SHEET 3, EXERCISE 19

Please send comments/corrections to Jay Swar!

Exercise. Let k be a field, R = k[z,y], M := R/(z,y)? 2 k @ kx © ky as a k-module.
Consider the following Mod zp-SES’s and compute the associated Tor-LES’s:
O0—=kdk—>M-—k—0:

i) LES from M ®p —

0 — k — Homy (M, k) = ko k —0:
ii) LES from M ®p —

iii) LES from k ®p —

0— k¥ - MM bk — 0

<(y77w)>
iv) LES from k ®p —.

For the SES 0 —+ A —+ B — C — 0 above, I name morphisms A > B £> C.

Solution. First, let’s take a second to appreciate that the SES in iv 0 — k93 — (24_@11\)413 - k%2 50

might appear, at first glance, to be ambiguous. If we think of the coproduct being taken in the category of

k-modules, then by mapping to the first factor and quotienting, we have a SES of R-modules: 0 — M i
% — (lez) = % — 0. We also have 0 — (kw@]gjv)_@g;@ky) — (fEBzA)/IR — k%2 — 0; this is a non-
isomorphic SES of R-modules (e.g. since the first module has 0-action by z,y). Thus, the only reasonable
way to interpret the @’s in this question is as the coproducts in Modg (maybe this was obvious to the
ever-alert; however when starting with parts i and ii, one might be distracted since it isn’t difficult to see
that the only possible Modg objects of the correct dimy on the left and right have 0O-action by z,y — hence
why my Frankensteined answer awkwardly shows that). Note that kx @ ky is allowed notation since kx in
this usage refers to the R-submodule of M generated by z; in particular, this is Mod g-isomorphic to k with
0O-action by z,y, ie. R/(z,y).

In preparation for what is to come, for a € R, we write a = ag + a1x + asy + O((z,y)?) (there’ll be an
obvious place where some n; are still meant to be in R and I use n;9, 141, n2!)-

Let’s note another important thing: there is not a unique injective R-module homomorphism k%3 —
%, even though the image is unique (since for a;,b; € k, we have that xz(ag + a1 + agy,bo + b1z +
boy) = (aox + boy,0) and y(ag + a1z + azy, by + b1z + bay) = (0, apx + boy) are both 0 iff ag = by = 0).
For example, mapping « :e; — (2,0),e2 — (y,0),e3 — (0,y) is not really preferred, yet is distinct, from
the same map where instead e; — (—z,0). However, the image of this map is unique (W).
This level of ambiguity arguably suggests that we should only “describe the maps in the induced LES”
up to unique isomorphism. This is slightly different from earlier where we were in situations involving
Hompoa,(Z/2,72/2) = Z/2 where there is an on-the-nose unique isomorphism. I'll do part iv) completely
explicitly (i.e. T’ll describe explicit morphisms by what they do to bases of our objects), and then I’ll only
describe the morphisms in parts i), ii), and ii) up to unique isomorphism.

Let us begin with the one I do completely explicitly, iv).

A Mody,,,-projective resolution of k = R/(z,y)is --- = 0 — R Bprdp - Py given by di(f,g) =
xf +yg, do(h) = (yh, —zh). The algorithmic approach to describing the morprhisms completely explicitly
is: find resolutions for k%", apply the horseshoe lemma to get a split SES of complexes, apply k ®r —, and
finally apply the snake lemma. The first three steps result in the following:
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Where wlog we take a:e; — (2,0),e2 — (y,0),e3 — (0,y) and S : (m,n) — (mg,ng) for myn € R
representing an element in (S/I?xj\fR‘ Let’s narrate the horseshoe lemma: We lift 9} to get R®? — (245911%{ :

(m,n) — (m,n). We subsequently won’t bother with writing the overlines (which just indicates that the
element is in a natural quotient of R®?). Thus we have dy(r, s,t,a,b) = (rox + soy + a,toy + b). This is 0 iff
ag =by =0 and tg = —bs,r9g = —a1,80 = —(az + b1). So ker 9y = {(—f + (z,y)R, — (g +m) + (x,y)R, —n +
(x,y)R,zf +yg,xm+yn) : f,g,m,n € R} where by the (z,y)R I mean any element in this ideal as opposed
to a quotient — this naturally surjects onto ker 9j. We can then lift 07 : (f, g, m,n) — (fx + gy, mz + ny)
to get o1 : (R?)®? — R® @ R®2 . (f,g,m,n) — (—f,—g — m,—n, fr + gy,mz + ny). Thus we get
o1(r, f,g,m,n) = (97(r),0,0) + (—f,—g — m, —n, fx + gy, mz + ny) for r € (R?)®3. Note ker d; implies
x|g, ylf, zn,y|m, so go, fo, Mo, no are 0 for elements in this kernel. In fact, f = yh,g = —zh,m = yp,n =
—xp. Set r = (r,8,t,u,v,w) € R®®. So we have rx + sy = hy,tx + uy = py — vh,vx + wy = xp. So we may
write a lift of 9 to this kernel via o9 : (h,p) — (h,0,—h,p,p,0,yh, —zh,yp, —xp). Now 0y = 05 & o2, and
our projective resolution terminates (since og, 95 are both injective).
Note that 0; = 9, © o1 : (r,8,t,u,v,w, f, g,m,n) — (= fo, —go — Mo, —no,0,0), and

Oy = 0@ oy & (a,b,c,h,p) — (ho,0,—ho,Po,Po,0,0,0,0,0). The differentials in the left and right
6 i eg—e
columns are all identically 0. So Torg(k, (3,43%2) = key @ kes, Tori(k, (S/’IEB;‘)”R) = Q;g:llf:;)gklz;ie;;) =

k®?, Torg! (k, 2LEME) = @7, kes.

So our LES looks like:

s = %2 @?:1 ke, P e

P

i

AR i I kes @ kes 50—> L®2

do
0o=—_ ...
and now the benefit of this method: we write the explicit maps:

® [y:eqr> e, 65— e

o ag=10

® 0y :e1 > —e, e > —eg,e3 — —ea, €4 > e3 (we look at pre-images of 9 (e;) for i = 7,8,9, 10, resp.)
e 31 :eg —eg > ey —eg, all other e; — 0
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e aj:e;— e fori=1,...,6 (note e = e3,eq = —ej5 in the target)
e Jy:eyp > ep — ez, ex > e+ es (we look at pre-images of 02(e;) for i = 4,5, resp.)
e f2=0

® (g . € €.
Note that we could have deduced many things (e.g. s being an isomorphism and «g = 0) just from knowing
the groups in the long exact sequence, however we wouldn’t have been able to write explicit non-zero maps.
The algorithmic outline of this anwer can be mimicked for the other parts, but it’s very painful to type up.
For the remaining parts, I'll show how we might describe the maps up to canonical isomorphism (i.e. a choice
of basis in any object would explicitly determine our maps if we went through the above pain!).

Caveat: I had decided on the £®™ notation later in my writing-timeline to emphasize that we are considering
this object as a coproduct in Modg rather than some R-module which is Modg-isomorphic to k£™, apologies
for the many subsequent inconsistencies.

i) Our outline here will be: find the groups in the LES, then see what exactness and our knowledge of the
x,y-actions determine. The following is a Mody, ,-projective resolution of M:

50 R2B RPA R0 with 01(f,g,h) = 22f + xyg + y*h. To justify this, we check: 2%f + xyg +
y?h=0 = f=yf,h=xh = x|g+yh', ylg+af'since xf' +g+yh' =0.

If x4 b/, then g = zg’ — yh’ and f' = —¢’. Thus our triple looks like (—yg’, zg’" — yh', zh’).

If yt f/, then g = yg' — xf’ and ' = —g’. Thus our triple looks like (yf’,yg' — zf’, —xg’).

Now suppose b’ = zh”, f' = yf”. Thus g = xzyg” and we have f” + ¢” + h” = 0. Our triple looks like
(yzf//’ *l’y(f” + h”), th//).

We note that these are all in the image of 02(a,b) = (ya, —xa — yb, xb) which is also always in ker 9; and
so we have our P,. Further, ker 9o = 0 so our resolution terminates here.

So applying — ®x M, we have Tor® (M, M) = H;(--- — 0 — M2 3 M3 % M — 0). imd; = 0,ker 9, =
M3,imdy = {(ya, —za — yb,zb) : a,b € M}= {(yag, —xag — ybo, xby) : ag,bo € k}. Note ker o = {(za; +
yaz, xby + ybs) : a;,b; € k} has O-action by x,y so Toréz(M, M) = k* with R-action given by z- = 0 = y-.

Torf (M, M) = k7 as a k-mod. Note Torl'(M,M) = M ®r M = % = M as an R-module since
_ _R
M_ ($7y)2'
k 1=0
H _ R _ ) 2 0 ;3 0 - k@g 1=1
Applying —®prk, we have Tor;"(M, k) = H;(--- - 0= k* > k* >k —0) = L2 o Consequently,
1 =
0 o/w
kO =0
KO3 =1
Tor®(M, D" k) = )
FOL@ =
0 o/w

So our LES looks like -+ — 0 — k% %3 &* B 52 B k6 2 TorP(r, M) B 13 B k29 M Bk — 0
where all the k™ have 0-action by z,y as R-mods. We have 5y = (3,9 = « from our original SES since
Bo(xmy +yma) = xBo(m1) +yPLo(ms) =0, i.e. ker By D ka @ ky (which must then be equality by exactness)ﬂ
Since «q is injective, 47 = 0 and [y is surjective. From the other side, as is injective and so must be an
isomorphism. Thus f» = 0 and so J, is injective. Thus, a1 is a projection onto k* with O-action by z,y
composed with an inclusion into Tor? (M, M).
So we need to understand 0 — k*—Tort (M, M) — k* — 0. Note that 2-(fo + xf1 + yf2, go + £g1 + yg2, ho + xhy + yhs) =

sos [ s +yf2,291+yg2,xhi+yha):fi,gi,hi €k :
(2 fo, 290, vho) and y- acts similarly. Thus, k% injects into {(zh iglfgzﬁ?thgiifvelSu%ni))c{ulg} L But imds C

{fityf2,xg914yg2,zhi4+yh2):fi,gihi€k} 1.4
{the above submodule}, and so we see fmo.n[the above submoduie] ~ k

scribed our LES (up to canonical isomorphisms).
ii) Homy (M, k) = kef + kej + ke where e} represent the dual basis for 1, z,y resp. Note - (foel + fief +
faed) = fieg and y - (foel + fre] + fael) = fgef‘)ﬂ Now k—Homy (M, k), so we note that x? acts by 0 on

and we’ve completely de-

lof course, g and Bp can be seen as a ® k, 8 ® k from general theory.
2P]robably there is a way to use the fact that if we apply Homy (—, k), then we are back to our first SES.
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k. Thus = can’t act on this k by a non-zero scalar, ie. z acts by 0. Similarly, y acts by 0 on the submodule
k. The submodule of Homy (M, k) on which x and y act by 0 is ke which is one-dimensional;, and so this
injection (and thus the SES) is canonically determined and the k,k? have 0-action by z,y. (Of coure this
deduction is unnecessary once one decides to exclusively read @ to be the Modg-coproduct!)

E* i=0
. R E3noi=1 ]
We again have Tor;"(M, k™) = K2 o where each k™ has zero-action by z,y as an R-module.
17 =
0 o/w
Now applying — ®r Homy (M, k) to our resolution of M, we consider: --- — 0 — Homy(M,k)? %

Homy (M, k)3 2\ Homy (M, k) — 0 where 01(f,g,h) = 22f + zyg + y*h, d2(a,b) = (ya, —za — yb,xb). We
write @ = agef + are} + azeld € Homy (M, k) for a; € k, etc.

So 91 = 0. Oa(a,b) = (agel, —arel — baef, biey), so imdy = (kefy) @ (keyy) @ (kel) € M? and ker dy =
{(aoel + aret,boely — arel) : ai,ap,bp € k}. Thus, the non-trivial Tor; are: Tord (M, Homy(M,k)) =
Homy (M, k) (note Torg can be seen easily anyways); Tort(M,Homy(M,k)) ~ kS where z,y act by 0;
and Tore(M,Homy (M, k)) = ker 0y = k(ef,0) @ k(er, —e3) @ k(0,ef) with the inherited z,y action from
Homy, (M, k)2.

So our LES looks like - -- — 0 — k2 %3 ker @ 23 k* 23 &3 23 16 24 k6 2% & °9 Homy, (M, k) 28 k2 — 0 where
the k™ all have 0-action given by x,y. Homy (M, k) is 3-dimensional /;, so g must be injective (since its source
is k). The subspace of Homy(M, k) upon which z,y act by 0 is one-dimensional /;, and so ag = «a, o = 3.
Thus §; = 0 and f; is surjective and thus an isomorphism. In turn, this implies a; = 0 and Jo being a
surjection, so B2 is a surjection onto k followed by an inclusion into k*. Now as is a surjection; the subset of
ker 93 on which z,y act by 0 is k(e,0) @ k(0, e3) which is 2-dimensional and so as is an isomorphism onto
this subset, and 3, is the morphism ker 9y — ker 9o/ (k(ef, 0) @ k(0, ef)) ~ k—k*.

iii) A Mody,,,-projective resolution of k (where z,y act by 0)is --- — 0 — R B RN R= P, given by
01(f,9) = xf +yg, 02(h) = (yh, —zh).

ki =0,2
Applying — ®g k", we get Torl(k, k®") = { k20 =1
0 o/w

Applying — ®gr Homy (M, k), we have: --- — 0 — Homy (M, k) % Homy, (M, k)®?2 L2\ Homy (M, k) — 0.
Recall from O(3) minutes ago: Homy (M, k) = kel + ke + ke; where e represent the dual basis for 1,z,y
resp. and @ - (foeg + fie] + fae3) = fieg, y - (foeg + fre] + fae3) = foeg.

S0 01(3 fiel, S gier) = (fi+g2)eg and Tord (k, Homy (M, k)) ~ k92, y( foes+ frei+faeh) = (faeh, — fred).
Thus, Tors (k, Homy (M, k)) ~ R/(x,y) = k.

So our LES looks like --- — 0 — k 23 & 23 12 3 k2 24 Torf (k, Homy (M, k) B k* 3k B k2 B k2 - 0
where the k™ all have 0-action given by z,y. So £y is an isomorphism, «g = 0, d; is surjective, and 57 maps
onto k%3, From the other side, oy is an isomorphism, 35 = 0, &5 is thus an injection and so further must be
an isomorphism. Thus «; = 0. But thus, 5; is an injection, and so we’ve shown Tor{%(k7 Homy, (M, k)) ~ k&3
(this can also be observed directly from ker 9; /imds) and all the maps are canonically determined.



