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Michaelmas Term 2020–2021

1. Using the regular value theorem, or otherwise, show that the following are manifolds and give their

dimensions.

(a) {(x1, x2, x3) ∈ R
3 : x2

1 + x2
2 − x2

3 = c} where c 6= 0 is constant. What happens if c = 0?

(b) {(z1, z2) ∈ C
2 : z21 = z2(z2 − α)(z2 − β)} where α, β ∈ C such that αβ 6= 0 and α 6= β.

(c) SL(n,C) = {A ∈ Mn(C) : detA = 1}.

(d) U(n) = {A ∈ Mn(C) : ATA = I}.

(e) Sp(2n,R) = {A ∈ M2n(R) : ATJA = J} where J =

(

0 I

−I 0

)

and I is the n × n identity

matrix.

2. For i = 1, . . . , n+ 1 let

Ui = {[x] = [(x1, . . . , xn+1)] ∈ RP
n : xi 6= 0}

and ϕi : Ui → R
n be

ϕi([x]) =

(

x1

xi

, . . . ,
xi−1

xi

,
xi+1

xi

, . . . ,
xn+1

xi

)

.

Show that {(Ui, ϕi) : i = 1, . . . , n+ 1} defines an atlas for RPn.

3. (a) Let M be an m-dimensional manifold and let N be an n-dimensional manifold. Show that

M ×N is an (m+ n)-dimensional manifold.

(b) Use part (a) to show that Tn = {(cos θ1, sin θ1, . . . , cos θn, sin θn) ∈ R
2n : θ1, . . . , θn ∈ R}, the

standard n-torus in R
2n, is an n-dimensional manifold.

4. (a) Let a ≥ 0 and for (n1, n2) ∈ Z
2 define f(n1,n2) : R

2 → R
2 by

f(n1,n2)(x1, x2) = (x1 + n1 + n2a, x2 + n2)

Show that this leads to a free and properly discontinuous action of Z2 on R
2 by diffeomor-

phisms, so that the quotient R2/Z2 is a 2-dimensional manifold.

(b) Show the manifold constructed in (a) is diffeomorphic to T 2 ⊆ R
4.

5. Let {(UN , ϕN ), (US , ϕS)} be the atlas for S2 given in lectures, and let {(U1, ϕ1), (U2, ϕ2)} be the

atlas for CP1 given in lectures.

(a) Find maps f1, f2 : R2 → R
2 so that

ϕ−1
N ◦ f1 ◦ ϕ1 : U1 → UN and ϕ−1

S ◦ f2 ◦ ϕ2 : U2 → US

are smooth functions with smooth inverses which agree on U1 ∩ U2.

(b) Deduce that CP1 is diffeomorphic to S2.
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6. Find the following tangent spaces using the regular value theorem (or otherwise).

(a) TxT
n for Tn ⊆ R

2n and x = (1, 0, . . . , 1, 0) ∈ Tn.

(b) TxM for M = {(x1, x2, x3) ∈ R
3 : x2

1 + x2
2 − x2

3 = −1, x3 > 0} and x = (0, 0, 1) ∈ M .

(c) TI O(n) where O(n) = {A ∈ Mn(R) : ATA = I}.

(d) TI U(n).

(e) TISp(2n,R).
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