
 

Complex analysis conformal maps and geometry
Conformal maps f A e holomorphic

analytic
f l 2HO t 2 E R

Riemann mapping thm
Qi Given twodomains can we find a conformal

map from one domain onto the otherq
Topological properties A simply connecteddomain can not

be mapped to a doubly connected domain

Did
A

conformal equivalence is
a
more restrictive

ex D K 6 HI
they are simply connected but not conformally

equivalent to earthother

Q Given a domain U E can we find a conformal

map from 0 onto one of the three in i

Riemann Mapping Thm Any simply connected domain canbe

conformally mapped onto one of the three
Koebe's proof C Ahlfors
Construction of uniformity I polygon to D
maps Christoffel Schwartz mopping

Multiply connected domains
Boundary correspondence whether the comp can be



3 y est ther e co.mg can

continuously extended to the bdries

Dirichlet bdry problem Ice f in R E E
uhrig

Chap Univalent maps conformal and I 17
relate the analytic properties of the univalent
map with the geometric properties of the
domain andits image
S E f D E univalent I

Relate Area of film to the Taylorexpansion offlyaround 2 0

Area thm
distorsion thm
E I f 3121713 E

A
complementof a comptout

univalent 7
Ifaf if'izy

chap4 Conformal invariants and extremal length
Discuss the quantities properties thatdonotchange

under the conformal transformations 1 or charged in a
predictableway1
Green's function Harmonic measure



Green s f
extremal length

Chap I
Uniform limit of analytic functions is analytic
Liouville theorem theonly bald entire function are

constant functions
Maximum modulus principle the maximum modulus of
a non constant analyticfunction is achieved onthe
bdry of the domain

Schwartz reflection principle
Ut R E IH and I be an open in IR suchthot
cell itspts are bdrypts of r

want army tunaminr

Assume f B real valued on

Define F I RUI UFf
where is symmetric to r about
the real axis

f 121 fit if 2C RUI

Fiz if z cRi
Suh F is analytic.int

Argument principle f is meromorphic 1 theonlysingularies
are isolatedpoles inside a closed simply positively
oriented contour f has no UN or poles on V

t

g
f t Iz N p indifirl



2hifyfz.DZ N P indifirl
where N is the numberof zeroesof f
inside y and P is thenumberof poles off
insider
indifin is the index or winding numberof
fIV which gives howmany times for goes
around the origin in the counter clockwise
direction

Roache 1hm let f g be two analytic functions in

some domain r and let Vcr be a cloud
contour If 1gI sift on 8 then the
functions f and f 1g hare the same number of
0 inside V

univalent holomorphic and I I

f it 2 2 is conformal on 1121713
f iz to but 2 l map

ffrei0 if Lpeilott

chap2 Riemann Mapping thm
2 I Miibius transformation and Schwartz Lemma
let R E E and assume there are two univalent

maps f and g
r Is r
g

i N is one of three standard typesof domains in



s of y of
E

µ go f n r

prop 2 I 3 All conformalautomorphism of E E IH
and D are Midbius transform

Thm2.12 Schwartz Lemma

let f be an analyticfunction in the unit disc ID normalised

by fco _0 and I fit If I
then I fit I E IZ l for a ZEID and I f lostEl
Moreover if I 2 to sat If it 1 121 or I f1021 1
then fit Oz for some fixed EIR

proof Define gits y
fHI IZ if 2to
f101 if 2 0

g has a removable singularity at o analytic.in D
let r C co 1 be fixed on 121 8 by 1 fit let
Igotile Yr

Hence by the maximum modulus principle I got If Yr
fur 121 Er

Passing to limit as r 71 we have 18111 in D
Ifit I E 121 and Iftoilet
Assume I 2 EID smh thet Iga 1 1 By maximum
mod principle IC ICHI e't foEIR

giz eia
fczi eio Z.tt



I
proof of prop 2.1.31 only for D

let f D ID be a conformal automorphism

define flit 2402 q1 foot 2

g Hof Iprefl is an analytic map in ID
with geo o 1gal El

BySchwartz lemme 1gal 4121
Apply to g I and igtitsle.tt

Y

legit 1 121

goes eOz for some GR

Mlf Cio z f µ I ceioz typo

i f is the inverse of the Mobius transform Eiquit

prop21.1 The only Mobius transform the map D G or IH
to themselves core of theform

f ID 2 ID fez Cio EI a EID GEIR
I IZ

G E fit AZtb a b EE

IH IH fit aZtb a b e d cIR
Ctd ad bc o


