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7 Examples of boundary-value problems

⇢̇+ ⇢ div v = 0, mass (1)

div T+ ⇢b = ⇢v̇, linear momentum (2)

TT = T, angular momentum (3)

T = J�1F
@W

@F
� p1. hyperelasticity (4)

where J = 1 for an incompressible material and p = 0 otherwise.

Objectivity+Isotropy: W = W (I1, I2, I3), with

I1 = tr(B) = �2
1 + �2

2 + �2
3, (5)

I2 =
1

2

�
I21 � tr(B2)

�
= �2

2�
2
3 + �2

3�
2
1 + �2

1�
2
2, (6)

I3 = det(B) = �2
1�

2
2�

2
3. (7)

B = V2 = FFT.

For an isotropic compressible material, we have J = I3 = 1 and W = W (I1, I2).
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7.1 Homogeneous deformations

Homogeneous deformation: constant deformation gradient

x = FX+ c, (8)

where F and c are constant. Therefore, T is also constant and in the absence of body load, the equilibrium equations are
therefore trivially satisfied.
The solution is then fully specified by the boundary conditions and the constitutive law.

7.2 A simple homogeneous deformation

c

e1

e2

e3
E1

E2

E3
H3

H2

H1 h1

h2

h3

The diagonal deformation of a cuboid into another cuboid

xi = �iXi, i = 1, 2, 3 (no summation over i). (9)
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Deformation gradient: [F] = diag(�1,�2,�3).
The Cauchy stress tensor is also diagonal: [T] = diag(t1, t2, t3).

ti =
�i

J

@W

@�i
, i = 1, 2, 3 (no summation over i). (10)

Uniaxial extension, t3 = N and t1 = t2 = 0.

By symmetry, we have �1 = �2 and

t2 =
1

�2�3
W2 = 0, t3 =

1

�2
2

W3 = N. (11)
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For a compressible neo-Hookean material

W =
µ1

2
(I1 � 3)� µ1

2
(I3 � 1) +

µ2

4
(I3 � 1)2. (12)

All stresses vanish at �1 = �2 = �3 = 1.

0 = µ1(
1

�3
� �2

2�3) + µ2�
2
2�3(�

4
2�

2
3 � 1), (13)

N = µ1(
�3

�2
2

� �2
2�3) + µ2�

2
2�3(�

4
2�

2
3 � 1). (14)

The Young’s modulus E is obtained for small deformations as the ratio of uniaxial stress to the uniaxial stretch, that is

E =
@N(�2,�3)

@�3

����
�2=�3=1

+

✓
@N(�2,�3)

@�2

@�2

@�3

◆����
�2=�3=1

= 2µ1
2µ1 � 3µ2

µ1 � 2µ2
. (15)



Y Tension - extension

keep dz=dz fixed , increased ,
⇒ (T.es/.eT--t ,

But t
,
- Wi - W .

Physically : If 4947 ⇒ W, ,=%z > o
⇒ §h÷ > o i. 42,3 tensionextension

inequalities



21 Baker - Ericksen

Assume
,
we stretch more in the direction E than ej
⇒ di > dj

We expect ti > tj ⇒ Wi -dWi > o for disdj

⇒ ( di - dj) Lt i - tj ) > O B -E

⇒ di Wi - dj W;
Tig

>o is j - 42,3 di #dj
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For an incompressible neo-Hookean material W = µ(I1 � 3)/2
We have �1 = �2 but �3�2

2 = 1 by incompressibility.

ti = �i
@W

@�i
� p i = 1, 2, 3 (no summation over i).

The boundary conditions lead to

p =
µ

�3
, N (�3) =

�
�3
3 � 1

�
µ

�3
,

which defines a Young’s modulus

E =
@N(�3)

@�3

����
�3=1

= 3µ.
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The Rivlin cube

Neo -HooKean
, incompressible W= ELI , - 3)

①
←

To is a constant force

Possible solutions ( apart from dei )
? ?



*
B -
C
t
,
=L iii. 43 itjtk
djdk

a- Constitutive law * Incompressibility
ti =D? - p d. dads -_ I

⇒ Ex
,

"
' ¥.

- P

⇒ ⇐ f: ""''to



⇒ Cd ,
- dz) [3-44+1121]=0
( de - d3) [ 3 -Cdztdz55=0

9¥ .

- "'b'Ho

Y 4--12=43 ⇒ DII ⇒ D= I

4 def dztdzfd , ⇒ d. =L - dz , ds = a - da

⇒ did, ⇒ contradiction
⇒ no such solution

31 did ?



did = d

⇒ Cd -date - Cdt das) -- o{ A'= yds ⇒ dz= Yet
⇒ d

'

- aft 1=0

D . 483-27 Too = FYE = 3/41/3

.

21/3



Conclusions

• 826=3/443 no Sdn wld# dz GLO

• 3=80 l solar 12=21/3 D= o

• 3 > Bc 2 Solus O> O
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stable

neutrally stable

unstable

unstableλ

τ

λ∗

τ∗ 2µ

1

0

E- Yd

I =
21/3

- e
-

I 4 7

solve Solus s.
"

"
iii.us
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7.3 Inflation of a spherical shell.

Elastic, incompressible, isotropic spherical shell with strain-energy W (I1, I2, I3).

c
R0 r(R0)

A0 a

b

B0

%
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A point located at (R,⇥,�) moves to a point (r,⇥,�) where r = r(R). Then x = �(X) is

r = r(R), ✓ = ⇥, � = �, (16)

Hence

X = RER, x = r(R)er =
r(R)

R
X. (17)

Due to the symmetry of the deformation, we can identify the basis vectors so that ER = er,E⇥ = e✓,E� = e�.

F =

2

4
�r

�✓

��

3

5 =

2

4
r0

r/R
r/R

3

5 . (18)

�r = r0(R), �✓ = r/R = ��, �r = ��2

�a = a/A, �b = b/B, r = 3
p

a3 � A3 +R3

where a is the single unknown parameter.
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Boundary conditions

n

�pn

T · n =

(
�P on r = a

0 on r = b
(19)

=) Trr =

(
�P on r = a

0 on r = b
(20)
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Solve the Cauchy equation: b = 0 and div T = 0,

=) dTrr

dr
+

2

r
(Trr � T✓✓) = 0, (21)

T = F
@W

@F
� p . (22)

Explicitly

@tr
@r

+
2

r
(tr � t✓) = 0, (23)

tr = �rWr � p = ��2Wr � p, t✓ = �W✓ � p, t� = t✓. (24)

Taking di↵erences

tr � t✓ = ��2Wr � �W✓ (25)

=) @tr
@r

+
2

r
(��2Wr � �W✓) = 0. (26)

Introduce auxiliary function, h(�) = W (��2,�,�),

h0(�) =
@h

@�
= Wr.(�2��3) +W✓.1 +W�.1 = �2��1(��2Wr � �W✓) (27)

tr --Trr . . . .

(Wr -- 8¥
.

)
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@tr
@r

=
@tr
@�

@�

@r
(28)

� =
r

R(r)
,

@�

@r
=

1

R
� rR0

R2

R3 = r3 � a3 + A3, R0R2 = 3r3, R0 =
r2

R2
= �2.

@�

@r
=

1

R
(1� �3) (29)

=) @tr
@r

=
@tr
@�

1

R
(1� �3) =

�h0(�)

r
. (30)

@tr
@�

=
h0(�)

1� �3
, =) tr =

Z �

�a

h0(�)

1� �3
d� (31)

At � = �b, tr = �P ,

�P = �
Z �b

�a

h0(�)

1� �3
d�, =) P =

Z �b

�a

h0(�)

1� �3
d� = f(�a). (32)



7 EXAMPLES OF BOUNDARY-VALUE PROBLEMS 14

Note

�a = a/A, �b =
1

B
3
p

a3 � A3 +B3 =
1

B
3
p

(�a � 1)A3 +B3. (33)

Example: Neo-Hookean W = µ
2 (�

2
r + �2

✓ + �2
�),

=) h =
µ

2

✓
1

�4
+ 2�2

◆
. (34)

Note the nonlinearity in the 1/�4 term.

=) h0

1� �3
= �2µ(��2 + ��5), (35)

P = �2µ

✓
1

�
+

1

4�4

◆����
�b(�a)

�a

. (36)
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compressive

P
P < 0
sucking

P > 0
blowing

tr(�b)

�a

1
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compressive

P
P < 0
sucking

P > 0
blowing

tr(�b)

�a

1

Mooney - Rivlin

- - - - - - - - - - -
-
- -I


