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10 Linear Elasticity

⇢̇+ ⇢ div v = 0, mass (1)

div T+ ⇢b = ⇢v̇, linear momentum (2)

T
T = T, angular momentum (3)

T = J
�1
F
@W

@F
� p1. hyperelasticity (4)

where J = 1 for an incompressible material and p = 0 otherwise.

Objectivity+Isotropy: W = W (I1, I2, I3), with

I1 = tr(B) = �
2
1 + �

2
2 + �

2
3, (5)

I2 =
1

2

�
I
2
1 � tr(B2)

�
= �

2
2�

2
3 + �

2
3�

2
1 + �

2
1�

2
2, (6)

I3 = det(B) = �
2
1�

2
2�

2
3. (7)

B = V
2 = FF

T.

For an isotropic compressible material, we have J = I3 = 1 and W = W (I1, I2).
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10.1 Infinitesimal strain tensor

The central object is not the mapping � but the displacement gradient H.

u

x

�

u = x�X = �(X, t)�X

=) ru = Grad �� = H = F� ,

⇒ u=uCx , t )
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Assumptions of linear elasticity:

• Displacement gradient is small.

Now consider the strain tensor,

Enonlin =
1

2

�
F

T
F�

�
(8)

F = +H =) E =
1

2

�
( +H)

�
+H

T
�
�

�
=

1

2
(H+H

T )
| {z }

E

+O(H2) (9)

E =
1

2
(H+H

T ) =
1

2

�
ru+ (ru)T

�
(10)

E is the linear strain tensor (or just strain tensor).
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10.2 Constant relationships

S = S(F), T = T (F). (11)

We assume S( ) = 0 (no residual stress).

=) S = S( +H) = S( )|{z}
0

+DS( )[H]| {z }
C[H]

+O(H2), (12)

where C is linear in H.

T = T ( )| {z }
0

+DT ( )[H] +O(H2) (13)

Which one to use?

T = J
�1
FS =) T = J

�1
FS (14)

T = DT [H] = J
�1( +H)DS( )[H] = det( +H)( +H)DS( )[H] +O(H2) (15)

We conclude that the linear approximations of both stress tensors are equal.

constitutive
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DT ( )[H] = DS( )[H] ⌘ C[H] (16)

C is the elasticity tensor.

Tij = Cijk`Hk` (17)

Note also

Tij = Cijk`


1

2
(H+H

T )
| {z }

E

+
1

2
(H�H

T )

�

k`

(18)

Tij = Cijk`Ek` (19)

constant relationship for linear elasticity. C has 81 components. To restrict these, we use

Minor symmetries:

Cijk` = Cij`k = Cjik` = Cji`k (20):÷÷÷¥±÷BEBBMa



of Tig. =Tji ⇒ Cijb , = Cjibi

(c) = kiss vii. ice;] ,t

¥:D .
71

[cis] 9

⇒ 6 blocks of 3×3 matrices ⇒ 54 Cain parents



by Eib= Eat ⇒ Cijbl = Cij ibn

T O

my
"
"
"" Ii: {↳ {§

L LD
⇒ 6 blocks

,
each with 6 inolep . components .

⇒ 6×6=36



36 components = 6×6 ⇒ 6×6 matrix

I = I 2 3 4 5 6

( i ,j ) = Css) 6,2) ( 3,3) ( 1,2 ) (2,3) ( 2,1 )

⇒ Cijy ,← Ce, I ,J
=L
.
- ri

,
6

Voigt notation
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Taking into account minor symmetries

Tij = Cijk`Ek` (21)

or

TI = CIJEJ (22)

So, C has 36 components.

Major symmetries:

CIJ = CJI (23)

Cijk` = Ck`ij (24)

i. j , b. 1=42,3

I
, 3=1 , - ri ,

6



Hyperelasticity : I w s
.

t
.
S =Off

⇒ F w =w CE) s .

t W LE) = I Eijcijb , EH
= Iz EI CIT EJ

⇒ Tj = Sij = f¥÷ = Cijbi
⇒ TI = after = CIT CJ



Since Wis quadratic ⇒ WE and

I¥÷oEs=8¥÷E±
11

(
JI

= CIS CIS Sym .

⇒ C = {⑦ 6 721=21
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Minor symmetries:

Tij = Cijk`Ek` (25)

or

TI = CIJEJ (26)

Major symmetries:

CIJ = CJI (27)

Cijk` = Ck`ij (28)

So, C has 21 components (most general linear elasticity tensor).

indep
✓

-

⇒ 21 moduli .
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10.3 Isotropic linear elasticity

If the material is isotropic:

Sij = Tij = 2µeij + �(tr E)�ij (29)

where

Cijk` = ��ij�k` + 2µ�ik�j` (30)

for µ and � the Lamé coe�cients.
From the symmetry of C and positive definiteness, we have

µ > 0, 2µ+ 3� > 0. (31)

Note: C is positive definite means

E.C(E) > 0, 8E 2 Sym. (32)

If the body is homogeneous, then ⇢0, �, µ are constant.

Eij
it
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10.3.1 Equations:

u = (�)(X)�X.

S = C[E], (33)

E =
1

2
(ru+ru

T ) (34)

Div S+ b0 = ⇢0ü = ⇢0a (35)

If the body is homogeneous, then ⇢0, �, µ are constant.
Assume homogeneity and isotropy,

S = 2µE+ �(tr E) . (36)

Div S = ◆◆2µDiv

✓
1

◆◆2
(ru+ru

T )

◆
+ �Div

✓
tr

1

2
(ru+ru

T )

◆
(37)

= µ�u+ µGrad Div u+ �Grad Div u (38)

= µ�u+ (µ+ �)Grad Div u (39)

Therefore we have the Navier equation,

µ�u+ (µ+ �)Grad Div u+ b0 = ⇢0ü (40)
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Note that u = u(X) implies that x does not appear any more (we can replace X by x if we want – I don’t).

In components,

u = u(X, t) = uiEi (41)

implies

⇢0
@
2
ui

@t2
= bi + µ

3X

j=1

@
2
ui

@X
2
j

+ (�+ µ)
@
2
uj

@Xi@Xj
(42)
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10.5 Incompressible linear elasticity

Recall: Incompressibility:

detF = 1, =) det( +H) = 1 + tr H+O(H2) = 1 (43)

Therefore tr H = 0 = Div u, and

Div u = 0 () tr E = 0 (44)

Also

T = �p + J
�1
F
@W

@F
, � = �p + Cijk`ek` (45)

For isotropic material,

� = 2µE+ �⇠⇠⇠⇠⇠(tr E) � p (46)

but µ = E
3 .

Therefore

⇢ü = �Grad p+ µ�u (47)

T EARLbi
T


