
Lecture 5a
-

Applications to fluid flow



The velocity 1 of an ihnsud , incompressible , and irritationat fluid satisfies

D.y =o A 0^4 = I

then imply the existence of ardoatypdmhal-efandashreanfmchai-tsuchn.atlines ) u = ¥
,

= off A v = Go
,
=
- off

,

they also imply that both if I to satisfy Laplace 's equation .

In fhot , then are

the Candy - Remain efuahanfwwtFXytu.gl the complex potential

which is therefore holomorphic .
-

-'

Nok GI = u - iv ,

ii thecty ,
which i also holomorphic

.

.



Fluid flow is in the direction of DX and perpendicular
to DX

,
so streamlines

are contours of t
.

'

im:i::%:[manami
mm

-Imw=t=cmrhntmhanda
The difference in the blue of µ Khan two streamlines represents the flux of

fluid flowing between them .

The pressure p u related to the Monty potential by Bernoulli I quahai

-Http 1001
'

= earnt . I study flow)
-



eg .
Calculate the flew past a unit circle with Monty (Uno ) at a.

B In : :
.

✓
For the velocity of a, we need dtfzv Ua an Z-in

so we need W what an 2-→ a

We need a holomorphic. WG7 on the mopped

" ¥ ③

⇐ am, .mn www.sae-w.ua
> ABI ' Im IW1 =o an Im 1st = 0

.

//// Now that wth = zun Sakshi then pnpehei !

Hence why = WH1H ) = Ua It t f) .

the velocity u given by u - iv = Eff = Hall - ¥ )
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eg . flow over a backward - facing step .
^

Find complex potential W1H satisfying⑦ "

X. Imlw) = 0 an ABCA '

A )
B
i

W what an 2-→ a

,I,,id

Use Schwinn - Christoffel formula hi map
to this domain fnn the Vhp .

⑤ "

t -- At Cftlttil "'It -if dt
\ = At csf ftp.ip.at

A

= At 41th )
"
t aniltt )

p=
- I f-

'

i

Nae cut 'IH = log It TIED
"

)



ambm.ua it"
"

& chase the principal bunch of the log .
n

¥ , µ I, cwhttt

i%
We need 1h 0

,
note cahill ) = o

,
so need A

We need -1Hi , note cwh
"

G) = it , so we need C=¥ .

-Hence f- = If IEH " t cut' Itt )
-



In the t -plane ,
we need holomorphic WIZ) satisfying lmlw) =o on 1mA ) =o

and Wu 4%7 an 2- → o ( since ← ¥ on 2- → a)

Note W= ¥2 www.so/wtH--IfZTf
-

we can write mi implicitly a t= If I III. - 1)
"

t can't

We can also calculate diff = II = to
IT

"
= HEH!

It

Note that 111 = out C It -_ 1) and a al B I -2=-1 ) .

thi is a genesis property

for flow at a corner with angle 2 IT .



Lecture 6 a
-

Steady innicid free surface flan .



3 FREE FUREAEE Flows
-

Skadyinmcidfan
• Fixed boundaries must be streamlines

,
so t = Im w = anrht on them .

• Free hfh.us in steady flow must also be streamlines
,
soTT there

.

-

hey man who satisfy a dyndihai that the pressure in a fixed

comment (usually atmospheric pressure ) .

Bernoulli ⇒ http III. I
'

= count so we need FIX on free sutras
-

Thei ahh condition serves to determine the location of the free surface .



Exanpkikapdhw_ A new plan lies along
the negative real avi .

⑦ - Y ⇒ fixed boundary ACB , free surface A'NB
'

A
'

Flux between these surfaces in hula
,

so hehe
" I

× t=o an Acs
,
t.hu an ANB

'

B
' Aw

,
since its a free Nfu III ) = Us an A 'NB

'

Non-dimensionalhi
, by scaling 2- uh

,
w n hello

,

then we have

1mW = 0 on ACB
,

1mW = 1 an ANB
'
and I w 't = 1 on A 'NB

'

sketch the fluid domain in the potential plane (w) I

④

[
④hodogfffgknelw.li#IFTwi

A-% <



Now find a conformal mapping fun the w-domain k the w
'
-domain

,
ie
. w'=F

Thu pmrd.es an ODE that we can solve k find W1H
.

In pmchci , its usually easier to
map hath w-domain and w

'
-domain to Uhp .

④ n

Note s
,
= e

"

maps w -domain k

µ
B
' ITALY B

Also S
,
= )

'

mop ,
w
'
- domain k ④

Iwsis.ie . i÷I IT
-

is a
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4Wh

E- I I
'

⇒ range in =

i¥te"
e-¥ - e

⇒ ahh 'If dw
- jz

= - I

Cah
4

I went w=o at t=o ( point c)

⇒ ¥ enfant ) = - t

⇒ one:-. e-
"

" Iw=¥emyi" I
squaring ⇒
-



Note cah 'I = cash If as If t ianhttfsni It
so on the free snfnu ,

where t = I
,
we had I t isnnhttf = 2 e-

"

( cu 'If - iai
'II )

Eliminate if by hhiy real path ⇒ /I=2e-cnITf
-

⑦ is

""



Ethmpk : flow out of a Net .
-

shot of width 2A , free hrfna separating hnguhallyy µ -70⑦ ^

p → p,
" ⇒ &

at tea
.

Want tn hid the
'

contraction niio
' Q

.

µ For- heid prenups , and atmospheric prune tea ,
so

×

Bernoulli ⇒ http n'=p. ⇒ n=f2k;pa))
"

/ Scale the problem Eva ,
wn all

/

←
p=pa

in
1mW = o

i ⇒ ←

→ HH1
"a

1mW =-Q → (c- 1mW = Q

IW1H / IW4 =/

C C
'

#
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More steady thus ail free surface from .



Ehmthat . +

÷?
s
,
= ie aw f

a .

±

""
B

'

the pants are in the wring place .

But if we the 5
,
= 4¥ ,

then 9 = sz !

so we here /i¥I=.fw' .

Ragini within principle , hunts

-

not easy k sure .



To find the free rupee , we pwwnetun it wring the angle 0 it makes with the a-axu
.

Then w'
= eid I d goes from 0 at B to -It at c) -

IT W

wenn

i = . I = hi :
TW

ie
IQ

=
It hitf
-

= see 0

I - hid
2

Now If = If d£o ,
so i

a
e

"Id
wi dead = second

-w

II seco e.io

⇒ ¥o=¥moi



Taking real 1 imaging puts ⇒ /d¥o=2¥aiOA%o=t¥E
-

Inkgmhhg then gin that , y 1011 ,
a parametric representation of

the free surface .

At B
,
we need 0=0 ,

11=-1
, y
= 0

⇒ x= ¥11 - end - I

Y = 2¥ flog Inco thro I - aid ) (check )

As 0 t -Iz ,
we fhuld end up at C

,
ii. y -s -a ex

-I - Q

so we need 2¥ - I = - Q ⇒
= 0.61

-
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danplatelriabmch.rs ky flow )

÷.

. .

0=0
.
Iunknown)

(
•

⑤
A

'

s=fIif mama w
'

- await

w=o mm

" tI-I://o.ge
mikthwaanai .

-



On CA
'

, put w
'

= e.io/dgrufmI at C to 0 at A
'

)
,
so W =

-4
a
= £;g

Then Go = w
' date =

-1% 'II, ⇒ If = -20.gg?oeidTahehgral/inagnnaypw-h⇒ the = -4. ¥90 , Io = -20
. '%%

At C
,
we need 1=0

, y = I at
D= Ie , so ihkgmhhg gris

1=01 . fat 0 core O - log lead time 0/1 , y = 20. ( and - i ) t 1

We can see the fir- field Khan iw
,
and to

,

when an Efe , y . 2¥ ⇒ you 2%
"
x
"

-

We All need to determine $ . . Then requires thinking about the rigid boundary BC,
where we know w = if and w

'

= - iv.



Putting them into the relationship between W and w' qui

$ = 4% ✓
'

⇐ ,
⇒ v

' -210¥)
"
vt I = o

⇒ v=I¥t
"

- 1¥ - it "=%g .

On BC
,
& goes frm 0 to % while

y goes fm
0 to 1

,
so inkgnhhg givin

I"l¥f¥Ty" = tidy ⇒ let E) 0 . = I ⇒ ¥=¥7
-



Lecture 8a
-

Porous media flow with a free boundary



in

Porous flow in soil / rock u deserted by Dany 's low I = - KM0P .

Incompressibility

requires 0 - I = 0
,
so 104=07
→
-

thThi also describes flow in a Hele - show all , when k = In
At the edge of the fluid domain ,

the pressure is anthill
, p =p a = o

. We

differentiate thi condition k find the

kihemahc.cm#hwi0=Dptf--otftn.Op= off - kp 141
'

We non-dimensionalhi
,
and write of = - p ,

then for a fluid domain Dtt) , we have

Vhf = o in D1H
,

and 0=0
, %. t 1001

'

= o on OD1H
.



iIeap%nre .

Souris / sinks are described as poles .
For a sane of strength Q at the origin ,

this means of a ¥ log IH on 2- so . I Q so for a sane, Qco fw a Gin )

¥::*. 1%:*
" "m

Equivalently to thi
,
in finding a holomorphic cmpkx potential w It ,t) = 0 t it , with

htt = o d re III ) t III. I
'

= o on OB1H
,

d w n % log t an 2-→ o
.

Idea : Find a time-dependent conformal mop 2- = Fls , t ) from Isla 1 to It)
,

and find W Is it ) = w IH4H ,
t ) .



⑦ n Choose to mop the origin k the

origin , then we need③j#,

wait . %, sumo .

I we need the IW )=o an 1st = I
.

Note that W Is it) = % logs sahsfn these conditions .
For the final condition

,
now WISH = wl FISH it )

,
so off -- 'II. It t

'

I. A I¥=%z
so we need the III. -

'¥
' I ) t 1%171%1 ' =o an 1st "

But we know off -- o a %, = ! , , so thi i Ref - fight Is ) t ¥1,50
-7⇒ HIS = ! wish
-
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The hinmahi audition him home he Is 'II ) = % an 1st - I
.
④
.

the initial domain Dlo) determines Ffs , o )
,
the ④ determines how FL4H evolves

.

In pmchci , we make some assumption about the fun of F1S it ) , eg .

it's a polynomial
- then ② prmdes ME s that that how the coefficients entire through time .

Eg . F4H = R1H s lie . OD1H ii a circle of rain R1H )
.

then ④ becaus he Is RR5 ) = % an 1st I

⇒ rri = I
2T

⇒ it R
'

= it R ; t Qt
Thu in hopefully as expected firm Camdentin of global man censwhhin

.



Eg . Suppose F1S ,
o) = GioSt azos

'

,
where aco A azo are real , ponhie ccnrhnh ,

one.io
.
x. a.me +!! !

"
"""

y
= Go hi O t a

,
hi 20

Now assume FL4H = a. HIS tail f) s
'

.

then ④ gives

he Is fait las ) fait t int ' ) ) = % an 1st -- I

io
⇒ m ( aiiitla.int laid , s + a. i. 5) = % an S - e

144 tlaiai ) t Kavita , and = I
LI



Since then

murthddfrallfwehwefaiitla.in= % ① I 2aiaita.in = 0 ②
-

① ⇒ at that = ¥ t t a,ft2a, (using initial condition)

② =) aiaz = aioazo

Alternating , eliminating aifrm ① ⇒ aids ( I - Ha! ) = %
-

> o initially .

If Q > o
,
a

,
increases in time in decreases T

, @ so

now
,

:L:L:::÷:
"

$0,

=) domain beam more asymmetric , and
a carp develops when a ,=2az (¥g=o )

QCO


