QR factorisation
For any A € C™*™, d factorisation

Q € R™*™: orthonormal, R € R™*™: upper triangular

» Many algorithms available: Gram-Schmidt, |[Householder, CholeskyQR, ...

» various applications: least-squares, orthogonalisation, computing SVD, manifold
retraction.).

» With Householder, pivoting A = (QRP not needed for numerical stability

> but pivoting gives rank-revealing QR (nonexaminable)



QR via Gram-Schmidt
Gram-Schmidt: leer(A a1, a9, ..., a,] € RT"*™ (assume full rank rank(A) = n),
find orthonormal ¢, ...

s.t. span(qi....,qn) = span(ai,...,an) (l
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QR via Gram-Schmidt

Gram-Schmidt: Given A = [aj,aq,...,a,] € R™*" (assume full rank rank(A) = n),
find orthonormal [q1, ..., qy] s.t. span(qi,...,q,) =span(ay,...,a,)
G-S process: ¢ = ”31“, then ¢o = a9 — qlqlTag qo = ||(;2|| Ghat-¢ ’k

. N _ §?
repeat for j = 3,...,n: §; = a; — ; 1 QJQJ aj, qj .WI' /. Noug gL’
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This gives QR! Let 7;; = q; a; (¢ # j) and rj; = ||a; — Zg;ll i, Do (g(g
1’-— R ———
VIS ~Eaye
=
ar =Truq
—_— = All= @
a2 = T12q1 + 72242 _
i = Tr15q1 t 2542 + -+ T4
~— S~ —

2’ {éf‘uﬂ' )

» But this isn't the recommended way to do QR; numerically unstable 4/“%



Householder ref o Vel i
ouseholder reflectors _ ? e =9 H;I’l\wz
(H I —2uvT ; |lv]| =1 o Ivi
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» H orthogonal and @\T\r{ (T~ 2\/\13
symmetric: H'H = H? =1, = T4V 4 W'

vaals}e(n — 1 copies) and  _ T
—L{lcopy) Sy &)=
» For any given u, w € R" s.t.

= ||w|| and u #wy
H =T — 2vvT with

= Tw—u] g"’esﬁlﬁ P

((:> u = Hw, thus 'reflector’)

» We'll use this mostly for
w = [%,0,0,...,0]7



Householder reflectors
H =1 - 2vv!, |v]| =

» H orthogonal and
symmetric: HTH = H? =1,
eigvals 1 (n — 1 copies) and
—1 (1 copy)

» For any given u,w € R" s.t.

Jul| = [Jw]| and u # v,
H = I — 2vvT with

v—“ |glvesHu—w

—u

(< u = Hw, thus 'reflector’)

» We'll use this mostly for N ?
w = [>|< 0,0,. ;




Householder reflectors for QR ~ 2~

Householder reflectors:

H=1-2vw", v = , e=11,0,...
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satisfies H@ [|z],0,...,0]T
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Householder reflectors for QR

Householder reflectors:

z — |[z]l2e

H=1-2vw", v = , e=1[1,0,...,0]"
| — [|][2¢]2
satisfies Hx = [||z]],0,...,0]" ) [a, Asé_/?
el LA =
B ()
= To do QR, find H; s.t.E{ a = , o
- 0 :
repeat to get A = iupper triangular,! then
A=(Hy---Hy,1H,)R=QR S
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Householder QR factorisation, diagram
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Householder QR factorisation - [ﬁm ]
Hy---HyH A= e[ 04
n-c o1 A= 1~ o U @@ 7

b1 T

Writing Qr = [@Q}\] where Q =

s
, W
Properties DR @\ (

» Cost 43713 flops with Householder-QR @ice that of LU

Unconditionally backward stabI%: QR = A+ AA, ||QTQ — I||z = € (next Iecy
Constructive proof for A = (QR existence AA(=¢e

S » To solve Az = b, soIveia triangle solvé™l T

— Excelldnt l(rznethocg)%gut twice slower tha@so rarely used)
O Rx=

orm: EEF('thin' QR or just QR)
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Givens rotation QF @»@uér — @“"YM)YW"‘\

DeS|gned to ' zero one element at a t|me .g. QR for upper Hessenberg matrix
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& A=GITGIGYGT R is the QR factorisation. < A= Q(C%g\? QQT R
» G acts locally on two rows (two columns if right-multiplied) Cg_?J

» Non-neighboring rows/cols allowed A G [ 7 1 wect,
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Least-squares problem bir 155
Given A € R™*" m > n and b € R™, find x € R" s.t. /.Hgo b
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mxlnw A — b
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» More data than degrees of freedom

» 'Overdetermined’ linear system; Ax = b usually impossible
A —

» Thus minimise ||[Ax — bl|; usually ||[Az, — b||2 but sometimes e.g. ||Ax — b||; of

interest (we focus on ||Aa: =bll2)  fesdea | ] Axtl ¢
L
» Assume full rank rank = n,; this makes solution unique | v r(mcf

< 5“\,%3— b= 6n(A) >0 Dw -



L east-squares problem via QR

min, || Az — bl|2, AeR™"™" m>n
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L east-squares problem via QR .
min, || Az — bl|2, AeR™ " m>n []
Let A = } = QF[ | be 'full' QR factorization. Then

50|s solution. This also gives algorithm: :
@z s enoughh WL Vg!i&!ﬁi’
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QTb

4z = bl = |@F(Az — B)]l2 = H[]x— ot
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L east-squares problem via QR
min, || Az — bl|2, AeR™ " m>n
Let A=[Q Q][ F] =Qr[E] be 'full' QR factorization. Then

QTb]

R
4z = bl = |QF (Az — B)]2 = ‘ H v - [be

so z = R~1QTb is solution. This also gives algorithm:

1. Compute thin QR factorization A = QR
2. Solve linear system Rx = QTb.)
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L east-squares problem via QR

———

min, || Az — bl|2, AeR™ " m>n

Let A=[Q Q][ F] =Qr[E] be 'full' QR factorization. Then

R b
ezt [ -2

LU vre[H
so z = R~1QTb is solution. This also gives algorithm:

1. Compute thin QR factorization A = QR
2. Solve linear system Rz = Q7Tb.

» This is backward stable: computed Z solution for min, |[(A + AA)x + (b + Ab) ||)
(see Higham's book Ch.20

» Unlike square system Ax = b, one really needs QR: LU won't do the job
Unlike
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Normal equation: Cholesky-based least-squares solver

min, HA—()HQ, AeR™ " m>n

z = R71QTb is the solution < x solution for n x n normal equation

\ ) (AT A)z = ATy <= AT(AK* b>:_; o

=

- ———

> ATA =0 (always) and ATA = 0 if rank(A) = n; then PD linear system; use

Cholesky to solve. éng

» Fast! but NOT backward stable; Iﬁ:géiATAi = (ko(A))? where ro(A) = ‘;”r‘l";‘Tx((ﬁ))
condition number (next lecture) \ ;t/( j
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Application: regression/function approximation

Given function f: [-1,1] —» R,
Consider approximating via polynomial f(x) ~ p(x) :@ cxt.

Very common technique: Regression

eSSy« \pQA -
1. Sample f at pomtsa{P
- —y
2. Find coefficients ¢ defined by Vandermonde system Ac = f,
1<
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» Numerous applications, e.g. in statistics, numerical analysis, approximation

theory, data analysis!



