C3.10 Additive and Combinatorial Number Theory, Michaelmas
2020 Exercises 2

Question 1. Let ¢,k > 1 be integers, and suppose that a is coprime to q.
Define

Gayg ::1 Z e(—az®/q).

x€(Z/qZ)*
(Thus the definition is the same as that of the Gauss sum, only the sum over z

is restricted to x coprime to ¢.) Show that if ¢ is an odd prime power then

|G | < kg2

al

Question 2. Let s > 3 be an integer. Suppose that p > k(2572)/(5-2) i5 5
prime. Show that for every N there are z1,...,z5s € Z/pZ, not all zero, such
that o% + - -+ + 2% = N(mod p).

Question 3. Let k > 3. Show that there are infinitely many ¢ and (a,q) = 1
such that |G, 4| > ¢~ /%, where G, , is the Gauss sum of degree k. (Hint: the
result of Question 1 may be helpful.)

Question 4. Let k, s be positive integers. As in lectures, write

51)(]\7) = lim ﬁp,n(N>a

n— oo

where
Bpn(N) =p~ U (g wy) € (Z)p"Z)° - ab + - + ¥ = N(mod p™)}.

Show that 8,(N) > ¢,, for some ¢, > 0 independent of N, in the following
cases:

(i)

(i)
(You need not replicate things that were done in lecture notes carefully — just
discuss the bits that are different.)

State, without careful proof, what conclusion follows about &y, (V) in these
cases.

2, s

WV

k 5;
k=3, s>9 (Hint: you may find it helpful to use Question 2).

Question 5. In this question, you may assume the Cauchy—Davenport theorem,
which states that if A, B C Z/pZ then either A+ B = Z/pZ or |A + B| >
|A| 4+ |B| — 1. (This result will be proved later in Excerise sheet 3.)

Suppose that p > 2k. Show that every element of Z/pZ is a sum of 2k kth
powers.



Question 6. Let k be a positive integer, and let p be a prime. Write

p—1

S(r)= Ze(rmk/p).

=1

(i) Show that if N # 0 (mod p) is not the sum of two kth powers modulo p

then
> S(r)*S(=Nr) =0.

r€L/pL

(ii) Show that
> ISP <kpp—1).

r€ZL/pL

(iii) Conclude that if p > Ck*, for a sufficiently large absolute constant C,
then every nonzero element of Z/pZ is a sum of two kth powers. (Hint:
look at the expression in (i) and consider the contributions from r = 0 and
r # 0 separately.)

Question 7. Let k be a positive integer. Let M > 0 be a real number, and
define a sequence My, Ms,..., My by My := M, M;y; := %Mil_l/k. Show
that if M is sufficiently large in terms of k then the integers n¥ + ... + nﬁ,
n; € [M;,2M;], are all distinct.

Deduce that, for large X, the number of integers < X expressible as a sum
of k kth powers is > er X1=0=1/R)" with ¢ > 0.

joni.teravainen@maths.ox.ac.uk



