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In the last lecture

De Giorgi-Moser-Nash’s theorem on the continuity of weak
solutions to linear elliptic equations.

Global a priori L∞ estimates.
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This lecture

Local a priori L∞ estimates.

Elliptic systems: a glimpse.
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Local a priori L∞ estimate

As in the last lecture, we will assume for simplicity that b ≡ 0 and
c ≡ 0, and focus on a priori L∞ estimates.

In the last lecture, we assume that u = 0 in ∂B1 and Lu = f in
B1 with f ∈ Lq(B1) for some q > n/2, and deduce estimates for
‖u‖L∞(B1).

In this lecture, we prove:

Theorem (Local a priori L∞ estimates)

Suppose that a ∈ L∞(B2), a is uniformly elliptic, b ≡ 0, c ≡ 0 and
L = −∂i(aij∂j). If u ∈ H1(B2) ∩ L∞(B2) satisfies Lu = f in B2 in the
weak sense for some f ∈ Lq(B2) with q > n/2, then

‖u‖L∞(B1) ≤ C (‖f ‖Lq(B2) + ‖u‖L2(B2)),

where the constant C depends only on n, q, a.
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Local a priori L∞ estimates

Proof

We will also use Moser iteration method. Fix some k > 0, p ≥ 1.
Let w = u+ + k . Unlike in the last lecture, wp − kp is no longer
in H1

0 (B2) and so cannot be used directly as a test function.
To fix the issue, we take a function ζ ∈ C∞c (B2) with |ζ| ≤ 1
and use v = ζ2(wp − kp) as a test function.
We have∫

B2

f v dx =

∫
B2

aij∂ju∂iv dx

=

∫
B2

pζ2wp−1aij∂ju∂iu+ dx

+

∫
B2

2ζaij∂ju∂iζ(wp − kp) dx ,

where in the rest of the proof red terms indicate new terms that
appear due to the introduction of ζ in the proof.
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Local a priori L∞ estimates

Proof∫
B2

f v dx =

∫
B2

pζ2wp−1aij∂ju∂iu+ dx

+

∫
B2

2ζaij∂ju∂iζ(wp − kp) dx .

The first term on the right hand side is treated using ellipticity
as usual:∫

B2

pζ2wp−1aij∂ju∂iu+ dx ≥ λp

∫
B2

ζ2wp−1|∇u+|2 dx

The left hand side is also treated as last time:∫
B2

f v dx ≤
∫
B2

ζ2|f |wp dx ≤
∫
B2

|f |
k
ζ2wp+1 dx .
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Local a priori L∞ estimates

Proof

Putting the inequalities together and rearranging, we thus have

p

∫
B2

ζ2wp−1|∇u+|2 dx ≤ C

∫
B2

|f |
k
ζ2wp+1 dx

+C

∫
B2

|ζ||∇u||∇ζ||wp − kp| dx .

As w ≥ k , we have |wp − kp| = wp − kp < wp. Also, in
{wp − kp > 0} = {u > 0}, we have ∇u = ∇u+.
Therefore

p

∫
B2

ζ2wp−1|∇u+|2 dx ≤ C

∫
B2

|f |
k
ζ2wp+1 dx

+C

∫
B2

|ζ||w |
p−1
2 |∇u+||∇ζ|w

p+1
2 dx .
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Local a priori L∞ estimates

Proof

p

∫
B2

ζ2wp−1|∇u+|2 dx ≤ C

∫
B2

|f |
k
ζ2wp+1 dx

+C

∫
B2

|ζ||w |
p−1
2 |∇u+|w

p+1
2 |∇ζ| dx .

By Cauchy-Schwarz’ inequality, we have

the last integral ≤ 1

2
p

∫
B2

ζ2wp−1|∇u+|2 dx +
C

p

∫
B2

wp+1|∇ζ|2 dx .

It follows that

p

∫
B2

ζ2wp−1|∇u+|2 dx ≤ C

∫
B2

[ |f |
k
ζ2 +

1

p
|∇ζ|2

]
wp+1 dx .
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Local a priori L∞ estimate

Proof

Rearranging, we obtain∫
B2

ζ2|∇w
p+1
2 |2 dx ≤ Cp

∫
B2

[ |f |
k
ζ2 + |∇ζ|2

]
wp+1 dx .

The above inequality gives

‖ζ(w
p+1
2 − k

p+1
2 )‖2H1 ≤ Cp

∫
B2

[ |f |
k
ζ2 + ζ2 + |∇ζ|2

]
wp+1 dx .

By Gagliardo-Nirenberg-Sobolev’s inequality, this implies that

‖ζ(w
p+1
2 − k

p+1
2 )‖2

L
2n
n−2
≤ Cp

∫
B2

[ |f |
k
ζ2 + ζ2 + |∇ζ|2

]
wp+1 dx .
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Local a priori L∞ estimate

Proof

‖ζ(w
p+1
2 − k

p+1
2 )‖2

L
2n
n−2
≤ Cp

∫
B2

[ |f |
k
ζ2 + ζ2 + |∇ζ|2

]
wp+1 dx .

Thus, by triangle inequality,

‖ζw
p+1
2 ‖2

L
2n
n−2
≤ Cp

∫
B2

[ |f |
k
ζ2 + χSupp(ζ) + |∇ζ|2

]
wp+1 dx .

Using Hölder’s inequality, we then arrive at

‖ζ2wp+1‖
L

n
n−2 (Supp(ζ))

≤ Cp
[
‖|f |
k
‖Lq +1+‖∇ζ‖2L∞

]
‖wp+1‖Lq′ (Supp(ζ)).

We again choose k to be any number larger than ‖f ‖Lq to obtain

‖ζ2wp+1‖
L

n
n−2 (Supp(ζ))

≤ Cp
[

1 + ‖∇ζ‖2L∞
]
‖wp+1‖Lq′ (Supp(ζ)).
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Local a priori L∞ estimate

Proof

‖ζ2wp+1‖
L

n
n−2 (Supp(ζ))

≤ Cp
[

1 + ‖∇ζ‖2L∞
]
‖wp+1‖Lq′ (Supp(ζ)).

Recalling that q > n/2, we have q′ < n
n−2 . The above inequality

is therefore self-improving, though not as strong as last time: If
w has a bound in Lq

′(p+1)(Supp(ζ)), then it has a bound in

L
n(p+1)
n−2 ({ζ ≥ 1}).

In particular, if we select 0 < r2 < r1 < 2 and ζ ∈ C∞c (Br1) with
ζ ≡ 1 in Br2 and |∇ζ| ≤ C

r1−r2 , we have

‖wp+1‖
L

n
n−2 (Br2 )

≤ Cp

(r1 − r2)2
‖wp+1‖Lq′ (Br1 )

where the constant C is independent of r1, r2 and p.
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Local a priori L∞ estimate

Proof

‖wp+1‖
L

n
n−2 (Br2 )

≤ Cp

(r1 − r2)2
‖wp+1‖Lq′ (Br1 )

.

As in the last lecture, let χ = n
(n−2)q′ > 1 and tm = γχm for

some γ > 2q′.

If the red terms weren’t there then the above would give

‖w‖Ltm+1 ≤ (Ctm)
q′
tm ‖w‖Ltm

= (Cγ)q
′γ−1χ−m

χq′γ−1mχ−m‖w‖Ltm .

Hence by induction,

‖w‖Ltm+1 ≤ (Cγ)q
′γ−1

∑
m χ
−m

χq′γ−1
∑

m mχ−m‖w‖Lγ ≤ C‖w‖Lγ .

Sending m→∞ would yield the conclusion.
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Local a priori L∞ estimate

Proof

‖wp+1‖
L

n
n−2 (Br2 )

≤ Cp

(r1 − r2)2
‖wp+1‖Lq′ (Br1 )

.

As in the last lecture, let χ = n
(n−2)q′ > 1 and tm = γχm for

some γ > 2q′.
To accommodate the red terms, we look as radii
rm = 1 + 2−m−1. Then

‖w‖Ltm+1 (Brm+1 )
≤
( Ctm

2−2m

) q′
tm ‖w‖Ltm (Brm )

= (Cγ)q
′γ−1χ−m

(4χ)q
′γ−1mχ−m‖w‖Ltm (Brm ).

By induction, we hence get

‖w‖Ltm+1 (Brm+1 )
≤ (Cγ)q

′γ−1
∑

m χ
−m

(4χ)q
′γ−1

∑
m mχ−m‖w‖Lγ(B3/2)

≤ C‖w‖Lγ(B3/2).
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Local a priori L∞ estimate

Proof

Sending m→∞, we obtain

‖w‖L∞(B1) ≤ C‖w‖Lγ(B3/2) when γ > 2q′.

The reduction from Lγ to L2 in this local case is not as
straightforward as before. Let us assume for the moment that it
is done so that

‖w‖L∞(B1) ≤ C‖w‖L2(B2).

We conclude by recalling that w = u+ + k and k can be any
positive constant larger than ‖f ‖Lq(B2):

‖u+‖L∞(B1) ≤ C (‖u‖L2(B2) + ‖f ‖Lq(B2))

The same argument applies to u−. The conclusion follows.
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Local a priori L∞ estimate

Proof

‖w‖L∞(B1) ≤ C‖w‖Lγ(B3/2) when γ > 2q′.

We now return to the reduction from Lγ to L2.

It turns out that the proof of the first bullet point above yields
some constant C and exponent m such that

‖w‖L∞(Br2 )
≤ C

(r1 − r2)m
‖w‖Lγ(Br1 )

for all 0 < r2 < r1 < 2.

Now we write as last time

‖w‖Lγ(Br1 )
≤ ‖w‖

1− 2
γ

L∞(Br1 )
‖w‖

2
γ

L2(Br1 )

so that

‖w‖L∞(Br2 )
≤ C

(r1 − r2)m
‖w‖

1− 2
γ

L∞(Br1 )
‖w‖

2
γ

L2(Br1 )
for all 0 < r2 < r1 < 2.
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Local a priori L∞ estimate

Proof

‖w‖L∞(Br2 )
≤ C

(r1 − r2)m
‖w‖

1− 2
γ

L∞(Br1 )
‖w‖

2
γ

L2(Br1 )
for all

0 < r2 < r1 < 2.

To proceed, we use the inequality ab ≤ 1
p
ap + 1

p′
bp
′

on the right
hand side to get

‖w‖L∞(Br2 )
≤ 1

2
‖w‖L∞(Br1 )

+
C

(r1 − r2)m̂
‖w‖L2(Br1 )

≤ 1

2
‖w‖L∞(Br1 )

+
C

(r1 − r2)m̂
‖w‖L2(B2)

for all 0 < r2 < r1 < 2.
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Local a priori L∞ estimate

Proof

We thus have

‖w‖L∞(Br2 )
≤ 1

2
‖w‖L∞(Br1 )

+
C‖w‖L2(B2)

(r1 − r2)m̂
for all 0 < r2 < r1 < 2.

The conclusion follows from the following lemma:

Lemma (Giaquinta-Giusti)

Suppose Z : [r ,R]→ [0,∞) is a bounded and

Z (s) ≤ 1

2
Z (t) + A(t − s)−α for all r ≤ s < t ≤ R

for some constant A > 0, α ≥ 0. Then, for some c = c(α) > 0,

Z (r) ≤ c(α)A(R − r)−α.
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Giaquinta-Giusti’s lemma

Proof

Fix some λ ∈ (0, 1) for the moment and let tm = R −λm(R − r).

Then

Z (tm) ≤ 1

2
Z (tm+1) + A[(1− λ)λm(R − r)]−α.

So

Z (r) = Z (t0) ≤ 1

2
Z (t1) + A[(1− λ)(R − r)]−α

≤ 1

22
Z (t2) +

1

2
A[(1− λ)λ1(R − r)]−α + A[(1− λ)(R − r)]−α

≤ ...

≤ 1

2m
Z (tm) + A[(1− λ)(R − r)]−α

m−1∑
k=0

2−kλ−kα.
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Giaquinta-Giusti’s lemma

Proof

Z (r) ≤ 1

2m
Z (tm) + A[(1− λ)(R − r)]−α

m−1∑
k=0

2−kλ−kα.

Sending m→∞ using that Z is bounded, we hence have

Z (r) ≤ A[(1− λ)(R − r)]−α
∞∑
k=0

2−kλ−kα.

Choosing λ ∈ (0, 1) such that 2λα > 1, we see that the
geometric sum converges, giving the lemma.
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Elliptic systems

Consider a second order linear system of partial differential equation
for a function u = (u1, . . . , um) : Ω ⊂ Rn → Rm of the form

(Lu)α = −∂i(aαβ,ij∂juβ) + lower order terms = fα

where repeated Roman indices are summed from 1 to n and repeated
Greek indices are summed from 1 to m.

Ellipticity (Legendre-Hadamard condition): Consideration in the
calculus of variation suggests that ellipticity should mean

aαβ,ijξiξjηαηβ > 0 for ξ ∈ Rn, η ∈ Rm, ξ, η 6= 0.

In most case, one requires the stronger condition (strong
ellipticity):

aαβ,ijpαipβj > 0 for p ∈ Rn×m, p 6= 0.

Symmetricity:
aαβ,ij = aβα,ji .

Luc Nguyen (University of Oxford) C4.3 – Lecture 16 MT 2020 20 / 26



Elliptic systems

(Lu)α = −∂i(aαβ,ij∂juβ) + lower order terms = fα.

Much is understood, but theory is far less complete!

Weak solutions are defined similarly using vector-valued test
functions.

Under the right condition on the lower order coefficients e.g.
absence of first order term and coercivity, existence can be
proved for symmetric system by the Riesz representation
theorem (under strong ellipticity) or the direct method of the
calculus of variations (under Legendre-Hadamard).

In the absence of lower order terms: The Legendre-Hadamard
condition does not imply uniqueness (Edenstein-Fosdick).
Strong ellipticity does imply uniqueness.
In particular, the Fredholm alternative does not hold, namely
there exists operator which gives solvability but has no
uniqueness.
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Elliptic systems

(Lu)α = −∂i(aαβ,ij∂juβ) + lower order terms = fα.

H2 regularity holds under strong ellipticity.

Hölder continuity needs not hold for solutions to a bounded
measurable and strongly elliptic system.

Theorem (Giusti-Miranda)

Let B be the unit ball in Rn, n ≥ 3 and u(x) = x
|x | . Then

u ∈ H1(B) \ C (B) and u satisfies (Lu)α = −∂i(Aαβ,ij∂juβ) = 0 in B
where

Aαβ,ij = δαβδij +
[
δαi +

2

n − 2

xαxi
|x |2

][
δβj +

2

n − 2

xjxβ
|x |2

]
.
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Elliptic systems

Proof

By brute force, one check that, for x 6= 0, u is smooth and
Lu(x) = 0.

Note that at this point one cannot conclude that Lu = 0 in the
weak sense yet. [One should keep in mind the example that
−∆ 1

|x |n−2 = 0 in Rn \ 0 (for n ≥ 3) but −∆ 1
|x |n−2 6= 0 in Rn in

the weak sense.]

We proceed to show that Lu = 0 in B , i.e.∫
B

Aαβ,ij∂juβ∂iϕα dx = 0 for all ϕ ∈ C∞c (B ;Rn).

The fact that Lu = 0 in B \ {0} gives that∫
B

Aαβ,ij∂juβ∂iϕα dx = 0 for all ϕ ∈ C∞c (B \ {0};Rn).
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Elliptic systems

Proof

Fix now a function ϕ ∈ C∞c (B).
For small ε > 0, take a bump function ζε ∈ C∞(Rn) such that
ζε ≡ 0 in Bε(0), ζε ≡ 1 outside of B2ε(0), |ζε| ≤ 1 and
|∇ζε| ≤ C

ε
.

Let ϕ(ε) = ϕζε ∈ C∞c (B \ {0}).
As Lu = 0 in B \ {0}, we have

0 =

∫
B

Aαβ,ij∂juβ∂iϕ
(ε)
α dx

=

∫
B

Aαβ,ij∂juβ[∂iϕαζε + ϕα∂iζε] dx

=

∫
B

Aαβ,ij∂juβ∂iϕαζε dx +

∫
B

Aαβ,ij∂juβϕα∂iζε dx

=: I1 + I2.
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Elliptic systems

Proof

Consider I1 =

∫
B

Aαβ,ij∂juβ∂iϕαζε dx .

The integrand is bounded by |Aαβ,ij∂juβ∂iϕα|, which is
integrable, and converges a.e. to Aαβ,ij∂juβ∂iϕα as ε→ 0.
By Lebesgue’s dominated convergence theorem, we have

lim
ε→0

I1 =

∫
B

Aαβ,ij∂juβ∂iϕα dx .

Consider next I2 =

∫
B

Aαβ,ij∂juβϕα∂iζε dx .

Note that |∇ζε| ≤ C
ε

and is supported in B2ε \ Bε. Furthermore,

we have |∇u| =
√
n−1
|x | . Hence

I2 ≤
C

ε2
|B2ε \ Bε| ≤ Cεn−2

ε→0−→ 0.
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Elliptic systems

Proof

So we have shown that 0 = I1 + I2,

lim
ε→0

I1 =

∫
B

Aαβ,ij∂juβ∂iϕα dx .

and
lim
ε→0

I2 = 0.

We conclude that ∫
B

Aαβ,ij∂juβ∂iϕα dx = 0.

Since ϕ was selected in C∞c (B) arbitrarily, this means Lu = 0 in
B in the weak sense.
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