
C3.8 Analytic Number Theory

Sheet 3 — MT20

Fourier analysis and the functional equation

1. Let q > 1 be a positive integer. Let e(x) = e2πix, so e(x/q) is a well-defined function for

x ∈ Z/qZ. For any function f : Z/qZ→ C, define the discrete Fourier transform by

f̂(a) :=
1

q

∑
b∈Z/qZ

f(b)e
(−ab

q

)

for a ∈ Z/qZ.

(a) For each integer a, show that

q∑
b=1

e
(ab
q

)
=

q, if q divides a,

0, otherwise.

(b) Deduce the Fourier inversion formula:

f(a) =
∑
b∈Z/qZ

f̂(b)e
(ab
q

)
.

(c) Show Parseval’s formula: ∑
a∈Z/qZ

|f(a)|2 = q
∑
b∈Z/qZ

|f̂(b)|2.

2. Define functions F1, F2 : R → R by setting F1(x) = 1 if |x| 6 1, and 0 otherwise; and

F2(x) = 1− |x| if |x| 6 1, and 0 otherwise.

(a) Calculate F̂1(ξ) and F̂2(ξ), showing that they make sense for all ξ ∈ R.

(b) Show that
∫∞
−∞ |F̂1(ξ)|dξ is infinite, but that

∫∞
−∞ |F̂2(ξ)|dξ is finite.

3. Show that the function ζ ′(s)/ζ(s) has

(a) A simple pole at s = ρ, for every non-trivial zero ρ of ζ(s).

(b) A simple pole at s = −2,−4, . . .

(c) A simple pole at s = 1.

(d) No other poles in the complex plane.
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4. Recall from lectures that for <(s) > −2 we have

ζ(s) =
1

s− 1
+

1

2
+

s

12
− s(s+ 1)(s+ 2)

∫ ∞
1

({t} − 3{t}2 + 2{t}3)dt
12ts+3

(a) Show, using induction, that for each integer k ≥ 2 we have

ζ(s) =
1

s− 1
+Qk(s) + s(s+ 1) . . . (s+ k)

∫ ∞
1

Pk({t})
ts+k+1

in the region <(s) > −k, for some polynomials Qk, Pk with rational coefficients.

Deduce that ζ(−(2n+ 1)) is a rational number for all positive integers n.

(b) Show that

Γ(1/2) = π1/2.

Deduce from this that Γ(1/2 + n) is a rational multiple of π1/2 for all integers n.

(c) Deduce that ζ(2n) is a rational multiple of π2n for all positive integers n.
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5. Let f, g ∈ S(R), the set of Schwarz functions on R.

(a) Show that ∫ ∞
−∞

f(x)ĝ(x)dx =

∫ ∞
−∞

f̂(x)g(x)dx.

(b) Let rt(x) = f(tx) and st(x) = f(x+ t). Show that

r̂t(ξ) =
f̂(ξ/t)

t
,

ŝt(ξ) = e2πiξtf̂(ξ).

(c) Let ht(x) = e−πx
2/t2 . Show that as t→∞∫ ∞

−∞
f̂(x)ht(x)dx→

∫ ∞
−∞

f̂(x)dx

and ∫ ∞
−∞

f(x)ĥt(x)dx→ f(0).

(d) By applying (iii) to st(x), deduce the Fourier inversion formula for S(R):

f(x) =

∫ ∞
−∞

f̂(ξ)e2πixξdξ

(e) Deduce Plancherel’s formula∫ ∞
−∞
|f(x)|2dx =

∫ ∞
−∞
|f̂(x)|2dx.
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6. Let f : R → C be a smooth function such that f(x) is non-zero only when x ∈ [α, β]

for some finite 0 < α < β. Define the Mellin Transform F : C→ C by

F (s) :=

∫ ∞
0

f(x)xs−1dx.

(a) Show that gσ(x) = f(ex)eσx is a function in S(R) and that F (σ+ it) = ĝσ(−t/2π).

(b) Using the Fourier inversion formula (Question 5 part (iv)), deduce the Mellin In-

version Formula: For any σ ∈ R

f(x) =
1

2πi

∫ σ+i∞

σ−i∞
F (s)x−sds.

(c) Let hy(x) = f(x/y). Show the Mellin transform satisfies Hy(s) = ysF (s). Deduce

that
∞∑
n=1

f
(n
y

)
=

1

2πi

∫ 2+i∞

2−i∞
ysF (s)ζ(s)ds.

(d) It is a fact that ζ(s) � |s|101 for <(s) ≥ −100 and |s − 1| ≥ 1 (This follows from

the formula in Question 4 (i))

Using this and the Cauchy residue theorem, deduce that

∞∑
n=1

f
(n
y

)
= y

∫ ∞
0

f(x)dx+O(y−100).
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