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Exercise 1. Recall that, by Mal’cev’s Theorem, given a nilpotent group G the
following are equivalent (1) G is torsion-free; (2) its centre Z(G) is torsion free;
(3) every quotient Zi+1(G)/Zi(G) from the upper central series is torsion-free.
The example below shows that the same is not true for the lower central series.

Given an integer p > 2, consider the following subgroup G of the integer
Heisenberg group H3(Z):

G =


 1 k n

0 1 pm
0 0 1

 ; k,m, n ∈ Z

 .

(a) Prove that the commutator subgroup in G is:

C2G =


 1 0 pn

0 1 0
0 0 1

 ; n ∈ Z

 .

(b) Prove that the quotient G/C2G is isomorphic to Z2 × Zp.

Exercise 2. Show that for each finitely generated nilpotent group the Hirsch
number equals the Hirsch length h(G).

Exercise 3. Let X be a group–theoretic property (e.g. finite, abelian, nilpotent,
free etc.)

A group H is residually X if for every 1 6= h ∈ H there exists N C H with
H/N satisfying X such that h /∈ N .

Let V = Z ⊕ Z and let G = Vo 〈x〉 be the semi-direct product where x
is a matrix in GL2(Z). Determine the terms of the lower central series Cn(G)
(n ≥ 1) in each of the following cases:

(i) x =

(
1 1
1 2

)
. (ii) x =

(
3 2
2 1

)
. (iii) x =

(
1 2
0 1

)
.

In which cases is G (a) solvable, (b) nilpotent, (c) residually nilpotent?
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Exercise 4. Prove that every infinite polycyclic group contains an infinite free
abelian normal subgroup.

Exercise 5. 1. Let Fk denote the field with k elements. Use the 1-dimensional
vector subspaces in F2

k to construct a homomorphism GL(2,Fk) → Sn for an
appropriate n.

2. Prove that GL(2,F2) and GL(2,F3) are solvable.

Exercise 6. Recall that a finite sequence of vector subspaces

V0 ( V1 ( · · · ( Vk

in a vector space V is called a flag in V . If the number of the subspaces in
such a sequence is maximal possible (equal dim(V ) + 1), the flag is called full
or complete. In other words, dim(Vi) = i for all the subspaces of this sequence.

1. Prove that the subgroup Tn(K) of upper-triangular matrices in GL(n,K),
where K is a field, is solvable.

2. Use Part (1) to show that for a finite-dimensional vector space V , the
subgroup G of GL(V ) consisting of elements g preserving a complete flag
in V (i.e. gVi = Vi, for every g ∈ G and every i) is solvable.

3. Let V be a K-vector space of dimension n, and let

V0 = 0 ⊂ V1 ⊂ · · · ⊂ Vk−1 ⊂ Vk = V

be a flag, not necessarily complete. Let G be a subgroup of GL(V ) pre-
serving this flag. For every i ∈ {1, 2, . . . , k − 1} let ρi be the projection
G → GL(Vi+1/Vi). Prove that if every ρi(G) is solvable, then G is also
solvable.
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