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7 Examples of boundary-value problems
p+pdivv =0, mass (1)
div T+ pb = pv,  linear momentum (2)
TT =T,  angular momentum (3)
1 OW -
T=J F— —pl. hyperelasticity (4)
OF
where J =1 for an incompressible material and p = 0 otherwise.
Objectivity+Isotropy: W = W (1, I5, I3), with
I = tr(B) = M\ + A5 + )3, (5)
1
Iy = o (If = tr(B?)) = AA5 + ASAT + AT, (6)
I3 = det(B) = A2A2\2. (7)

B=V?=FF".

For an isotropic compressible material, we have

J = [3 =land W = W([l,fg).
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7.1 Homogeneous deformations

Homogeneous deformation: constant deformation gradient

x = FX +c,

(8)

where F and c are constant. Therefore, T is also constant and in the absence of body load, the equilibrium equations are

therefore trivially satisfied.

The solution is then fully specified by the boundary conditions and the constitutive law.

7.2 A simple homogeneous deformation

| E,
E; €4—
Hy

The diagonal deformation of a cuboid into another cuboid

x; = N X,

i =1,2,3 (no summation over 7).
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Deformation gradient: [F] = diag(\1, A2, A3).
The Cauchy stress tensor is also diagonal: [T] = diag(ty, t2, t3).

A OW :
ti=———, i=1,2,3 (no summation over i). (10)
Uniaxial extension, t3 = N and t; = {5 = 0. <{— >
By symmetry, we have A\; = Ay and
by Wy =0, fy— —Wy= N (1)
2= BT N 3 = IV.
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For a compressible neo-Hookean material
W= -3~ B -+ B2y - 1) (12)
2 2 4
All stresses vanish at Ay = Ay = A3 = 1.
1
0= NI(A_?) — A3A3) + 2 A3 (ApA] — 1), (13)
A
N = (53 = A5ha) +rA3Aa (005 - 1). (14)
2
The Young's modulus E is obtained for small deformations as the ratio of uniaxial stress to the uniaxial stretch, that is
g o_ ON (Xa, A3) N <(’9N()\2, A3) (9)\2>
A3 |yonmt o 0N/ y,mnm
211 — 3
S Y o (15)

1 .
p1 — 2419




(/ “Tension - e;\’YeVLS&DM

Hy X
N ‘\}
l \ h
E, IHZ e I 2
El € —>
E; 4— — e hy
Hj

KCQP >\Z:- 5\3 g(f@& y .\\AC(\QCQSC >\\

=> (Téﬂg = t(
%Uf\— t‘ — % \}\f‘ il \/\./\
26 g y
| Ca | /\7‘ 7' = = _/\M_,
Physteally+ TF AT, & > W, e S 0
;—;:.) /D___\,)\_L > O C/T \/ 2/2) *‘c,ugiow/exsfewgtou

Po >\f iweﬁu&\?’\*\ﬁs




7/ Baker - Ectcksen

/x\
vffl h
-l
. IHZ ez mlhz
E € —>
E3 <4+ — 63# h3
Hj

AN
Prasuwe , We 8»;?(‘0,3[7:5/\ mele (v SSRM @‘\Mecjﬁo\/\ ét Thau e{)

We expect € >J[§ =) _}%‘\,\N; ——{\SE‘WJ‘ >0 X:>hj
=> CX;—XQ‘BZ,'@:-"RB>O B-E

e AW — Ay W N 202,3 AFEA,
>© BJ )
o —?\Q




7 EXAMPLES OF BOUNDARY-VALUE PROBLEMS

For an incompressible neo-Hookean material W = p(I; — 3)/2
We have A\; = A\ but A\3A3 = 1 by incompressibility.

ow
t; = )\ia —p i =1,2,3 (no summation over i).
The boundary conditions lead to
1 M -Du
= — N (\3) = —2—
p )\37 ( 3) >\3 3
which defines a Young's modulus
ON(As3)
E = = 3.
D |y
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The Rivlin cube
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A 7\«1 - ‘/ )\ \,\“\S‘ab\? --------
, -

1 stable T unstable
T
>
0 Ty 21
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7.3 Inflation of a spherical shell.

Elastic, incompressible, isotropic spherical shell with strain-energy W (I3, I, &)-

/x\

U
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A point located at (R, ©, ®) moves to a point (r, 0, ®) where r = r(R). Then x = x(X) is
r=r(R), 0=0, ¢=07, (16)
Hence
X = REp, x=r(R)e, = T(Jf)x. (17)
Due to the symmetry of the deformation, we can identify the basis vectors so that Ep = e,, Eq = €y, Es = €.
Ar r!
F = Y, = r/R (18)
Ao r/R

AN=7(R), g=1/R=DXs, A =A"

Ao =a/A, Ny =b/B, r=+/a’— A3 + R3

where a is the single unknown parameter.
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Boundary conditions

—Pn

_p _
Tom— on r=a (19)
0 on r=150

_p _
T - on r=a (20)
0 on r=150
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Solve the Cauchy equation: b =0 and div T = 0,
d7,., 2
— (T — Thy) = 0, 21
dr i r ( ) (21)
ow
T=F— —pl. 22
o5 P (22)
Explicitly
ot, 2 N
2t~ ty) = 0, = Vee, oo (23)
t, =AW, —p= )\_2WT - p, tg = AWy — p, ty = ty. (24)
Taking differences
t, —tg = N2W, — AW, [\}J{ = rDW, (25)
o DAc
—— + Z(\TPW, — AW) = 0. 26
2 ) (26)
Introduce auxiliary function, h(A) = W(A72, A, \),
h
R'(\) Oh _ Wi (=227 + Wl + Wyl = =20 YA 2W, — AW) (27)

Y
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ot, Ot O\
o~ onor (28)
N T A1 R
- R(r)) Oor R R?
2
B=r-d+ A, RR=3° R=_=X
ox 1
ot, ot 1 o AR
==Y - (30)
ot, KN RN
ox  1—X¥ :tr_/Aa1_AsdA (31)

At A= N\, t, = =P,

- b h/()\) B b h/()\) B
_P= /A d\, = P_/A dA = f(\). (32)

a
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Note

1, 1
Ao =a/A, N = EV“?’ — A3 4+ B3 = EV(AQ —1)A3 + B3, (33)

Example: Neo-Hookean W = £(\7 + \j + A2),

pofl 2
_ B aa) 4
— h 5 ()\4 + 2\ ) (34)
Note the nonlinearity in the 1/\* term.
R’ 5 5
L 9u\ -
= T p(A™7+ A7), (35)

(36)
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tr()\b> A
P>0
blowing
Aa
\ >
X
1 -— compressive

P
P<0
sucking
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15

Hoo\l\eu\ - Risliu

tr(Ap)
P>0
blowing
Aa
\ >
X .
1 -— compressive

P

P<0

sucking




