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10 Linear Elasticity
p+pdivv =0, mass (1)
div T+ pb = pv,  linear momentum (2)
T =T,  angular momentum (3)
o OW -
T=J F— —pl. hyperelasticity (4)
OF
where J =1 for an incompressible material and p = 0 otherwise.
Objectivity+Isotropy: |IW = W (1, I, I3)| with
I = tr(B) = M\ + A5 + )3, (5)
1
Iy = o (If = tr(B?)) = AA5 + ASAT + AT, (6)
I3 = det(B) = A2A2\2. (7)
B=V?=FF".

For an isotropic compressible material, we have J = I3 =1 and W = W (1, I5).
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10.1 Infinitesimal strain tensor

The central object is not the mapping x but the displacement gradient H.

u=x—-X=x(X,t) - X

— Vu=Grad y—-1=H=F -1,

O = Oé&,’t}
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Assumptions of linear elasticity:

e Displacement gradient is small.

Now consider the strain tensor,

Enonlin - % (FTF - Il) (8)

F:IL+H:>E:%((IL+H)(]1+HT)—IL):%(H+HT)+O(H2) (9)
E

E - %(H L HT) = % (Vu + (Vu)?) (10)

E is the linear strain tensor (or just strain tensor).
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Constctutive
10.2 (sowebeawd relationships

S=SF), T=T(F). (11)
We assume S(1) = 0 (no residual stress).
_ _ 2
— S=S5(1+H)=S5(1)+ DS(1)H] + O(H"), (12)
0 C[H]
where C' is linear in H.
T =7(1) + DT (1)H] + O(H 13
TE)HT()[H() (13)
Which one to use?
T=J'FS = T =J'FS (14)

7 =DT[H] = J (1 +H)DS(1)[H] = det(1 + H)(1 + H)DS(1)[H] + O(H*) = b§[1> LHF&"' OC{'\QB

We conclude that the linear approximations of both stress tensors are equal.
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DT(1)[H] = DS(1)[H] = C[H]
(' is the elasticity tensor.
Tij = CijreHye
Note also

1 1
Ty = Cijre | 5(H+H') + S(H - H')
L,_/ 2 k¢
E

Tij = CijreEre

constant relationship for linear elasticity. C' has 81 components. To restrict these, we use

Minor symmetries:

(16)

(17)

(18)

(19)

(20)
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Taking into account minor symmetries

Tij = CijreEre C,A,L,\ =1,2,3 (21)
or
Tr =CrEy ’E’S:(,,.o, é (22)
So, C' has 36 components.
Major symmetries:
Cry=0Cjyr (23)

Cijke = Cheij (24)
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Minor symmetries:

Tij = CijreEre (25)
or
Ty = Cr/E; (26)
Major symmetries:
Cry=Cp (27)
[“J.DP Cijke = Chuij (28)
v

So, C' has 21 components (most general linear elasticity tensor).

= Z\ modoli.
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10.3 Isotropic linear elasticity g;‘
If the material is isotropic: L
Sij =T = 2/1% + A(tr E)d;; (29)
where
Cijie = A0ij0re + 2016i50 ¢ (30)

for ;n and A the Lamé coefficients.
From the symmetry of C' and positive definiteness, we have

>0,  2u+3X>0. (31)

Note: C'is positive definite means
E.C(E) > 0, VE € Sym. (32)

If the body is homogeneous, then py, A, p are constant.
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10.3.1 Equations:
u=(x)(X) - X.

S = C[E], (33)
E - %(Vu v (34)
Div S 4+ by = poi = ppa (35)

If the body is homogeneous, then py, A, p are constant.
Assume homogeneity and isotropy,

S = 24E + A(tr E)L. (36)
1
DivS = 2uDiv (%(Vu + VuT)> + ADiv <tr §(Vu + VuT)]L) (37)
= pAu+ uGrad Div u 4+ AGrad Div u (38)
= pAu+ (g + \)Grad Div u (39)

Therefore we have the Navier equation,

pAu + (1 + A)Grad Div u + by = ppta (40)
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Note that u = u(X) implies that x does not appear any more (we can replace X by x if we want — | don't).

In components,
u=u(X,t) = uE; (41)

implies

"o OX? IX.0X,

0%, R 0%,
3= by o (A ) (42)
j=1
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10.5 Incompressible linear elasticity

Recall: Incompressibility:
detF =1, = det(l+H)=1+tr H+ O(H?) =1 (43)

Therefore tr H =0 = Div u, and

= (44)
Also
oW
_ 12" — .
T——pl+J Fo, T=-p1+Cyu E (45)
For isotropic material,
| = 2uE + At—EJ1 — pl (46)
but © = %
Therefore

pu= —Grad p+ pAu (47)




