CG: Conjugate Gradient method for Az =b, A >0
When A symmetric, Lanczos gives AQy = QkTk + qr+1]0, ..., 0,1], Ty: tridiagonal

CG: when A = 0 PD, solve QI (AQry — b) = Tiy — QLb =10, and z = Qry
—"Galerkin orthogonality”: residual Az — b orthogonal to ()



CG: Conjugate Gradient method for Az =b, A >0
When A symmetric, Lanczos gives AQy = QkTk + qr+1]0, ..., 0,1], Ty: tridiagonal
CG: when A = 0 PD, solve QF (AQry — b) =Ty — QLb =0, and = Qry
—"Galerkin orthogonality”: residual Az — b orthogonal to ()

> TLy = QZb is tridiagonal linear system, O(k) operations to solve
» three-term recurrence reduces cost to O(k) A-multiplications
> minimises A-norm of error xy = argmin,cq, [|2 — T4l[a (Azs = b):

(z — 2)TA(z — 2:) = (Quy — 2.) T A(Qry — )
=y (QFAQy)y — 2b" Qpy + bz,

minimiser is y = (QL AQk) 'QLb, so QL (AQry —b) =0

> Note ||z||la = VaT Az defines a norm (exercise)

> More generally, for inner-product norm ||z||pr = /< 7,2 >ar, Ming—qy ||z« — x| M
attained when < ¢;, z. — x >3= 0, Vg; (cf. Part A NA)



CG algorithm for Az =b, A >0
Set x9g =0, ro = —b, po =19 and do for k =1,2,3,...

o = (T, k) /(Pk> APk)
Th+1 = Tk + QDK

Try1 = Tk — o Apy,

Br = Tkt Tht1)/ (P> Th)
Pk+1 = Tk+1 + BkPr

where 7, = Axy, — b (residual) and py (search direction).
One can show among others (exercise/sheet)
» [Cr(A,b) =span(ro,r1,...,76—1) = span(xy, za,...,x;) (also equal to
span(po, p1, - - -, Pk—1))
>l =0,j=0,1,2,... k-1
Thus zy is kth CG solution, satisfying orthogonality Q% (Azy —b) =0



CG convergence

Let ef := x, — x. We have eg = z, (x9 = 0), and
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Heo”A xEICk(Ab

= min |pe_1(A)b— A7'b]|a/| €0l a
Pr—1€PK_1

— min  ||(pe_1(A)A = Deolla/|leo]la
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[k = @l /[l 4
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pepir%)zlllp( Jeolla/lleolla
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= min |4 VT@O /lleolla
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Now (blue)*=32; Aip(Ai)* (VT e0)? < max; p(X;)* 325 Mi(V7Teo); = max; p(A;)?[leol %



CG convergence cont'd

We've shown

lex][a : .
min  max |[p(\;)] < min max .
leolla ~ pePrp(0)=1 J Ip(35)] < PEPE,P(0)=1 E[Amin(A), Amax (A)] (@)l
Now )
' ra(A) —1
min max )| <2 Y—/—"L —
PEPL,P(0)=1 £E€[Amin (A), Amax (A)] Ip(@)] < (\/W + 1>

> note ka(A) = Z:?:((ﬁ)) = /)\\r;?:((ﬁ))(: by

» above bound obtained by Chebyshev polynomials on [Amin(A), Amax(A4)]



Chebyshev polynomials
For z = exp(if), x = 3(z + 2z7') = cosf € [—1,1], 6 = acos(z),
Ti(x) = (2% + 27 %) = cos(k0). Ty(z) is a polynomial in z:

1 1 1
§(z+z’1)(zk+z’k) = 5(z’€+1+z*<’€+1>)+§(z’@*hr:f(’“l)) & 22Ty (x) = Thor (@) + Tp—q ()

3-term recurrence
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Chebyshev polynomials
For z = exp(if), x = 3(z + 2z7') = cosf € [—1,1], 6 = acos(z),
Ti(x) = (2% + 27 %) = cos(k0). Ty(z) is a polynomial in z:

1 1 1
§(z+z’1)(z 277 = 5(z’€+1+z*<’€+1>)+§(z’@*hrz*(’“l)) & 22Ty (x) = Thor (@) + Tp—q ()
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Chebyshev polynomials
For z = exp(if), x = 3(z + 27 !) = cosf € [—1,1], 6 = acos(z),
Ti(x) = (2% + 27%) = cos(k0). Ty(z) is a polynomial in z:

1 1 1
§(z+z’1)(zk+z’k) = 5(z’€+1+z*<’€+1>)+§(z’@*hrz*(’“l)) & 22Ty (x) = Thor (@) + Tpq ()

3-term recurrence
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Chebyshev polynomials cont'd
For z = exp(if), x = (2 + 27!) = cosf € [—1,1], 6 = acos(z),
Tis(x) = 5(zF + 27%) = cos(k6).

» Inside [—1,1], |Tx(z)| <1
» OQutside [—1,1], |Tx(z)| > 1 grows rapidly with |z|, k(fastest growth among P)

Shift-+scale s.t. p(z) = cxTp(252=2) where ¢y = 1/T},(~ (b+a)) so p(0) = 1. Then
> |p(x)] < 1/|T(3E2)] on @ € [a, ]

> Ti(2) = 5(2’ _|_sz> with %(z—i—zil) _ Zb)i-J = 5= bjatl  \/ka(A)+1

a Voja—1  +/ra(A)—1
k
b+a> <9 (ﬁ— 1)
VE+1

For much more about T}, see C6.3 Approximation of Functions

p(x)] < 1/Tx(



MINRES: symmetric (indefinite) version of GMRES
Recall GMRES

x = argminger, (ap)l|Az — bl
Algorithm: Given AQy = QkHI:Ik and writing x = Qy, rewrite as

myin |AQry — bl|2 = Hlyin |Qk+1Hiy — b2

Hy, QF
- la ]

= min
v 2
H
= mzjn [ Okl y— ||Ibllze1| , e =[1,0,...,0]T e R"
2

( where [Qr, Qr, ] orthogonal; same trick as in least-squares)

> Minimised when || Ty — Q¥'b|| — min; Hessenberg least-squares problem
» Solve via QR (k Givens rotations)+triangular solve, O(k?) in addition to Arnoldi



MINRES: symmetric (indefinite) version of GMRES
MINRES (minimum-residual method) for A = A" (but not necessarily A = 0)

T = argmingcx, (ap)llAz — bl
Algorithm: Given AQy = Qk+1fk and writing x = Qpy, rewrite as

min |AQLy — bll2 = min 1Qk4+1T%y — b2

T QF
o lat ]!

= min
v 2
T
= rnyin loﬂ y—|bll2e1| , e =[1,0,...,0]F e R"
2

( where [Q#, Qr, ] orthogonal; same trick as in least-squares)

> Minimised when || Ty — Q¥'b|| — min; tridiagonal least-squares problem
» Solve via QR (k Givens rotations)+tridiagonal solve, O(k) in addition to Lanczos



MINRES convergence

As in GMRES,
in ||[Az — bljo = i Ap_1(A)b — bl|s = i 5(A) — I)b
xe}gf&,b)ﬂ z — bl ,, min | Apk—1(A)b — bl|2 ﬁepg%):oll(p( ) — Dbl
= min_ |[[p(A)bl2

- PEP,p(0)=1

Since A = AT, A is diagonalisable A = QAQT with Q orthogonal, so

Ip(A)ll2 = 1QP(A)Q" (|2 < 1QII21Q |2llp(A) 2

= e Ip(2)]

Interpretation: (again) find polynomial s.t. p(0) =1 and |p(A;)| small



MINRES convergence cont'd

1Az — bl .
— Ai
Bl = periin max|p(h)]

One can prove (nonexaminable)

;@Q(A)—1)’f/2

. N <
min  max |[p(\;)] < 2 </{2(A) 1

» obtained by Chebyshev+Mobbius change of variables [Greenbaum's book 97]
P> minimisation needed on positive and negative sides, hence slower convergence
when A indefinite



CG and MINRES, optimal polynomials

CG, iteration k=1




CG and MINRES, optimal polynomials

CG, iteration k=2
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CG and MINRES, optimal polynomials

CG, iteration k=5
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CG and MINRES, optimal polynomials
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CG and MINRES, optimal polynomials
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CG and MINRES, optimal polynomials

<10 CG, iteration k=50




CG and MINRES, optimal polynomials
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CG and MINRES, optimal polynomials

MINR

L107* CG, iteration k=50 ; MINRES, |teratlon k=2
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CG and MINRES, optimal polynomials

<10 CG, iteration k=50
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CG and MINRES, optimal polynomials

MINRE
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CG and MINRES, optimal polynomials
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CG and MINRES, optimal polynomials

MINRES

MINRES, iteration k=50

<10 CG, iteration k=50

2 .
01 02 03 04 05 06 07 08 09 1
! 15
0.8
i
06
0.4 05
02
0
0 2 A5 1 05 05

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

» CG employs Chebyshev polynomials
» MINRES is more complicated+slower convergence




Preconditioned CG/MINRES

Ar=b, A>0

Find preconditioner M s.t. “MTM ~ A~'" and solve
MTAMy = MTbh, My==z

As before, desiderata of M:

» MTAM simple to apply
» MTAM has clustered eigenvalues

Note that reducing koM™ AM) directly implies rapid convergence
» Possible to implement with just M7 M (no need to find M)



