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2 Kinematics

The deformation is defined as �.
Given a vector x = xi(X)ei, the deformation gradient tensor is

F = Grad�

2.8 Velocity, acceleration, and velocity gradient

A deformation x = �(X, t), X 2 B0, is associated with change in time t.

Since X is the position of a material point, the velocity and acceleration of this material point are,

v(x, t) =
@

@t
�(X, t) ⌘ �̇(X, t), (1)

a(x, t) =
@
2

@t2
�(X, t) ⌘ �̈(X, t). (2)
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The material time derivative d/dt is a total time derivative with respect to a fixed material coordinate X.

For a scalar field � = �(x, t), the material derivative is

d

dt
� ⌘ d�

dt

����
X

⌘ �̇ ⌘ @�

@t
+ (grad�) · v, (3)

and we define the derivative of a vector field u = u(x, t)

d

dt
u =

@u

@t
+ (gradu)v. (4)
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The velocity gradient tensor :

L = gradv, Lij =
@vi

@xj
, L = Lijei ⌦ ej. (5)

Chain rule Gradu = (gradu)F,

Gradv = (gradv)F = LF, (6)

but also,

Gradv = Grad ẋ =
@

@t
Gradx =

@F

@t
= Ḟ, (7)

so

Ḟ = LF. (8)

Taking the determinant of each side and using Jacobi’s formula

@

@t
detF = (detF) tr(F�1Ḟ) = (detF) tr(L) (9)

We have

J̇ = J tr(L) = J divv. (10)

Since J 6= 0:
divv = 0 () J̇ = 0. (11)
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2.9 Examples of deformation

2.9.1 Homogeneous deformation

x = FX+ x, F constant (12)

• Simple elongation

F = U = �1U
(1) ⌦U(1) + �2

⇣
U(2) ⌦U(2) +U(3) ⌦U(3)

⌘
(13)

• Dilation

F = � (14)
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• Simple shear

(0, 1) (�, 1)

x1 = X1 + �X2, x2 = X2, x3 = X3, (15)

Hence,

=) F =

2

4
1 � 0
0 1 0
0 0 1

3

5 , U2 =

2

4
1 � 0
� 1 + �

2 0
0 0 1

3

5 (16)
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2.9.2 Inflation of a spherical shell

c
R0 r(R0)

A0 a

b

B0

A point located at (R,⇥,�) moves to a point (r,⇥,�) where r = r(R). Then x = �(X) is

r = r(R), ✓ = ⇥, � = �, (17)
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Hence

X = RER, x = r(R)er =
r(R)

R
X. (18)

Due to the symmetry of the deformation, we can identify the basis vectors so that ER = er,E⇥ = e✓,E� = e�.

We have two sets the two sets of spherical coordinates {q↵} = {r, ✓,�} and {Q↵} = {R,⇥,�}. Scale factors:

hr = 1, HR = 1, (19)

h✓ = r, H⇥ = R, (20)

h� = r, H� = R. (21)

Then the deformation gradient is

F = r
0er ⌦ er +

r

R
e✓ ⌦ e✓ +

r

R
e� ⌦ e�,

which we write

F = diag(r0, r/R, r/R). (22)
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Isochoric deformation: detF = 1,

r
0
⇣
r

R

⌘2
= 1 =) r

0
r
2 = R

2 () 1

3

d(r3)

dR
= R

2 =) r
3 = R

3 + C. (23)

Since r(a) = A, r(b) = B,

C = b
3 � B

3 = a
3 � A

3 =) a
3 = b

3 � B
3 + A

3 =) r =
p

a3 � A3 +R3 (24)

This is a one-parameter family of solutions.
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