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In the last lecture

@ De Giorgi-Moser-Nash's theorem on the continuity of weak
solutions to linear elliptic equations.

@ Global a priori L> estimates.

Luc Nguyen (University of Oxford) C4.3 — Lecture 16 MT 2020 2/26



This lecture

@ Local a priori L* estimates.

o Elliptic systems: a glimpse.

Luc Nguyen (University of Oxford) C4.3 — Lecture 16 MT 2020 3/26



Local a priori L*° estimate

As in the last lecture, we will assume for simplicity that b = 0 and
c = 0, and focus on a priori L estimates.
@ In the last lecture, we assume that u =0 in 9B; and Lu = f in
B; with f € L9(B;) for some g > n/2, and deduce estimates for
[ull ()
In this lecture, we prove:

Theorem (Local a priori L* estimates)

Suppose that a € L*°(B,), a is uniformly elliptic, b= 0, c =0 and
L = —0;(a;0;). If u € HY(By) N L=(B,) satisfies Lu = f in By in the
weak sense for some f € L9(B;) with g > n/2, then

lulloo(8y) < C|fllace) + llulli2sy)),

where the constant C depends only on n, q, a.
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Local a priori L°° estimates

Proof
@ We will also use Moser iteration method. Fix some kK > 0, p > 1.
@ Let w = uy + k. Unlike in the last lecture, wP — kP is no longer
in Hy(Bz) and so cannot be used directly as a test function.
@ To fix the issue, we take a function ¢ € C°(B;) with || <1
and use v = (?(wP — kP) as a test function.
We have

/deX = /aijaju&-vdx
82 B2

= /p(2wp_1a,-j8ju8,-u+dx
B,

+/ 2C2,'J'8JU6;C(WP — kp) dXv
B>

where in the rest of the proof red terms indicate new terms that
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Local a priori L°° estimates

Proof
° fvdx = / pC2W”_la,-j8ju8,-u+ dx
32 BQ
+/ 2(3,-1-0ju8,-§(w” - kp) dx.
B
@ The first term on the right hand side is treated using ellipticity
as usual:

/B pCwPra;0udiuy dx > Mp [ CwP TV |? dx
2

B

The left hand side is also treated as last time:

f
/fvdx§ §2|f|w”dx§/ uC2Wp+1dx.
B, B k

B
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Local a priori L°° estimates

Proof

o Putting the inequalities together and rearranging, we thus have
f
p/ CwP | Vu P dx < C uC2W”+1 dx
Bz BZ k
+C [ 1¢IVullVE|wP — kP| dx.
B>
As w > k, we have |wP — kP| = wP — kP < wP. Also, in

{wP — kP > 0} = {u > 0}, we have Vu = Vu,.
Therefore

f
p | CwPHVufdx<C ug“zwp+1 dx
32 B2 k

p—1 p+1
+C/ Cllw| 2 [Vuy[[VE w2 dx.
B>
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Local a priori L°° estimates

Proof

CwPVu, Pdx < C If] | CCwPtdx
BQ BQ

‘c / !CHW!‘%!VMW%\VC!dX-
B>

e By Cauchy-Schwarz’ inequality, we have

1 C
the last integral < =p [ CPwP Y Vu,|*dx + / wPTHV¢|? dx.
2 B, P B,

o It follows that

CwP Y, 2 dx < C/ [’ L2 |vg\ } P gy,
B>

B
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Local a priori L*° estimate

Proof

@ Rearranging, we obtain

<ﬂvw?ﬁwgcp/[’kﬁqu}wﬁuu

B2 B2

@ The above inequality gives

lo(w's — & "“)|1H1<Cp/ Mz s ¢ v vep] wot o

B>
e By Gagliardo-Nirenberg-Sobolev's inequality, this implies that

P+ pt+1l

I = k) 2, < CP/ [| ¢y v [ wett d.
Ln—2 B,
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Local a priori L*° estimate

Proof
ptl ptl
o llctw® k)P g < G [ [l c2h vep]werian
2

@ Thus, by triangle inequality,

p+l
w2y < Co [

f
[%CZ + Xsupp(c) + IVCV} wPt dx.
B>

@ Using Holder's inequality, we then arrive at

f
1WA 2 ey S €0 I s 1 IV CIE | WP s

@ We again choose k to be any number larger than ||f|| .« to obtain

WP ey < P [L+ IV [ 197 sy
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Local a priori L*° estimate

Proof
e 3 [

is therefore self-improving, though not as strong as last time: If
w has a bound in L9 P+ (Supp(¢)), then it has a bound in

L% ({C > 1)),
o In particular, if we select 0 < r» < r, <2 and ¢ € C(B,,) with
(=1lin B, and |V(| < ﬁ we have

1 1
W7 e,y < T el ety

where the constant C is independent of r, r» and p.
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Local a priori L*° estimate

Proof

Cp
p+1 <
@ As in the last Iecture let x = C=Irs ) > 1 and t,, = yx™ for

w +1||Lq, (B.y)"

some v > 2¢’.

If the red terms weren't there then the above would give

’
1Wlliims < (Ctm)ir [ w]| o
-1, —m /A—1

(ny)‘” XA mX?mHWHLt’”'
Hence by induction,

HWHLth < (C,y)qwflme*quwflzmmxfm”WHm < CHWHm-

Sending m — oo would yield the conclusion.
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Local a priori L*° estimate

Proof

Cp
° |]Wp+1| =T )< mnprHLq, ()
@ As in the last lecture, let x = =Tk 1 and t,, = yx™ for
some v > 2q’.
To accommodate the red terms, we look as radii

fm=14+2"""1 Then

Ctp
IWlimss,, ) < (5 2m) |wllin,,)

! ay— —m /! —lm
= (CN)TT @)™ Wi, )-
By induction, we hence get
/A —1 —m Ia—1 my—m
||w||Ltm+1(Brm+l)§(C7)qv Em X" (4 )T Em X lwllio s, )

< C“W||L"(B3/2)‘
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Local a priori L*° estimate

Proof

@ Sending m — oo, we obtain

Wl e,y < Cllwllis,,,) when v > 24".

@ The reduction from L7 to L2 in this local case is not as
straightforward as before. Let us assume for the moment that it
is done so that

[Wlleo(gr) < ClIwll2(s,)-
@ We conclude by recalling that w = u, + k and k can be any
positive constant larger than ||f||14(s,):

lug ey < Cllullz(sy + [1FllLas:))

@ The same argument applies to u_. The conclusion follows.
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Local a priori L*° estimate

Proof
o ||wl|i=(s) < Cllwl|r(s,,,) when v > 24",
@ We now return to the reduction from L7 to L2.
@ It turns out that the proof of the first bullet point above yields
some constant C and exponent m such that

[wli(s,,) < m”wﬂm(gq) forall0<n<n <?2.

Now we write as last time
2

1_7
Wl < Iwlli=(s,)

‘W”Z2(B,1)

so that

_2 2
Wl (B,,) < PG HWHLOOZ |WHZQ(Bq) forall0<n<n <2
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Local a priori L*° estimate

Proof

1-2 2

g Wil Il e, for al

n —
O<n<n<?2.

@ To proceed, we use the inequality ab < %a” + %b”/ on the right
hand side to get

o [[w|i=(s,) < (

C
— )"

1 C
< glwll=en + (rn— )™

1
[wllie(s,) < Sllwlli=s,) + (n wlli2(s,)

W||L2(Bz)

forall0<nrn<n <2
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Local a priori L*° estimate

Proof
@ We thus have

1 C Wi|l2
Wllis,) < =lwlli=(s,) + CIwllee:) ¢ o< n<n <2
(n—r)"

@ The conclusion follows from the following lemma:

Lemma (Giaquinta-Giusti)
Suppose Z : [r, R] — [0, 00) is a bounded and

Z(s) < zZ(t)+ At —s) *forallr <s<t<R

N+

for some constant A > 0, o > 0. Then, for some ¢ = c(«) > 0,

Z(r) < c(a)A(R —r)™.
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Giaquinta-Giusti's lemma

Proof

@ Fix some A € (0,1) for the moment and let t,, = R—A"(R —r).
@ Then

Z(tn) < %Z(th) +AL(L = MA™(R — r)]
e So

2(r) = Z(t0) < 52(8) + Al(1 —~ N)(R — )]

%Z(tz) + %A[(l — MR =]+ AL - N\(R-1)]™

<..

IN

1 _amil —ky—ka
< o Z(tm) + AL = 2)(R = 1)] ;2 Ake,
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Giaquinta-Giusti's lemma

Proof
o Z(r) < 2im2(tm) +A[(L=N)(R-1)] i 2 kN,

@ Sending m — oo using that Z is bounded, we hence have

Z(r) <AL= A)(R=r)] ™™ 27ka*

@ Choosing A € (0,1) such that 2A\* > 1, we see that the
geometric sum converges, giving the lemma.
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Elliptic systems

Consider a second order linear system of partial differential equation
for a function u = (uy,...,un) : Q C R" — R™ of the form

(Lu)o = —0i(anp,jjOjug) + lower order terms = f,

where repeated Roman indices are summed from 1 to n and repeated
Greek indices are summed from 1 to m.

e Ellipticity (Legendre-Hadamard condition): Consideration in the
calculus of variation suggests that ellipticity should mean

aa,@,ijgigjnanﬁ > 0 for g € Rna ne Rm?&a n 7é 0.

@ In most case, one requires the stronger condition (strong
ellipticity):

a0p,iiPaiPsj > 0 for p € R™™ p £ 0.
@ Symmetricity:

dap,ij = ABovji-
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Elliptic systems

(Lu)o = —0i(aap,ijOjug) + lower order terms = f,.

@ Much is understood, but theory is far less complete!

@ Weak solutions are defined similarly using vector-valued test
functions.

@ Under the right condition on the lower order coefficients e.g.
absence of first order term and coercivity, existence can be
proved for symmetric system by the Riesz representation
theorem (under strong ellipticity) or the direct method of the
calculus of variations (under Legendre-Hadamard).

@ In the absence of lower order terms: The Legendre-Hadamard
condition does not imply uniqueness (Edenstein-Fosdick).
Strong ellipticity does imply uniqueness.

In particular, the Fredholm alternative does not hold, namely
there exists operator which gives solvability but has no
uniqueness.
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Elliptic systems

(Lu)y = —0i(aap,;jOjug) + lower order terms = f,.

@ H? regularity holds under strong ellipticity.

@ Holder continuity needs not hold for solutions to a bounded

measurable and strongly elliptic system.

Theorem (Giusti-Miranda)

Let B be the unit ball in R", n > 3 and u(x) = 2. Then

e

u € HY(B)\ C(B) and u satisfies (Lu), = —0;(Aup.iiO;us) =0 in B

where

A = Oaply + [5a,-+ 2 Xax"] [5ﬁj+

n—2x?

2 XJ‘X5:|
n—2|x|21
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Elliptic systems

Proof
@ By brute force, one check that, for x # 0, u is smooth and
Lu(x) =0.

@ Note that at this point one cannot conclude that Lu = 0 in the
weak sense yet. [One should keep in mind the example that
_AM%ZO in R”\ 0 (for n > 3) but —A‘X‘%#O in R" in
the weak sense.]

@ We proceed to show that Lu=0in B, i.e.

/ Anp,ii0jugOips dx = 0 for all ¢ € C°(B; R").
B
@ The fact that Lu =0 in B\ {0} gives that
/ Aup,ii0iuplips dx = 0 for all ¢ € C°(B\ {0};R").
B

MT 2020
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Elliptic systems

Proof
e Fix now a function ¢ € C°(B).

For small € > 0, take a bump function (. € C*(R") such that
(. =0in B.(0), (. =1 outside of B,.(0), |¢.| <1 and
VGl < €.
Let ¢ = (. € C2(B\ {0}).
@ As Lu=0in B\ {0}, we have
0= / Aa@;jajUga,'gOS) dx
B
= / Aag,ii0us[0ipals + Pa0iC:] dx
B

:/Aa@,-jaju[g@,-goacs dx+/Aa57,-j8ju5goa8,-CE dx
B B

=: I]_ + I2.
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Elliptic systems

Proof
o Consider /| = / Anp,ij0jug0ipal. dx.
B
The integrand is bounded by |A,g ;;0;ug0;pa|, which is
integrable, and converges a.e. to A,g,j0jugdips as € — 0.
By Lebesgue's dominated convergence theorem, we have

lim /1 = / Aag,yﬁju58;g0a dx.
0 B

E—

@ Consider next h = / AnpiiOjuppa0iC. dx.
B

Note that |V{(.| < 9 and is supported in By, \ B.. Furthermore,

\/7

we have |Vu| = Hence

n—2 €—0
12§8—2|82€\BE|§C5 2250.
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Elliptic systems

Proof

@ So we have shown that 0 = /; + b,

lim /1 = / Aaﬁ,,-j@juﬁ&-gaa dx.
B

e—0

and

@ We conclude that
/ Ans,ij0iug0ips dx = 0.
B

Since ¢ was selected in C2°(B) arbitrarily, this means Lu =0 in
B in the weak sense.
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