Lecture 1: Problems and solutions. Optimality
conditions for unconstrained optimization
(continued)

Coralia Cartis, Mathematical Institute, University of Oxford

C6.2/B2: Continuous Optimization
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Unconstrained optimization problems and solutions

minimize f(x) subjectto x € R™. (UP)

B f:R” — Ris (sufficiently) smooth (f € C*(R™), i € {1,2}).

B f objective; = variables.

z* global minimizer of f (over R"?) «<— f(x) > f(z*), Vz € R™.

x* local minimizer of f (over R®) <= there exists N'(z*, §)
such that f(z) > f(z*), for all z € N(x*, §),

where N (z*,6) ;= {x € R*: ||l —z*|| < d}yand || - || is the
Euclidean norm.
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Example problem in one dimension

Example : min f(x) subjectto x € R.
A

J(x)

w T o
X, X, X
a b
m The points x; and x- are (unconstrained) local minimizers of

f (for example).
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Optimality conditions for unconstrained problems

== algebraic characterizations of solutions — suitable for
computations.

m provide a way to guarantee that a candidate point is optimal
(sufficient conditions)

m indicate when a point is not optimal
(necessary conditions)
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Optimality conditions for unconstrained problems

== algebraic characterizations of solutions — suitable for
computations.

m provide a way to guarantee that a candidate point is optimal
(sufficient conditions)

m indicate when a point is not optimal
(necessary conditions)

First-order necessary conditions for (UP): f € C1(R™);
z* alocal minimizer of f — V f(z*) = 0.

Vf(x) =0 <= z stationary point of f.
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Optimality conditions for unconstrained problems...

Lemma 1. Let f € ¢!, £ € R® and s € R™ with s # 0. Then
Vf(z)Ts <0 = f(z+ as) < f(x), Va > 0 sufficiently small.
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Optimality conditions for unconstrained problems...

Lemma 1. Let f € ¢!, £ € R® and s € R™ with s # 0. Then
Vf(z)Ts <0 = f(z+ as) < f(x), Va > 0 sufficiently small.

1 gradient is

Proof. fec!' — 3a > 0 such that

continuous

Vf(x+ as)Ts <0, Va € [0,a]. (0)
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gradient is

continuous


Optimality conditions for unconstrained problems...

Lemma 1. Let f € ¢!, £ € R® and s € R™ with s # 0. Then
Vf(z)Ts <0 = f(z+ as) < f(x), Va > 0 sufficiently small.
Proof. fec'! — 3Ja > 0 such that

Vi(x+ as)Ts <0, Va € [0,a]. (0)

Taylor,S/Mean Value theorem by First order Taylor expansion revision slide, see equation (3)
f(x + as) = f(z) + aVf(x + as)Ts, for some a € (0, o).

Lecture 1: Problems and solutions. Optimality conditions for unconstrained optimization — p. 9/17


Coralia Cartis
by First order Taylor expansion revision slide, see equation (3)


Optimality conditions for unconstrained problems...

Lemma 1. Let f € ¢!, £ € R® and s € R™ with s # 0. Then
Vf(x)Ts <0 = f(z+ as) < f(x), Va > 0 sufficiently small.
Proof. fec!' = 3a > 0 such that

Vfi(zx+as)ls <0, Va € [0,a]. (0)
Taylor’s/Mean value theorem:
f(x + as) = f(x) + aVf(x + as)Ts, for some a € (0, a).
(0) = f(xz+ as) < f(z), Va € (0,a@]. O
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Optimality conditions for unconstrained problems...

Lemma 1. Let f € ¢!, £ € R® and s € R™ with s # 0. Then
Vf(x)Ts <0 = f(zx+ as) < f(x), Va > 0 sufficiently small.
Proof. fec!' = 3a > 0 such that

Vfi(zx+as)ls <0, Va € [0,a]. (0)
Taylor’s/Mean value theorem:
f(x + as) = f(x) + aVf(x + as)Ts, for some a € (0, a).
(0) = f(z+as) < f(z), Va € (0,a]. O

e s descent direction for f at =z if Vf(x)Ts < 0.
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Optimality conditions for unconstrained problems...

Lemma 1. Let f € ¢!, € R™ and s € R™ with s # 0. Then
Vf(x)Ts<0 = f(z+ as) < f(z), Va > 0 sufficiently small.
Proof. fec!' = 3Ja > 0 such that

Vfi(zx+ as)ls <0, Va € [0,a]. (0)
Taylor's/Mean value theorem:
f(x + as) = f(z) + aVf(x + as)Ts, for some a € (0, a).
(0) = f(z+as) < f(z), Va € [0,a]. O

e s descent direction for f at z If Vf(x)Ts < 0.
Proof of 1st order necessary conditions. assume V f(z*) # 0.
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Optimality conditions for unconstrained problems...

Lemma 1. Let f € ¢!, € R™ and s € R™ with s # 0. Then
Vf(x)Ts<0 = f(z+ as) < f(z), Va > 0 sufficiently small.
Proof. fec!' = 3Ja > 0 such that

Vfi(zx+ as)ls <0, Va € [0,a]. (0)
Taylor's/Mean value theorem:
f(x + as) = f(z) + aVf(x + as)Ts, for some a € (0, a).
(0) = f(z+ as) < f(x), Va € (O,E]. ]

e s descent direction for f at z If Vf(x)Ts < 0.

Proof of 1st order necessary conditions. assume V f(z*) # 0.
s := —V f(z*) Is a descent direction for f at « = =*:
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Optimality conditions for unconstrained problems...

Lemma 1. Let f € ¢!, € R™ and s € R™ with s # 0. Then
Vf(x)Ts<0 = f(z+ as) < f(z), Va > 0 sufficiently small.

Proof. fec!' = 3Ja > 0 such that

Vi(x+ as)Ts <0, Va € [0,a]. (0)
Taylor's/Mean value theorem:
f(x + as) = f(x) + aVf(x + as)Ts, for some a € (0, o).
(0) = f(z+as) < f(=z), Vo € (0,a]. O

e s descent direction for f at z If Vf(x)Ts < 0.

Proof of 1st order necessary conditions. assume V f(z*) # 0.
s := —V f(x*) is a descent direction for f at z = z*:
V@) (=Vf(z*)) = =V (@@)'Vf(x*)=—|VFf(@)]|* <0
since Vf(x*) # 0 and ||la|| > 0 with equality iff a = 0.
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Optimality conditions for unconstrained problems...

Lemma 1. Let f € ¢!, € R™ and s € R™ with s # 0. Then
Vf(x)Ts<0 = f(z+ as) < f(z), Va > 0 sufficiently small.

Proof. fec!' = 3Ja > 0 such that

Vi(x+ as)Ts <0, Va € [0,a]. (0)
Taylor's/Mean value theorem:
f(x + as) = f(x) + aVf(x + as)Ts, for some a € (0, o).
(0) = f(z+ as) < f(z), Va € (0,a]. O

e s descent direction for f at z If Vf(x)Ts < 0.

Proof of 1st order necessary conditions. assume V f(z*) # 0.
s := —V f(z*) Is a descent direction for f at « = =*:
V@) (=V (@) = —Vf(@@)TVf(@*) = —||Vf(z*)|*> <0
since Vf(x*) # 0 and ||la|| > 0 with equality iff a = 0.

Thus, by Lemma 1, =* is not a local minimizer of f. O
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Optimality conditions for unconstrained problems...

e —Vf(x)is a descent direction for f at x whenever Vv f(x) # 0.
e s descent direction for f at = if Vf(x)Ts < 0, which is
equivalent to

o (CVE@)Ts V@)
oS{=VI@) ) = 4GF @I sl ~ IV F@I- Tl

and so:
<—Vf($), 3> S [097"/2)'

A descent direction Dy..
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Summary of first-order conditions. A look ahead

minimize f(x) subjectto x € R™. (UP)

First-order necessary optimality conditions: f € C1(R"™);
z* alocal minimizerof f — V f(x*) = 0.

A
T = arg maxgcprn f(x) fx)
4
Vf(x) =0.
X, X, "X
a b

m ook at higher-order derivatives to distinguish between
minimizers and maximizers.
.. . except for convex functions.
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Optimality conditions for convex problems

mfconvex < f(x+a(y—=)) < f(x) +a(f(y) — f(x)),
forallx, y € R™, a € [0, 1].

m < V?2f(x) positive semidefinite, for all z € R", i.e.,
msT'V2f(x*)s > 0, Vs € R"*; equivalently,
m eigenvalues \;(V2f(z*)) > 0,Vi € {1,...,n}.

If £ convex, then [Pb Sheet 1]

x* local minimizer —> x* global minimizer.
x* stationary point = x* global minimizer.
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Optimality conditions for convex problems

mfconvex < f(x+a(y—=)) < f(x) +a(f(y) — f(x)),
forallx, y € R™, a € [0, 1].

m < V?2f(x) positive semidefinite, for all z € R", i.e.,

msT'V2f(x*)s > 0, Vs € R"*; equivalently,
m eigenvalues \;(V2f(z*)) > 0,Vi € {1,...,n}.
If £ convex, then [Pb Sheet 1]

x* local minimizer —> x* global minimizer.
x* stationary point = x* global minimizer.

Quadratic functions:  g(x) := gz + ;" H.

V2q(x) = H, for all x; if H is positive semidefinite, then ¢
convex; any stationary point * is a global minimizer of q.
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