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(i) We say that a function u: R? — R is C2.-bounded if u is twice-differentiable and satisfies

S;lﬂ@ (Ju(z)| + [Vu(z)| + | Vu(z)]) < cc.

Prove that every C2-bounded function u satisfying
D% n 0*u
0%z 0%y
is constant. (Hint: Apply Ito’s formula to the composition (u(Bt))ic(0,00), for (Bt)ie(o,00)

a standard two-dimensional Brownian motion.) Conclude that every bounded holomorphic
function f: C — C is constant.

Au =0,

(ii) Let (M¢)iejo,00) be a continuous local martingale vanishing at zero.

(a) Show that the intervals of constancy of the maps t — M, and ¢t — (M); coincide almost
surely.
(b) Show that if, for every £ € R, for every s <t € [0, 00),

SELN)

Efexp(i€(M; — My))|Fs] = exp <_ .

then (M;)ic(0,00) 18 @ Brownian motion.

(iii) Let (B; = (Btl,...,Bf))te[O,OO) be a standard d-dimensional Brownian motion. Let (F; =

(FL ..., Ftd))te[o,oo) be a continuous, adapted, d-dimensional stochastic process that satisfies,
for every i € {1,...,d}, for every t € (0,0),

to
IE[/ |Fi|” ds] < <.
0
(a) Prove that, for every i, € {1,...,d}, for every t € (0, 00),
toifi=j,
0 if i ]
(b) Prove that, for every i,5 € {1,...,d}, for every t € (0,00),
‘ : t
</ F;'dB;’,/ F? ng)t:(sij/ F!'F ds.
0 0 0

(c) Prove that the process (X;);e[o,00) defined by

d t 2 d t
i i i\2
Xt:<§ /OFSst> —§ /O(Fs) ds,
i=1 i=1

(B",BY), = 6t = {

is a martingale.
(d) Prove that, for every At € (0,00),

P sup
s€[0,¢]

d

Z/SF,EdBj;
0

i=1

d t
—2 7\ 2
) 2)\] <A ;/0 E[(F})?] ds.
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(iv)

(vii)
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Let (Bt).e[o,00) be a standard Brownian motion on a filtered probability space

(Qa g, (gt)te[o,oo)a P)

Let X be a finite Gp-measurable positive random variable that is independent of the Brownian
motion. Let (M; = Bix)ie[0,00) and define the filtration (F¢);e(0,00) Dy

Fi=0(Bsx: s €[0,t]).

(a) Show that M is a local martingale with respect to (Ft);e[0,00)-

(b) Show that M is a martingale if and only if E[v/X] < oc.

(c) Calculate ((M)¢)efo,00)-

(d) Let (At)ie[o,00) be an increasing process vanishing at zero that is independent of (By)ye[0,00)-
Define the filtration (]:{4)156[0,00) by

FA=0(Bya,:s€[0,t]).

Show that (Ba,)ic[,00) 15 a local F{-martingale, find conditions that guarantee that
(Bad)tefo,00) 18 @ FA-martingale, and compute its quadratic variation process.
Let (Bt)ie[o,00)s (Wi)iejo,00) be two independent standard Brownian motions. Find the sto-
chastic differential equations satisfied by the following processes (X¢);g[o,00), and determine
which are martingales.
(a) X; = exp(}) cos(By)
(b) X =tB;
(¢c) X¢ = (B +t)exp(=B; — §)
(d) Xi = (By)* + (W)?
Let (Bt)te[o ) be a standard d-dimensional Brownian motion with By # 0, for d > 2. Let
(Xt)te[o,00) be the process

X, = Bl = \/(BL? + ... + (BY).
(a) Find the SDE satisfied by (X;)¢c[0,00) and show that

bd—
X =X,
t 0+/0 2X

where (W) e[0,00) 18 standard one-dimensional Brownian motion.

(b) Let Bi(t) = E[|X/|*"] for every k € Ny and ¢ € (0, 00). Prove that

fult) = k2(e— 1)+ 0) [  Bii(s) ds

(¢) Calculate the time t € [0, 00) for which E[||B;||*] = E[||B|°].
Let (Bt)ic[0,00) be a standard one-dimensional Brownian motion. Prove that, for every = € R,

t
X! = / sgn(Bs — =) dBs,
0

is a Brownian motion where
1 if y>0,
eY) = _1 if 4 <o,
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(viii) Let (B}, Bf)ie[o,00) be a standard two-dimensional Brownian motion. Prove that the process
((th’ XtQ))tE[O,oo) defined by

t t
thz/ cos(B;)dB;/ sin(Bl) dB?,
0 0

t t
X2 = / sin(Bl)dB! + / cos(BL)dB?,
0 0

is a standard two-dimensional Brownian motion.
(ix) Let (Xt)ie[0,00) and (Y1)ic(0,00) be continuous semimartingales. Define the stochastic exponen-
tial (£(X)i)te[o,00) to be the process

E(X); = exp <Xt - <)§>t> .

Prove that there exists a unique continuous semimartingale (Zt)te[o,oo) such that

t
Zt:Yt+/ Z,dXs,
0

and that
zi= 00, (vo+ [ e avi- [ e apey).).



