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2 Kinematics

2.5 The deformation gradient

The deformation is defined as �.
Given a vector x = xi(X)ei, the deformation gradient tensor is

F = Grad�

In Cartesian coordinates,

F =
@

@Xj

(xiei)⌦ Ej =
@xi

@Xj

ei ⌦ Ej ⌘ Fijei ⌦ Ej. (1)

Note the mixed bases.
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Simple example
- -

-

i

E= Ect) + Qft) E Q proper orthogonal
2nd order tensor

QE SOG)

Cartesian E = nie
,
E=XiEi Identify E- Ei i=i , 2,3

⇒ Kilt )= cilt) + Qijlttxj
translation "rotation



Simple example
- -

-

i

E= Ect) + Qft) I Q proper orthogonal
2nd order tensor

Q E SOG)

Cartesian E = nie
,
I
= Xi Ei Identify E- Ei i=i , 2,3

⇒ Kilt ) = cilt) + Qij It) Xj
translation "rotation

⇒ rigid body motion .
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In curvilinear coordinates. Let {q1, q2, q3} and {Q1, Q2, Q3} be the coordinates in the reference and current configuration,

respectively. The deformation � in the bases {e1, e2, e3} and {E1,E2,E3} is given by q↵ = q↵(Q1, Q2, Q3), ↵ = 1, 2, 3.
Then,

Gradx = H
�1
�

@x

@Q�

⌦ E�

= H
�1
�

@x

@q↵

@q↵

@Q�

⌦ E� (2)

=
h↵

H�

@q↵

@Q�

e↵ ⌦ E�, (3)

The matrix of coe�cients of the deformation gradient F = F↵�e↵ ⌦ E� is

[F]↵� = F↵� =
h↵

H�

@q↵

@Q�

(no summation on indices). (4)
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Example: Two sets of polar coordinates {q1, q2} = {r, ✓} and {Q1, Q2} = {R,⇥}.
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Te deformation is given by

r = f(R), ✓ = ⇥. (5)

We have hr = HR = 1 and h✓ = r, H⇥ = R, and

[F ] =

"
hr

HR

@r

@R

hr

H⇥

@r

@⇥
h✓

HR

@✓

@R

h✓

H⇥

@✓

@⇥

#
=


f
0(R) 0

0 f(R)
R

�
, (6)

that is,

F = f
0(R)er ⌦ ER +

r

R
e✓ ⌦ E⇥. (7)
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2.6 Volume, surface, and line elements

χ

B0 B

dv=JdV 
dV 

X
x(X)

Consider a set of material points in the reference configuration ⌦0 ✓ B0.

It evolves in time and is deformed to a new volume ⌦ ✓ B in the current configuration.

The new volume is related to the reference volume by

Z

⌦
dv =

Z

⌦0

JdV0, (8)

where

J (X, t) = detF (X, t) , (9)

represents the local change of volume

-

BM

o



des d5ez= Folds

dxi IT p

. dat - taxi
> dxI=FdI2

dx-zdk-detcdxi.dxe.dk )
dv-edetcfdx.fdxz.FDXD-detfdetldx.dx.dk/--detFdV

⇒
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The image of an infinitesimal volume element dv at a material point p is

dv = J dV, (10)

We require that J > 0 in all deformations.

Hence, there exists a second-order tensor F�1
mapping vectors from B to B, such that F�1F = 1. Explicitly, this tensor is

F�1 = gradX(x, t). (11)

A transformation that conserves locally every volume element, that is J = 1, is said to be isochoric .
-
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χN dA
n da=JF-TNdA

x(X)dA
da

X

B0 B

Define an area element by considering a material area element normal to a given vector N. Then,

Z

@⌦
n da =

Z

@⌦0

JF�TN dA, (12)

where n (x, t) and N (X, t) are outward unit normals, dA and da are the area elements at a given point.

An infinitesimal element of area defined in the reference configuration by a normal N and surface area dA is transformed

into another element of area in the current configuration defined by a vector n with area da by Nanson’s formula:

n da = JF�TN dA. (13)

#



> dot ,
' → IT
if →

a-
→

old
, does

N-dt-dx.dk n' da=dExdaI

HNTKI - Fdxixfdxi

⇒ Ftnda=FTCFdXxFdX )
= detffdxxdxz)
-

N' DA



> dot ,
' → IT
if →

a-
→

DE does

N-dt-dx.dk n' da=dExdaI

11811=1 - Fdxixfdxi

⇒ Frida -_ Ftcfdxxfdxa )
= detffdxxdxz)
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N' DA
-

temme : Ftffaxb )= detfcaxb )



> dot ,
' → IT
if →

a-
→

old
, does

N-dt-dx.dk n' da=dExdaI

HNTKI - Fdxixfdxi

⇒ Ftnda=FTCFdXxFdX )
= detffdxxdxz)
-

⇒ndJF Nausori,
FDA
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X x(X)

χdX
dX’

dx=FdX
dx’=FdX’

B0 B

Consider a local infinitesimal vector dX tangent to a material line in B0 at a material point p, then its image is dx = FdX.

If M is the unit vector along dX then

dX = M dS and dx = m ds, (14)

where dS = |dX| and ds = |dx|.

Hence, we have m ds = FM dS.

Now take the norm of each side:

|ds|2 = (FM · FM)|dS|2 = (FTFM) ·M|dS|2. (15)

Equivalently, we can write

ds

dS
=

q
(FTFM) ·M, (16)
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where ds/dS is the change of length of a material line in the direction M.

Define the stretch, � = �(M) in the direction M:

�(M) =
q
(FTFM) ·M. (17)

A material is said to be unstrained in the direction M if and only if �(M) = 1.
The right Cauchy-Green tensor is

C = FTF. (18)

A material is unstrained at a given point if it is unstrained in all directions. That is �(M) = 1 8M.

Hence C = 1.



F- = Fig. E. ⑦Ej FIFE oxejjk k

⇒ FF= Ei Ej ) ( Fa Foxes )
= Fifa i 5) ( ej ⑦ Ea)
-

= Fjifjh Ei Ek
"

= CFT F) in Ei Eh
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F- = Fig. E. ⑦Ej FIFE oxejjk k

⇒ FtF= Eioxej ) ( Fa E EI )
= Fitr i 5) ( ej ⑦ Ea)
-

= Fjifjh Ei Eh
"

= CFT F) in Ei Eh
-

similarly :

ftp.tijfsjeioe#J
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2.7 Polar decomposition theorem

For a second-order tensor F such that detF > 0, there exist unique positive definite symmetric tensors U, V and a unique
proper orthogonal tensor R such that,

F = RU = VR.

The positive symmetric tensors U and V are called the left and right stretch tensors:

FTF = U2 ⌘ C, the right Cauchy-Green tensor,

FFT = V2 ⌘ B, the left Cauchy-Green tensor.

Since V = RURT
, U and V have the same eigenvalues {�1,�2,�3}.

The principal stretches, can be obtained are the positive roots of the eigenvalues of either C or B, and

U =
3X

i=1

�iui ⌦ ui, (19)

V =
3X

i=1

�ivi ⌦ vi. (20)

F =
3X

i=1

�ivi ⌦ ui. (21)
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