Eigenvalue problemEngc = AT & @S (\r)

First of all, Az = Az no explicit solution (neither A nor z); huge difference from

-C_
Az =bforwhich e =415 [ A~y X= U LTb
> Eigenvalues are roots of characteristic polynomial f\é€lb(ﬁ) =) &%4\)‘%:6

» For any polynomial p, 3 (infinitely many) matrices whose eigvals are roots of p
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Eigenvalue problem Az = \x

First of all, Az = Az no explicit solution (neither A nor z); huge difference from
Az =b for which z = A~'p 2 3
3

» Eigenvalues are roots of characteristic polynomial

» For any polynomial p, 3 (infinitely many) matrices whose eigvals are roots of p A
» So no finite-step algorithm exists for Az = Az 44

Eigenvalue algorithms are necessarilm (U jgulﬁ QMMZ
» Same for SVD, as 0;(A) = 1/ \i(AT A) Qv dees acaete, i) vell- Ceud: {M} fcm

> But this doesn’'t mean they're inaccurate! NSyt NEF1iX)
V.
Usual goal: compute the Schur decomposition\A|= UTU*: U umtary, T upper C\H(_ii

triangular 9(5%)?_@3 ) Q[{ (T) T

EFor normal matrices A*A = AA*, automatically dlagonallsed (T diagonal)
{V For nonnormal A, if diagonalisation A = XAX ™ 1 really necessary, done wa]

Sylvester equations but nonorthogonal/unstable (nonexaminable)

Ax—xB=C.




Schur decomposition
Let A € C™*™ (square arbitrary matrix). Then 3 unitary U € C"*" s.t.

A=UTU"

with T" upper triangular.
> eig(A) = eig(T) = diag(T) JM(A U\ <= Qé\ \ D)y =0
» T diagonal iff A normal A*A = AA* AV R
Proof:

Lot | AV;XD A



Schur decomposition
Let A € C™*™ (square arbitrary matrix). Then 3 unitary U € C"*" s.t.

A=UTU~"

with T" upper triangular.
» eig(A) = eig(T) = diag(T)
» T diagonal iff A normal A*A = AA*

Proof: nd find Uy = [v1, V1] unitary. Then
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AU, =U,

& UTAU, = . Repeat on the lower-right
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Recap: Matrix decompositions

E SVD A=UxV7T
» Eigenvalue decomposition A = XAX !

» Normal: X unitary X*X =1
> » Symmetric: X unitary and A real

» Jordan decomposition: A = XJX !, J = diag( . )
o
A

S Schur decomposition A = QT'Q*: () orthogonal, T" upper trizangular*~>

» QR: @Q orthonormal, U upper triangular
» LU: L lower triangular, U upper triangular

Red: Orthogonal decompositions, stable computation available
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: Matrix decompositions

SVD A=UxVvT
Eigenvalue decomposition 4 = XAX !

» Normal: X unitary X*X =1
» Symmetric: X unitary and A real

Jordan decomposition: A = XJX !, J = diag( . )
o
A

Schur decomposition A = QT'Q*: () orthogonal, T" upper trizangular
QR: @ orthonormal, U upper triangular

LU: L lower triangular, U upper triangular

QZ for\Ax = A\Bic: (genearlised eigenvalue problem) @, Z orthogonal s.t.
QAZ,QQBZ are both upper triangular T

: Orthogonal decompositions, stable computation available




Power method for _éx =\ , ,

z € R" :=random vector, v:= Az, v = 75, A = 2" Az, repeat
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Power method for Ax = \x - IN

\
x € R :=random vector, x = A:z:,?: H;—” A= xTAxT?epeat

» Convergence analysis: suppose A is diagonalisable (generic assumption). We can
write £o = Y il ¢v5, Av; = Aju; with [A1] > |Aa| > -~ . Then after k iterations,

mzc;(ﬁ) civ¢—>0011)\1 as k — oo

S

» Converges geometrically (A, x) — (A1, z1) with linear rate %

\__’—
E What does this imply about ilf: QR_as 1fa<—> oo? First vector of Q — v
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Power method for Ax = \x
x € R"™ :=random vector, x = Az, x = H;—H \ =z Ax, repeat

» Convergence analysis: suppose A is diagonalisable (generic assumption). We can
write xg = Y iy cv;, Avg = \jv; with |A1] > [Ao| > ---. Then after k iterations,

JU:Cizzl ()\_1> c;v; — Ceqvy as k — oo

» Converges geometrically (A, x) — (A1, z1) with linear rate %

» What does this imply about A" = QR as n — oo? First vector of () — v

Notes:

» Google pagerank & Markov chain linked to power method
As we'll see, power method is basis for refined algs (QR algorithm, Krylov
methods (Lanczos, Arnoldi,...))



Why compute eigenvalues? Google PageRank

'Importance’ of websites via
dominant eigenvector of
column-stochastic matrix

1 .- 1
A=aP+ (1-a)

—

r -1 image from wikipedia
P: adjacency matrix, a € (0,1)
———\ N—

Google does (did) a few steps of Power method: with initial guess xg, k =0,1,...

1. LT+l = Al’k

2. Tka1 = Tks1/||zra1lle, k< k41, repeat.

» 1. — PageRank vector v; : Avy = A\



Inverse power method (Shift—1 \'{"’f povery X<—Ax .

Inverse power method: = := (A — ul)x, . = x/||z|| Xé— (A ~MmTYy X
» Converges with improved linear rat i;\\“@—)“l to eigval closest to y (o
— Uy —Hl
permutation) [{\2) (A ~Ar L\\[’ =X

g‘: {\:1:";)\5€L/ - V\& .

X € eig(A) X ()
= 1 ceig(h-pT) NI l
S e &€ ,%Mn

Ay= AV - -
(h-p)y = DY

l
Ay (A- A5
= (A-MLY'y = V



Inverse power method

Inverse power method: = := (A — ul)x, x = x/||z||

Ao (2) —H|

» Converges with improved linear rate R Al

to eigval closest to p (o
permutation)
» 1 can change adaptively with the iterations. The choice 1 := 27 Az gives

Rayleigh quotient iteration, with quadratic convergence
[AzF+D) — B+ (k1)) = O (|| Az®) — XF)2(F)|12) (cubic if A symmetric)



