LU decomposition mx:z \L‘/Aﬂl\() bod idee PFGCCU:’,(

—_—

Let A € R™ ™. Suppose decompose (or factorise) —
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L: lower trian‘g_u\ly, U: upper triangular. How to find L,U?
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LU decomposition

Let A € R™ ™. Suppose we can decompose (or factorise)
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L: lower triangular, U: upper triangular. How to find L e4q«
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LU decomposition cont'd

First step:
—
algorithm:
—
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Solving Ax = b via LU

Pé ~— —_— ' Q-}
\ t L | AL LUGR”X” b © Zaw,(
ub
L: Iower triangular, U: upper trlangular K’Y L/b\ Ak L
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>\/Cost anﬂp S{J AX'/ bi‘ \D Dud) L/9_>f,+L>LY;,/E;

» For x=0,]

» first solve Ly = b, then Uz = y 0 ft/'aw‘l g(ﬂ@
» triangular solve is always backward stable (L+ A (see Higham' s book)
> Riyoting crucial for numerical stability: PA = where P: permuta ' [

Then stability means LU = PA+ AA — uwcv
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» Even with pivoting, unstable examples exist, bu t|II ays stable in practi
used everywhere! Syt u"'“ﬁ:} 7

» Special case where A > Oéositive definite: A = RT R, Cholesky factorization REL

ALWAYS stable, 113 flops  AiA) =2
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Trouble if a = A11 = 0! e.g. no LU for

largest entry of first (active) column is at top— = PA = LU, P: ;ijrmutatlon matrix

> EEA = Z,Ul exists for any nonsingular A (exe -

> for Az — b, solve LUz — P¥b 0\& $\ =D
> cost still 2% + O(n?) ° 2)
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Cholesky factorisation for A > 0 SPSD AiB)zo
If A > 0 (symmetric positive definite (S)PD<A;(A) > 0), two simplifications:
> We can take U LT : R; by symmetry = n3 flops
> No pivot neede?: ] A~ LU = RTR g«n'ﬁ (s . guppe
BN Av=xV
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> A can be written as A = RT R for some R € R™ " iff A > O ( {(A) 2 0) [4 o
» Indefinite case: when A = A*but A not PSD, 4 A =[LDL* where D dlagonal (-(
(when A € R”X” D can have 2 x 2 diagonal bIocksf L has 1's on diagonal iy F‘]tO
_vd =

covit, | XA >0 <= A L_\K XAx=Aw>o.



