SOLID MECHANICS

Lecture 19: Chapter 10: Linear Elasticity

10.7 Elasto-dynamics

Oxford, Michaelmas Term 2020
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10 Linear Elasticity

10.7 Elasto-dynamics

pAu + (A + p)Grad Div u = pua (%)
Planar waves ansatz:
u(x,t) = asin(k - x — ct) (1)

Here a is the amplitude, k is the direction and c is the velocity. We normalize such that |k| = 1.

2 interesting cases: a || k (P-wave) or a | k (S-wave)
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Two important cases:
a| k Longitudinal — primary, pressure, P-waves.
a | k transverse — shear, secondary, S-waves.

Wavellength

Low density
( : 1 Undisturbed medium
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Two important cases:
a| k Longitudinal — primary, pressure, P-waves.
a | k transverse — shear, secondary, S-waves.
direction of wave
P-waves S—waves
Ansatz: u(x,t) = asin(k -x — ct), let p(x,t) =k -x — ct.
Note that Divu = a-kcosy (2)
Curlu = —axkcosgp (3)
Div u = 0 is transverse, Curl u = 0 is longitudinal.
Substitute u = asin g in
pAu+ (A + p)Grad Div u = pu. (4)
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Then

Au = —asing
Grad Divu = Grad(a-kcosy) = (a-k)k(—sin p)

asin ¢ and

Therefore 1 = —c¢
pa+ (A +p)(a-kk = pc’a

This is a linear operator on a. Define A the acoustic tensor,
1 1
A = P (W1 + A+ pkek)[Al; = P (1ij + (A + p)kik;)

so that we have the eigenvalue problem



10 LINEAR ELASTICITY

P-waves

with

and a = ak

Aa=c

%m O+ ko k) Al = /—1) (4835 + (A + p)kik;)

1
OzAZ’jkj = ;(Mkz + ()\ + M)k]k]kz) = CQCK]{IZ'

1

A+ 2u

(10)

(11)

(12)

(13)
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S-waves a | k, a;k; = 0.
1
Aija; = P (nai + (A + p)kikja;) = ca; (14)
A+2
— 2= CT:\/E< s (15)
p p p
i.e. slower than cy,.
Note also
E(1—-v)
= 16
L \/(1+y)(12y)p’ (16)
where 1 — 2v = 0 for an incompressible material. Therefore ¢, — oo as v — 1/2.
Also note
G=unlp = pu=dp (17)
A
c1 = ot 27, = pcp—2pc; (18)
— |ii = & Au + (2 — ¢2)Grad Div u (19)




10 LINEAR ELASTICITY

focus of earthquake
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