C3.8 Analytic Number Theory
Sheet 4 — MT20

The explicit formula and Prime Number Theorem

1. Prove that 7(X) < 27(X/2) for X sufficiently large.

2. Let p, denote the n'* prime. Prove that

pn = nlogn + nloglogn + O(n).

3. (a) Let 6 € (0,1) be such that (p) < 6 for all non-trivial zeros p. Deduce that for all
x> 2

Z A(n) =z + O(2%(log 7)?).

n<x

(b) Let v € (0,1) be such that for all z > 2

ZA(n) =x+0(27).

n<x
Show that R(p) < v for all zeros of ((s).
(Hint: Use partial summation to prove analytic continuation of ¢’/()
(c) Let a € (0,1) be fixed. Show that if for all x > 2 we have

Z Aln) =x+ O(xo‘ exp(@))

n<x

then in fact

Z A(n) =z + O(2*(log z)?).

n<x
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4. (a) Show that for R(s) > 1 we have

log((s) = )

p m=1

1
mpms :

(b) Show that 3 4 4 cos(f) + cos(26) > 0.
(c) Using (i) and (¢3), show that for o > 1

3log (o) + 4Rlog ((o + it) + Rlog(( (o + 2it) > 0.
Deduce from this that for o > 1
C(0)*IC(o +it)[*|¢ (o + 2it)| > 1.

(d) Deduce from the above inequality that (1 + it) # 0.
(Hint: Consider o — 1)

5. It is a fact that

ZA(n):x— %—%—%log(l—x”).

n<a P)
where the sum is understood to be the limit as 7" — oo of E|s‘;( pl<r &° /p over non-trivial
zeros p (it is not absolutely convergent).

(a) Using this fact, show that ((s) must have at least one non-trivial zero.

(b) Show that if p is a non-trivial zero of ((s), then so is 1 — p.

(c¢) Let € > 0. Using Question 3, deduce that we cannot have for all x > 2 that

Z A(n) =z + O(z"/*79).

n<x
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6. Recall from Sheet 3 Q6: If f : R — C is smooth and non-zero only on some interval
[, B] C (0,00) then for any o € R

1) =g [ FLas

Yy 2mi —100

where F(s) = [° f(x)x* 'dz is a smooth function with |F(o +it)| < 1/[t['" and with

10 zeros or poles.

(a) Show that

1 [2+ico /(s
Sorr(z) - 2 [

—100

(b) Deduce that

iA(Mf(g) = y/ooo ft)dt — ZyPF(p> 4 O(y*1/4)

where Y , is a sum over all non-trivial zeros of ((s) with multiplicity.
7. For this question you may use the following fact: |((o + it)| < [t|*™“ log|t| for o < 1
and [t| > 1.

(a) Show using Perron’s formula that for 2 <7 < 2z

1 c+iT

Z” -5/ %SC(S)Z(s)ds—I—O(x(bTW>,

n<x —iT

where ¢ =1+ 1/logx and for R(s) > 1

1 1 1
Z(s) = H(l Cop2s st + p25+1)‘

2s
» p

(b) Show that the product of for Z(s) converges absolutely for R(s) > 1/2.
(c) Let e =1/1000. By moving the line of integration to R(s) = 1/2 + ¢, show that

M (- ) (o) o)

n<x

(d) Deduce that
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8. Recall from Sheet 3 Q6: If f : R — C is smooth and non-zero only on some interval
[, B] C (0,00) then for any o € R
n 1 g+100 Y
—)=— F(s)=—d
f(y) omi /(,_m () s ds:
where F(s) = [;° f(z)2* 'dz is a smooth function with |F(o +it)| < 1/]t['.
(a) Show that
o uln)ioln) oy _ L /°°
—fl-) == °F Z(s)d
> J) = 5m | YFE)Z6)s

where Z(s) is the function appearing in Question 7.

(b) Fix € > 0. Show that
f: ) () (%) = / " flaydr) rp[(l . pz N ]%> + 02+

(Compare the answer here to that in Question 7)

9. (Bonus Question points) Let o(n) = 3_,,, d be the sum of divisors of n. Following the

approach of Question 7 or Question 8, obtain an asymptotic formula for >~ _ p(n)?c(n)

or 3=, u(n)*a(n)f(n/y).
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10. (Bonus Question points) Let ¥(z,y) = {n < x : pjn = p < y} be the set of integers

up to  which only involve prime factors of size at most y.

(a) Let a € (0,1) be fixed. Show that as x — oo

1 1
= =log ~ +o(1).
> og —+o(1)

2o <p<z

(b) Show that for /2 < y < x we have

(c) Show that for any x > 1 and z >y > 0

U(zr,y) =V(z,z) — Z \If(g,p)

p<y<z

(d) Deduce that for z'/3 <y < 2!/2

logxz/logy 1

U(z,y) = <1 —log2 — /2 ;(1 — log(v — 1)>dv + 0(1))3:

(e) Define a function p : [0,00) = R by p(u) =1 if u <1 and for u > 1

p<u>=1—/1up<t—1>%.

Show that parts (#i) and (iv) imply that for v < 3
Uz, a'") = (p(u) + o1))a.
(f) Show by induction that if
W, 27) = (p(u) + o(1))

for u < m, then the same equation holds for u < m + 1. Deduce that for any fixed
u > 0 we have
U(z,2') = (p(u) + o(1)).
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