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4. REMELT FORMULAE 4 APPLICATIONS

•
z cannier holomorphic fnehais defined by a

+ t

a

b
We

- t cauayintegjfwht.fi/pfIT/
-

when P = It the 6 : to at at , , Ht . ) = a , I Hit :b }
,

and we write I =P UL4B
.

We are interested in the limiting Wvu of WH1 as * appman P fun either side at t .

[ We aroun f in ruffianly smooth that it can he enacted k k holomorphic. hi a)neighborhood of t

We define the H - side of P on the left ( right sides in the direction of integration.



As t → tt
,
deform P by deleting the section

k= PhD It , e) and replacing with 4 ,
the

a.

b

semi-circular arc .

.
- C

,

then with = (feet fµ ) t d'

→ It t % fpkII.de Is -- tteeid)
where fp line pnnapdmkeinhgr-dehndbfjofpy.tt?td ' t¥I¥¥which anti became the logarithmic angularha fm s=t±E cancel out

.

hey E. defend them why , so

.

•

tow.lt/=-tzflHttz,iffIIds.fmnmngu.gnawegobackwwh and semi



\ .

these are the

Together , what /w± It) = ± Iht ) t fp It d ' pumdg. fwmulae .-

At the end punk a. b
,

will mak un of the fuming results :

- if fls ) → o ar s → a
,

then why = 041 on 2-→ a
.

- if 8131 = ON outta ,
then WIZ ) = 0 flog tea ) ) an Eta .

- if 814=0 Its - a)
-

d) fw at Ion )
,

then W1H-0IH -a)
'

Tm t -' a.



Lecture 9b
-



Examples (problem 1) We went hi fid W1H , holomorphic on 6 It
,
such that

the limiting when an ti te P satisfy Wt It ) - w.lt/=ElH where G u

-

,

"

a presented continuous function .

Seek a solution as a Cauchy integral W1H = ¥, Jp ¥?z ds .

then Pkndj ⇒ wtltttw.lt/=%ffIfdsdwtItt-w-lH--flH .

so we can simply read off that we need to hk ffs ) = Els ) . Hence we can win

/wlH=%ifpIh
where hlz) in holomorphic in ICT and continual aim P

.

In fact
, why Morris

therein
,
such a function must be holomorphic 611453 .



Deterring htt) requires additionally specifying the behaviour of what at the end

pants a,b of P , and an ti o . For example , if W1E) has
at worst logarithmic.

singularities at a Ib ,
and W -7 0 as 2--70

,
then since he has only isolated

singular
ha at a Ib

,

it
'

ii in fut holomorphic anywhere , and by humilis theorem
it must

be ten .

Ethmpk ( Problem 2) We specialise k the case when P = 10 , c)
,
a section of the

real anni
,
and suppose Imlw ) is specified as ytot.ie .

Im lw± ) = g±lx ) for
-

presented g±W .

Again ,
seek a solution W1H . I, f! fgzdS



Plenty formulae =) wtlal-w.la ) = flatbwtkltw.la/=fifofff?,,d5.Can-Igt=-G
. .

then Im (wt th ) = 0
,
so f must be purely imaginary .

so wt-w.li purely imaginary ,
so in equal to lift .

⇒ flat =2ig+Ia)

Hence W1H = ¥ fo
'

9¥! des
.

t HH

where hlzt in holomorphic on 6110 , c)
,

with Imlhl =o on to , c) .

(anti It = 9- . then Im Iwt -w
-
1=0 ,

so f must be purely real .
So wttw.li purely imagining , and therefore egud

k 2 igt .

Hence flat must satisfy ftp.cff?!ds=-2gtlTffwxeloi4
-

thi vi a singular inkgnlegnahinls.IE ) £ flu ) .



Lecture

Applications of Pkmdj formulae



PmemmI We are seeking W1H , holomorphic an 6 IT
,
where 1=10 , c)

,

with Im Iw± ) = of ±
an 10 , c) , with GE9 - .

We write W1H = fo
'

f¥z ds ,
and we found wt - w

.

= f i purely real ,

and so wttw - = light = ¥, fo
'

ff?! ds .
④

Idea : suppose we can find HT1H
, holomorphic

'

on III. with tidal tw.la/--o an P
.

Then consider W1H = w¥¥ ,
which has

wth - HH =

,
- III. , = wt" = ①

W
+
bit W.IN = wt" = fly ②

with tidal



① in a rerun of problem 1 ; we can write

W1H = ¥
, [ FI! d3 t HH ) where Hui holomorphic

. 6120
,
is

.

and read off that Fla ) = It '"
Ethel

.

then µH=NHWH=wTHf¥fw¥¥%z,dstH
-

Nm that W
+
hit W.la/=IifocFg%d9t2HlxI=fwIIp, fm ② .

so flat = with 1¥ f! If g. µd3
THIN ) sunbathe SIE . ④ .



How do we find with ? By inspection , W7H = I4C-2IH
,
with bmw cut on 144

,

then hit IN = ± a"Yc -x )
"

,
so then has the desired pnpehei !

More deductively ,

note we need HIM =
- I

,

so try it - try E- = it it 2mii met
.

a.IN

thin again a rerun of problem
1
,

win sduhwi

mtt

tyw It ) = I, I dst I '" ⇒ wTH=h*Hf¥)
'

= fmtt ) flog le -H - log THI t hilt ) where h*ii holomorphic on

61194 .



Lecture 10 b
-



Example frm fracture mechanics

÷Ei in:*:*:÷:
'

¥y → T as y → ±-
, ¥y = o any =o ,

once
.

We also require IOEI has an ihvem square -not singularity

at a = o and c. ( related k the Shu intensity fhchr )
We write I = Ty - ¢ ,

and then write off = Im In ) .

then we need w ti

h holomorphic
'

on 6110,4
,

with Imlw) = T on lo , c) ,
and with

w = O1E" ) as E) 0
,
w = 0 fleet

"

c) an e -s c , and w= Of
"E) on 2-⇒ a

.

then i CanI
,
which we have solved ,



We chase with = E
"
(c- ZT
"

lie . incorporating the desired singularities for w )
.

^ a Z

[ Float " = - ie"4z - c)" = - int " lz-ciheild.tt
"
; ↳ oh

,

with 9,0 , e thi )#
so with =±x"

'

text
" )

then
, from earlier , W1H =

f.⇒
"if ¥ ! ds t HH)

H cannot have pdn at 0 or c
,
else w wind here singularities worse than inverse

square -not singularities , so H must be entire
.

But we also need H= Ol ''z) an

2- + a
,
so H is banded and liouville ⇒ H I 0

.



We can calculate the ihtegml wring a contour . ¥,Define fist = s

'

'Yes )
"

m i.µ.. .
I±

-
- I fpnflslds t ti m ff , f- e)

Note
,
for s . Reid

,
s
"
last
"

= - is
"
Is - e)
"
= - ish - f)

"
'

= - is fi - Est . . . . )
÷ = It - IT

'

= If it It . . - )
so fist = - if it A- E) It 0 It ') )
⇒ Ipnflslds = do

"

- i µ It -⇒ treat 01h) ) Rie
"
do →He- E)
in RT0

.

so I = -TH -E) trifle -Hk
,

I finally ,
W1H =

⇐µ
I = fTi-I÷T
-



Lecture

More applications of Phndj formulae A Riemann - hiker pwhen



Example from aerofoil theory
- y

y -- It ED4
^ 04=0

→ a

Hat ¥µi%-7 X x

p
y - ef.la ) t¥y= f. 'IN
-

I -1=0
→ 0 an 2- → a

.

The Kuhn condition says that DX must be finite at the hailing edge E- c , but we expect
an thrown square -not singularity

at the leading edge too .

We write w = - III - iffy ) , f- to
, c) , and gf.at = FILM ,

then we need :

w holomorphic an elf
,
with ImIw± ) = of t.la ) ,

and who on 2- to
,
and

w = O1E") on ZT0 and w= 041 on the
.



We consider the case of + = g. = g ,

which represents a thin aerofoil

Thi u can I of protein 2 pm the last lecture
.

Given the desired angularhu for
w

,
a good Chau fw WTH vi f ' )

"
'

.

Instead
,
will try vital = E

"
Ic- e)

"

? then

W1H =

e.⇒
" I ¥ I 9%1%1

"

de t MH)
H could hire singularities at 0 or c ,

but they wind make W tho hhgulw here , so

we need H k be entire
.

In wher fr w t o an Eta
,
we need H to be handed

,

so hinnik ⇒ H i canAmt
.

In order hi mate w finite at E- c
,
we need Kohan H = - ¥ If 9415

"

Ye - 3)
"
'

des
.

IT



↳ wkl =
e.zµ ftp.glslsklc-sl

"

I f. z - f. e) di

÷

¥t÷
"⇒ '" as ,

Ravi the same as we wud have obtained thing with : III )
"
.
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General Riemann - Hilbert pntkm
-

Recall the Pkmdj fondue fw wtf ) = ¥ , fp f zds are w±H ) = ± { ftHtt
, if Ids

suppose we seek W1H holomorphic on QII , with

Htt wtltltblzlw.lt/=ctzI on P

First step in to introduce WIZ) satisfying atttwttettbtetw.lt/=o on P
.

Now ? hearing on II. = - ka ,
then the logs ⇒ log hit - log I = Igf - ta ) .

so light = fptgt EH % .



Then counter WITH w¥¥ ,
which snhsfui WT1H - WTH = ¥¥w;µ , an P

.

Hence WH = W1H = ¥; fp a¥Iµ , Iz t HH
EIH

where H must be hdunwphii except possibly at
the end pants of P .

Thi who
gives us a method for sduhg a more general angular ihkgnl equation

of the form
alztftzltbhtfpftf.fm = 42 ) on P

By defining W1H = ¥ , fpf¥zds ,
we can re-write him a Riemann - Uber prison .



Lecturing

Complex Fourier transforms



STFTRAsFms .

Recall the definition of the Famer hmsfmfwanihkgn.tk function flx )

F1H = FH = I Hate
""

dx

If flat in continuous
,

then the invom fbi) = ¥ f[ flu ) e-
""
dk

Some impotent properties : Fff ' lay = - ikftkl

FIX flail = - idatulkl
Fff * g) = Ith) g- IN where f*g= f[flights ) as

i the convolution off and g .

We etknd the definition to non -inky nine f by allowing h k the complex mines .



suppose flat = Ole
""

) an Wto
,
where cii a real carnal

.

Define ft IN = { flat x 70 A f. IN = { 0 " "0

0 71 to flat 71C 0

Then define the half- my hmsfwm

I. IN = [ fine
""

dx = [ fine
-"" " eine '" " dx for Intel > a

f-+ 1h) in a holomorphic
. fmchn of K an Imlklsc

,

and it can usually be

analytically continued into lmlhlcc , although there will typically be sure

singularities in lmlhlcc.sn
+ ia ④ ^

-
the ihvusmnfthit.fi/fIIhIe-

""
dk ----×#-at it

when d) C
.

the hmmm lanhr can be defined into Imlklcc
,
printed A ship abwe the

singularities of Ethel
.



similarly , we define I1H = f.IfHe
""

da fir 1mW e - c

④ n

The throne in

qq.ipbyf.IN
= ¥ ) IN e-

""
dk

,
uh - p e - c #

-o - ip - - -
-

E
- - e - - - - -

Again , Al Inman Cantor can be defined into 1mW , -c
provided it pawn below the angularha of I1H .

If there ii an overly region , I say , where both fillet and I 1h ) are hdunwphii , then

F1H = It IN t Ith) in the Fanu transform
,

defined on R
,
with inverse

④ n

FW -

- ¥ f HH e-
""
dk

p
where P must pan above any singularities of It and bdw than of I.
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Einnpu flat = HIM = f '

o

'

o

ith . I e"" dx = line
""

I ? = In W H" ' o 1cg:YIy ,
it in originally defined for Intel so ,

but u clearly holomorphic on 61203
.

III.÷.in#::::mnimmmFwxco,HkI=fIjf,frnhIhIi'""
dk = o

For xso
, mai

-

- In ¥1 n.am iimdk-himtihh.io;]
= I



the laphauhmsfmn-ffhudshnnidbyselhhgk.ir in the definition of file)

ie
. f- IN = I Hate 't

"

d"
* i.

and the invent gun by flat = ¥ , [¥ the
" "

dp ⑥§§
where L > c such that the canker is to the right of all singularities

of ftp.



tfmn ( real k )

Solve the o in y so ,

with Ula
,
o ) = uolx ) d u handed in a 'ty'→ a .

F.T.in x =) - tint toy , = 0 in y so ,
with ilk , a) = iolh )

& it banded as y →
a

.

Hence in they ) = Alklek't Blhle
-↳

But I -to any → a ,

so if Kao
,
Alte ) =o and if Ko

,

BK1 =o
.

B1H = idk ) A1H - iiolhl
.

↳ uilky) = ii. 41 e-
"" 9

We note that F-
'

Ii
"" ) = ,¥qyy ,

so by the convolution theorem
,

N

May ) = f hols) I ds
-a Ifbtstty

'

)


