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I.REhL
• Defy - a region D in a gun , path - connected subset of 4 .

- a disc Dla , R) = { t : It -at a R3 -

• A function f : 6 → 4 in differentiable al z if bin fttth) - HH
h-so I

wish
,
in

which can we write thin limit an F1H
. f in hd¥ in D if it i

ditherham for each tee D.

• Cauchy . Remain eguahmi If F1H = uh , y) tivla , y ) ,

where ⇐ at iy , in
✓

.

holomorphic .

An '§, = afy A ¥y = - % .



• Cms -differentiating ⇒ 0¥, t Ity, = the = o k IT = o
,

so the

real k imaginary path of a holomorphic function sanity Laplace 's eguahin .

=) solving Laplace's egn in 2D is equivalent k finding a Ankh holomorphic fuckin .

• For
any function Gluey) ,

we can write Hay) = 9th E) , whee ⇐ xtiy , E- x - iy
⇒ x=tI , y = II , and by the chain mk %z=I%tIi% ' II III. toy .
then the Cauchy - Riemann egnl A quintet k %£ = o , so we can think of

holomorphic function a thin that are independent of I.



• A pathology along P = It It) : te la , b) } in defined by

fpfltldt = f ! FIHHI t ' It ) dt .

• The eshmahmth-eemprmdnabmdlfpfhtdzfflnf-RIM.sn IF1H I
ZEP

• Cauchyemm If flat in holomorphic
.

ihhdi a simple cloud canker P
,
and

in continuous on P
,
then fpfht dt = 0

.

An immediate corollary ii the defwmahht-hernfp.HN dz = fpzftttdt
a

printed f u hdnnwphii on the
region in Khun µ

• Mkn .

If flat a continuum D and sahrhi ←④%
fpfttldt ⇒ for all cartons on

,
then f is holomorphic in D .



• cauchyiinkgmlfrmulj.lt ftet he holomorphic
'

innate and an P
,
then fw

2- inside P
, the )= fp ¥! ds

• Limnilm If HH is entire ( holomorphic an e ) and banded , then it

must be constant
.

• Identity theorem If f. It) A filet are holomorphic en D
,
and there is a sequence

-

'

En e D with an accumulation pt in D , with f. Itn) = f, Itn ) , then f , let = fzlz )

fir all te D .



Lecture lb
-



• Taylwitheounm If HH in holomorphic in a disc Dla
,
R )
,
then

ftp.I.cn It -at where cn= ? =

§
,

,f¥⇒*dt .
• the mdmotanmy in the largest possible nhc of R such that the series conveys

for all t in Dla ,R)
,
ii the distance k the nearest angular ph. of f.

①*
eg . I z = €! has ndim of angina 1

.

• Analyhicmtinuahmz.lt flat in defined by a Tayfw tires
,
it can often be analytically

continued to pt winde the notion of arrogance , eg . flat
-

- II.E annoys an IH4

but it equal k Iz , which which the fnchn te la holomorphic on 61113 .



• lamenting If flat in holomorphic in an annular salt -at a R
,
then

HH = I.
→

on It-at where ⇐ %
,

nndt

::÷÷÷%:÷"⇒ i
• singularities . If flat in holomorphic in punctured chic D

'

la , R) Iii . 5=0) ,
-

it has an isolated singularity at a :
- if 4=0 f noo ,

it ii a rink singularity ( eg . 1¥ )
- if 4=0 t na -m 4 am to ,

it via pdfn-fey.fm)
- if neither of them hold it in an essenhilsing-untyfeg.ee )



• the behavior of flat at infinity in clamped according to the behavior of

f- I 'z) at E-o , eg .
it has an essential singularity at 0, Z has a simple

pale lie a pile of order 1) do .

• the coefficient c. , in the Laurent expannai u called andy off at a ; nuff th , a)

• Cauchy'srndmheoan_ .
If ffz) in holomorphic inside and on P

, except

at finitely many isolated singularhi at 2- = aj inside
P
,

then

fpflndt-htifmlfth.at I
j



• Calculating residues often inmm local expansions ,
often helped by

interpreting the function.

an ft) = 9¥ ,

where htt) has a zero at the

HH

singularity
eg.fr a simple pole ,

htt) = Ha t Wat It -a) t . . . . .

and G1H =

y la) t . . - .

so the rendre in gI .
Ha)

eg . = itih⇒tIe4H so he rendre at a in tea .
I E-a)

3



technica

Review - mulhfmohwu A contour integrals



• Multifunction - some complex -valued fmchui leg . log z d t
' fw non- integer p)

are mulhmhed
, eg - log t = light t it ,

where E- 1Heid can hire infinitely

many runes depending on the Chau ef 0 (adding It ti d doesnt change Z ,
but

does lift ) .

We make such fmehan single mind by inserting a brink

It ,
and chasing a brink of the fuckin . lie . during a my fur d) .

^

a Z

eg . log t ,
chase 0 t III) ¥,

this is often called the prinapulbmj.dedad log t .



eg . It- 1)
"'

.

For thi
,
write It - 1)

"
It ti)
"

' IE4 IIe .ie.
= '""Yeti Ike

i to%

E- II are bmchpk ( E- a ui a branch pt of ftz ) it

on hiring a circuit around a, flz) anni at
a different

vine ) .

Two popular chain of bmch cut :

Cal ⑧#f, 4,0kt If
- 1 1

41 Qetoit )
. he Hit)

www.#Hmm- for o.tt#iI,Ozeloit ) )



Ehduahunofinkgmlseg. Calculate I 'II, d"
Counter flat =e ad f- 8

,
uh

It 1

Note raff , i ) = eg 1 ,
= % ,

so c.Rt
.
⇒ fp finde = hii % = Ie .

By eninahm therein
. I fifth date Offer) .IR → 0 an Rta④

And fqfhtdt → f.I ¥1
,

da
. Taking real path ⇒ /fI¥¥d"'T
-

⑧ More generally If
g.
Fhyeitdz I → o u Rts if IF1H I → o a IH too .

( Jordan's lemma)
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eg . I? die
. cmnwfkk d r

Cauchy 's theorem fpfttldz = o
.

- R

By Jordan 's lemma Ifyzfteldzf → o an Rta
. .

Miu ff''im. = - rim If ,o ) = → i [
⇐ aid

. I died of
f.Heidi . If die If,fHdt = If I dx.io/qtfr

,

"

dx

Hence o= fpfhtdz = ["II " dx - ri ⇒ /f!Ea"dx=IT
-



e. i :* . ::÷:::÷÷÷÷:
then

, by C.Ri
. fpfhtdz-liifresff.li/treslfi-2i ) )

- ail "a÷
'

t tE'f- ail "I4
Also 1) yzftetdz ) → 0 an Rta

,
and If Hdz I -to an e -10

.

and ↳Hide = Tdx
,
and Infinite =

-I"Yid.
Hence [4%114' da = Kitty ' ⇒ /fIf?÷ydx=tIfT
-



Lectures
Renoir - conformal mopping A application .



• A holomorphic fmchu F1H maps a point 2- = xtiy to a new paint
5 = F1H = Stir .

It mops domains in the t -plane ti domain in the S- plane .

⑦

,
,

I'm

• flat in conformal if f 't ) to
• Counter how a neighborhood of a pt a ii mopped : by Taylor

's Theron

f- IH = flat t flat It - al t . . . .

so pants that are due to a are translated and Nhkd Iscaled by fat .

• If two lines meet at an angle in in the tplwe , their image meets at again
in

the S -plane .



• Non - conformal punk (critical pt ) where f
'

IH =o are also useful ,

especially on the handy of a domain , eg
. FIH = It-at

, mops pb of

fun E- at reid k r
'e' it so doubles angles at a -

eg . k mop wedge It : agree to , 13 t the upper hell plan
③ n

⇒

-

• RKmmnmoppgthm Any simply connected domain D , except Q itself ,
can be conformably mopped anti D10 , 1) . there are three real perimeters in

the map .



Ethmphs . pay of z mop wedges k wedges .

• Mihsimhmsfwmakhn-fttt.FI?dwheea,4qdeC with ad -befo

n

:

'

'



•apmap ships to wedges . logarithms mywedgnkmpi.es.

'

.

• high maps the half ships k half planes

as:*:÷. ④±*t¥i
cut = en la tiy) = cuxcuhy - is in xsinhy
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• two other useful mappings
- mapping a disc kithlf S : Ew do - To ukowski

map 9 = Htt ¥ )I - J t

¥.

• Application to steady heat few
-

If kmprnhre u is gained by conduction ,
then in steady shik it satisfies 0h = 0

.

(since the heat flux of = - k On Ifmniri low) satisfies D. q = of
Boundary audition a umally either fixed temp u ( Dirichlet) or a fixed flux

k¥ 1 Neumann) .



eg .

"

÷: : ÷:÷÷:
to #%u=o

U = I

Equivalently ,
find holomorphic W1H = ulkyltivlx.gl satisfying held = It on

the relevant boundaries
.

Idea : mop to a new domain S = AH ,
then hid Wls ) = UH , c) title ,1)

satisfying Ref W ) = It on the mopped handmis . then why = WIFHH )
,
and

u = the IW4H)) .

In Rican
, by inspection , U= -4 = Re this ) ,

so W6K his worm !

Hence with Ie and uhD= theft ) = the fifth? ) = I¥fn



Lecture 4 a
-

Schwarz - Christoffel mapping



2 FURTHER CONFORMAL MAPPING

the SchwweuhfH map vi a formula fw mopping the Uhp to any polygon .

'

.
X
, 712 713

Label interior angles djii and enter ongfn pit , with PEI
- di . ( note pj so if

when traversing the boundary we turn left at Sj ,
and pjco if we hm right . Also §}j = 2)

Nite that any segment In ,
xtdx) in myred kffkl.fm t f

'

IN dx)
,
ie a the segment with

angle arglf.IN ) . We'd like ang If'IH) tu tu piecenni anAnt along the real axis , with

pimps of pjI at each of the pre-inages xp of the terms sj .

0 as xjNote that fj
'

IH . It - xp
- Pi has arglfiklt-f.pt, xcxj



Connie f
'

IH = C
,

fj It ) .
then anglf.IN) = angle ) t £,

arglfj
'

tall ,
so

thin f
'

Iz )

hmt-hepnprhuweseeh.sowecanh.bg/s-.fIH--AtCffI
,

It -xp
-Pi
dt

-

• the commute A
,
c te f) fix the location , site , and orientation of A polygon .

• the Riemann
mapping

theorem allows us t chase the pre- images xp of 3 of the

vermin
,
but the rest must be solved fwfflajl.si) . (symmetry ii open helpful )

• We can the one of the pre - images tof the mhm h k at a
,
in which case

we ignore that relax ii the product , ie. if an = a ,
the

It ⇒ g)
-Br



simpleton

my
E-

91=1%4
= ,

•-

Siipitz
so s= At Cf! It - ol ' 'I at = At 2Cz

"
' fz"=IzI"ei% detail )

14=0 H 5
,
= 0 ⇒ A=o A th Iti ⇒ C= ⇒ |g=fzei"4z
-

⑦
^

n

141 →
③

if!T=
.

%:
S = At C If It - of ' dt = At Clog t . If IH0 ,

we need A-

07Need Imlsto an tre real axis
,
and IM1H =L on -read atis

,
so C=¥ ⇒ f=¥hog
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⑦ '
n

④ →

③

µ.
÷÷÷÷.

%.

Pit pit

s= At Cf ! Htt ." It - a) ' It - it" at = At cfotttqy.at
= At CITY " flickr.IE- it "e""""i. where Iy /
K5-1HS, -_ 0 ⇒ A = 0

.

4-oh ii. i ⇒ c= ,
" IS4E-1TI
-



eg . Sure the heat flow problem

'

By inspection n: ¥ = ¥ Ayls ) sites kplaaiqn A appropriate b. c. in the S -plane .

= Im I ¥ Log 1st)

mmµYHaI¥I
-


