in the situation
where T' = R[z|. In this situation, we have

(T/D)y(s) = (Rl /plx]) sy = (R/p)[](r/py- = Frac(R/p)[z].

Here we used the fact that if A is a domain, we have a natural
identification
(A[z]) a» ~ Frac(A)[z]

(exercise).



Lemma 34
We keep the notation of Lemma 33.

Suppose that we have a chain of prime ideals

Qo291 2 2k

in T, such that ¢~ (q;) = p for alli € {0,...,k}.

Proof. Immediate from Lemma 33. [



Lemma 35
Let R be a ring and let N be the nilradical of R.

Then the nilradical of R[x] is N|x].
Proof. Any element of N[z] is a polynomial with nilpotent
coefficients and its thus clearly nilpotent (check).

On the other hand, let P(z) = ag + a17 + - - - + aqz? € R[z] be
an element of the nilradical of R[z] (ie a nilpotent polynomial).

Suppose for contradiction that P(z) has a coefficient a;, which
is not nilpotent.

Let p € Spec(R) be a prime ideal, such that a; & p.

Then P(x) (modp) € (R/p)[z] is a non zero nilpotent
polynomial.

This is contradiction, since (R/p)[z] is a domain. [



Lemma 36

Let R be a noetherian ring and let p1,...,pr be the minimal
prime ideals of R.

Then the minimal prime ideals of R[x] are the ideals

pifa], ..., plz].

More generally, if a is an ideal of R and pq,...,pr are the
minimal prime tdeals associated with a, then the ideals
p1[z], ..., pr[x] are the minimal prime ideals associated with
alz].



Proof. We first prove the first statement. Note that we have
; pi = t((0)), because the nilradical v((0)) of R is
decomposable by the Lasker-Noether theorem.

We deduce from this that ), p;[z] = ©((0))[z]. Thus (), pi[z] is a
minimal primary decomposition of t((0))|[x].

In view of Lemma 35, this implies that the minimal prime ideals
of R[x] are precisely the ideals pi[x],...,px[z] (use Theorem
0.15 and Lemma 15), which is what we wanted to prove.

For the second statement, apply the first statement to
p (mod a), noting that (R/a)[z] ~ R[z|/a[z] (or provide a direct
proof, similar to the proof for a = (0)). [



Lemma 37
Let R be a noetherian ring and let a be an ideal of R. Then
ht(a) = ht(a[z]).

Proof. Suppose first that the lemma is proven if a is a prime
ideal.

We know that there is a minimal prime ideal p associated with
a, such that ht(p) = ht(a).

We conclude from this that ht(a[z]) < ht(p[z]) = ht(p) = ht(a).

On the other hand there is a minimal prime ideal q associated
with a[z] such that ht(q) = ht(a[z]).

By Lemma 36 we have q = (q N R)[z] so that
ht(a[z]) = ht(q N R) > ht(a[z] N R) = ht(a).

Hence ht(a) = ht(afz]).

So we only need to prove the statement if a = p, where p is a
prime ideal of R.



Let ¢ :=ht(p) and let ay,...,a. € p be such that
ht((ai,...,ac)) = ¢, so that p is a minimal prime ideal
associated with (a1, ...,a.). This exists by Corollary 0.44.

Let J := (ai,...,a.). By the previous lemma, p[z] is a minimal
prime ideal associated with J[z].

We conclude from Corollary 0.42 that ht(p[z]) < ¢ (since the
elements ay, ..., a. generate J[z| in R[x]).

On the other hand, if

is a descending of prime ideals in R, then

plz] 2 pifx] 2 p2- -+ 2 pef]

is a descending chain of prime ideals in R[z], so that
ht(p[z]) > ¢. Hence ht(p[z]) =c. [



Lemma 38

Let q be a prime ideal of R[x] and let a be an ideal of R such

that a C qN R.

Suppose that ¢ N R is a minimal prime ideal associated with a.
Let g’ C q be a prime ideal of R[x], which is a minimal prime

ideal associated with a|x].

Then q' = (q N R)[x].



Proof. We have
gNRDOalz)]NR=a

and thus
(' N R)[x] 2 a[a].

Hence
0 2 (q' NR)[x] 2 ala].

By minimality, we thus have ' = (¢’ N R)[z].
On the other hand, we have q' C q, so that

¢ = (@' NR)x] € (N R)[z].

Now by Lemma 36, we know that (q N R)[z] is a minimal prime
ideal associated with a[z] and thus we must have
¢ =(@@nR)z]. O



Proposition 0.46
Let R be a noetherian ring and m be a prime ideal of Rlx|. Then

ht(m) <1+ ht(mNR).
If m is maximal, we even have

ht(m) =1+ ht(m N R).

Proof. Let § := ht(m N R) and let ¢ := ht(m).

Note that since (m N R)[z] € m, we have 0 < ¢ by Lemma 37.
Let ai,...,ac. € m be such that ht((ai,...,a;)) =i for all
i€ {1l ...,c}. This exists by Corollary 0.44.

Using Lemma 37 again, we may suppose that ai,...,a5 € mNR.

In particular, (m N R)[z] is a minimal prime ideal associated
with (ai,...,as).



We shall now inductively define a chain a of prime ideals

m:UIODth--'ch

- =

such that ¢; is a minimal prime ideal associated with

(61,17 e ,ac,i).

We let qp := m and we suppose that ¢ > 0 and that the ideals
qo,---,.--0;—1 are given.

We then let q; be a (arbitrary) minimal prime ideal associated
with (aq,...,ac—;), which is contained in ¢;_1.

We have thus constructed our chain of prime ideals.



Note that we have by construction ht(q;) = ¢ — i (see after
Corollary 0.42).

Now note the key fact that both q._s and (m N R)[z] are
minimal prime ideals associated with (aq,...,as).

Applying Lemma 38, we find that we actually have

qe—s = (m N R)[z].

We thus see that for all i € {0,...,¢—J}, we have
m 2 q; 2 (mN R)[x]

and thus
mNRODgNm2OmNR

so that ¢; " R =mnN R.



We now conclude from Lemma 34 and Lemma 32 that

c—6 < dim((R[z]/(mNR)[])(r/mnr))+) = dim(Frac(R/(mNR))[z]) < 1

This proves the first statement.

For the second one, note that if m is maximal then
m# (mN R)[z] = q._s (because (m N R)[z] is not maximal), so
that ¢ —§ > 1.

In particular, we then have that ¢ = § + 1, as required. [J



Proof of Theorem 0.45.
We first show that dim(R[z]) > dim(R) + 1.

For this, let
Po 2 P12 - 2 Pdim(R)

be a chain of prime ideals of maximum length in R.

From this, we obtain as earlier a chain

polz] 2 p1[x] 2 -+ 2 plT]aim(r)

in R[z]. Now po[z] is not a maximal ideal, so there is a maximal
ideal m in Rz] so that

m 2 po[z] 2 p1[z] 2 - 2 plz]aim(r)

In particular, dim(R[z]) > dim(R) + 1.



We now show that dim(R[z]) < dim(R) + 1.
Let m be a maximal ideal of R[x] so that ht(m) = dim(R[x]).

This exists by Lemma 27. We then have ht(m) =1 + ht(m N R)
by the last proposition.

We must then have ht(m N R) = dim(R).
Indeed, suppose for contradiction that ht(m N R) < dim(R).

Then there is there a maximal ideal p in R, so that
ht(p) > ht(m N R). Let N be a maximal ideal of R[z], which
contains plz].

By maximality, we have N’ N R = p, so that
ht(NV) =1+ ht(p) > 1+ ht(m N R) = ht(m), a contradiction.

So we conclude that ht(m) = dim(R[z]) = dim(R) + 1, as
required. [J



Remarks. Let R be a noetherian ring and let p C q be prime
ideals of R.

We then obviously have

ht(p) + ht(q (mod p)) < ht(q)

(where q (modp) is an ideal of R/p).

However it is not true that ht(p) + ht(q (mod p)) = ht(q) in
general.

One class of rings, where equality holds is the class of so called
catenary domains.

One can show that finitely generated algebras over fields are
catenary.

So equality will hold if R is a domain, which is finitely
generated over a field (we will not prove this however).

Note that in the proof of Proposition 0.46, we showed that
ht((m N R)[z]) + ht(m/(m N R)[x]) = ht(m) (why?) and the fact
that equality holds in this situation was crucial in the proof.



Corollary 0.47
Let R be a noetherian ring. Suppose that dim(R) < oo.

Then dim(R|x1, ..., x]) = dim(R) + ¢.

Proof. This follows from Theorem 0.45 and Hilbert’s basis
theorem. [



Corollary 0.48

Let k be a field and let R be a finitely generated k-algebra.
Suppose that R is a domain and let K := Frac(R).

Then dim(R) and tr(K|k) are finite and dim(R) = tr(K|k).



For the proof of the corollary, we shall need the

Lemma 39
Let R be a subring of a ring T'. Suppose that T is integral over
R.

Then dim(7T) = dim(R).
Note that the lemma also holds if R or T" has infinite dimension

(in which case it says that the other ring also has infinite
dimension).



Proof. (of the lemma) Suppose first that dim(R),dim(7") < oo.
Let
Po 291 2 2 Paim(R)

be a descending chain of prime ideals in R, which is of maximal
length.

By Theorem 0.23, there is a prime ideal qgiy,(r) in 7' such that
ddim(r) N B = Pdim(R)-

Also, by Q6 of sheet 2, there are prime ideals g; in T, such that
q; N R = p; and such that

Hence dim(7") > dim(R).



Now, resetting terminology, let

do 2 1 2+ 2 Ydim(T)-
be a descending chain of prime ideals in T', which is of maximal
length.

Then we have

GNR2aNRD - 2 daimr) N R
by Q1 of sheet 3. Hence dim(7") < dim(R) and thus
dim(7) = dim(R).

The argument in the situation where either dim(R) = oo or
dim(T") = oo proceeds along the same lines and is left to the
reader. [



Proof of Corollary 0.48 . By Noether’s normalisation lemma,
there is for some d > 0 an injection of rings k[z1,...,24] < R,
which makes R into an integral k[x1, ..., z4]-algebra.

From the previous lemma and Corollary 0.47, we deduce that
dim(R) = d.

On the other hand, the fraction field k(z1,...,x4) of

k[xi,...,z4] is naturally a subfield of K and since every
element of R is integral over k[z1,..., x4, we see that every
element of K is algebraic over k(z1,...,zq) (why?).

Hence

tr(K|k) = tr(k(x1,...,2q)|k) = d = dim(R).

END OF LECTURE 15



Dedekind rings

A Dedekind domain is a noetherian ring of dimension one,
which is integrally closed.

Examples of Dedekind domains include Z and polynomial rings
in one variable over a field.

We will see that in a Dedekind domain, every ideal can be
written in unique fashion as a product of powers of distinct
prime ideals.

This unique decomposability generalises to ideals the
decomposability into irreducibles of an element that exists in a
UFD (and in fact a Dedekind domain is a UFD iff it is a PID -
see Sheet 4).

We will also see below that the integral closure of Z in a finite
extension of QQ is a Dedekind domain.

This last kind of ring is much studied in algebraic number
theory.



We first note a couple of simple facts:

Lemma 40
Let R be a Dedekind domain.

(i) All the non-zero prime ideals of R are mazimal.
(ii) If q1,92 are primary ideals and t(q1) # t(q2) then q1 and q2

are coprime.

Proof. Skipped. See the notes. The proof uses the next
lemma. [



Lemma 41
Let R be a ring. Suppose that the ideals t(I) and v(J) of R are
coprime.

Then I and J are coprime.
Proof. See the notes. [

Lemma 42
Let R be an integrally closed domain.

Then Ry is also integrally closed for all p € Spec(R).

Proof. Exercise. Use Lemma 23. [



Proposition 0.49

Let R be a noetherian local domain of dimension one with
maximal ideal m.

The following conditions are equivalent:
(1) R is integrally closed;
(2) m is a principal ideal;

(3) for any non-zero ideal I of R, we have I =m™ for a
uniquely determined n > 0.



Proof. Let K be the fraction field of R.

(1)=(2): Let a € m\{0}. Note that the ring R/(a) is local with
maximal ideal m (mod (a)) and noetherian (see the beginning of
the proof of Krull’s principal ideal theorem for details).

Furthermore, we have ht(m (mod (a))) = dim(R/(a)) = 0,

because if there were a prime ideal properly contained in
m (mod (a)), this would lead to a descending chain m 2 p D (0)

of prime ideals in R, which contradicts the assumption that
ht(m) = 1.

By Lemma 31, the ideal m (mod (a)) is thus nilpotent. Let
n > 0 be the minimal integer such that

(m (mod (a)))" = (m" (mod (a))) = (0)
and let b € m"~! be such that b (mod (a)) # 0.

Now let z = a/b € K. We have bm C m"™ C (a) so that
z lm C R.

Furthermore, we have z~! ¢ R, for otherwise we would have
b=2"'-a € (a), which is excluded by assumption.



We claim that we cannot have z~'m C m.
Indeed, suppose that z~'m C m.

Then 2! induces a homomorphism of R-modules m — m
(given by multiplication by #~!) and such a homomorphism is
annihilated by a monic polynomial P(z) with coefficients in R
by Proposition 0.19 (because m is finitely generated, as R is
noetherian).

We then have P(z~!)(h) for any non zero element h € m and
since R is a domain this implies that P(z~!) = 0.

Since R is integrally closed, this implies that 2= € R, which is
a contradiction.

Hence 27 'm ¢ m and since R is local, we thus must have

z7'm = R. In other words, z € R and m = (x).

(2)=-(3): See the notes.
(3)=(1): See the notes. [



Corollary 0.50

The localisation of a Dedekind domain at a non zero prime ideal
1s a PID.

The proof is immediate.

Corollary 0.51
Let R be a Dedekind domain.

Then any primary ideal is equal to a power of its radical.

Proof. By localisation. See the notes. [



Proposition 0.52

Let R be a Dedekind domain. Let I be an ideal in R.

Then all the minimal primary decompositions of I are equal up
to reindexing.

Proof. Again by localisation. See the notes. [

We conclude from Proposition 0.52 that

i a Dedekind domain, every ideal can be written in a unique
way (up to reindexing) as a product of powers of distinct prime
1deals.



The next three results require some knowledge of Galois Theory.

Proposition 0.53

Let R be an integrally closed domain and let K be its fraction
field. Let L|K be a finite separable extension. Then

(1) the fraction field of the integral closure of R in L is L;
(2) the integral closure of R in L is finite over R.

Proof. Omitted. See AT, Th. 5.17, p. 64. The proof of (1) is
easy (prove it).

The proof of (2) exploits the fact that the so-called ”trace
form” associated with a finite separable extensions is
non-degenerate. [



Corollary 0.54

Let R be Dedekind domain with fraction field K. Let L be a
finite separable extension of K. Let T be the integral closure of
R in L.

Then T s also a Dedekind domain.

Proof. The ring R is clearly a domain, and it is integrally
closed by Lemma 22 and Proposition 0.53 (1).

Also, the ring R is of dimension 1 by Lemma 39.
Finally, by the Hilbert basis theorem, 7' is noetherian.

Indeed, T is finite, and in particular finitely generated over R,
and R is noetherian by assumption. [



Proposition 0.55

Let R be an integrally closed domain and let K be its fraction
field.

Let LIK be a finite Galois extension of K.
Let T be the integral closure of R in L.

Let p € Spec(R) and let q1,q2 € Spec(T) be prime ideals of T
such that qq "N R=q2 N R =p.

Then there exists an element o € Gal(L|K) such that
o(q1) = g2
Note that o(T) C T for all o € Gal(L|K) (why?).

In particular, each o € Gal(L|K) induces an automorphism
olr : T 5 T of R-algebras, with inverse (o=1)|7.



Proof. Suppose first that

N

q2

U o(d1).

o€eGal(L|K)
In this situation, Proposition 0.13 (i) implies that g2 C 7(q1) for
a particular 7 € Gal(L|K).

According to Q1 of sheet 3, this is only possible if q2 = 7(q1)
and hence we are done in this situation.

Now suppose that

2z | o

o€Gal(L|K)

In particular, there is an element e € q2 such that e & o(qy) for
all o € Gal(L|K), or in other words such that o(e) ¢ q; for all
o € Gal(L|K).



Now consider that the element f :=[],cqarix) o (€) is
invariant under Gal(L|K') by construction.

Hence f lies in K NT, since L|K is a Galois extension.
Since R is integrally closed, we have K NT = R, so f € R.

On the other hand, since e € q2 and qs is an ideal, we also have
f €q2,s0that f € RNgy =p.

In particular, f € RNq; = p.

Now since q; is a prime ideal, this implies that one of the

elements o(e) (for some o € Gal(L|K)) lies in q;, which is a
contradiction.

Hence we must have q2 € U,cqai(jx) o(q1) and we can
conclude using the argument given above. [



The following final lemma (and the complement that follows)
plays a key role in Algebraic Number Theory.

Lemma 43
Let R be a Dedekind domain with fraction field K.

Let LIK be a finite separable extension of K and let T be the
integral closure of R in L (recall that T is also a Dedekind
domain by Corollary 0.54).

Let p be a non-zero prime ideal in R.
Let p = pT be the ideal generated by p in T.
Let
p=ayt - apt
be the minimal primary decomposition of p.

Then the q; are precisely the prime ideals q of T which have the
property that N R = p.



Proof. We have already seen that q7* ---q.* = q* N--- N~
Hence q; N R D p and thus q; N R = p, since p is maximal.

Thus the q; are among the prime ideals q of T', with the
property that ¢ N R = p.

Conversely, let q be a prime ideal of T, such that qN R = p.
Then

q:_)q?lm...quk
and thus by Proposition 0.13 (ii), we have q D g for some 1.

Since g, is the radical of q;, we thus have q O g; and thus
q = q; (again because q; is maximal). [



Complement. We keep the notation of the last lemma.

If F5|F} is a finite field extension, recall that one writes [Fy : F}]
for the dimension of F5 as a Fj-vector space.

Write f; := [T'/q; : R/p].

One can show that

anfl = [L : K]

See S. Lang, Algebraic Number Theory, I, par. 7, Prop. 21, p.
24 for a proof.

The integer n; is called the ramification degree of q; over p.

Finally, note that it follows from Proposition 0.52 and
Proposition 0.55 that the integers n; and f; are independent of ¢
if L|K is a Galois extension (why?).
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